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I.  INTRODUCTION  
Most of the problems of real life have various 

uncertainties. Traditional mathematical tools are unable to 
solve uncertain problems. There are theories viz.  theory of 
probability, theory of evidence, fuzzy set[1], intuitionistic 
fuzzy set, vague set for dealing with uncertainties. These 
theories have their own difficulties. The reason for these 
difficulties is inadequacy of parameterization tool of the 
theories. Molodtsov proposed the novel concept of soft set 
theory[3] in his pioneering paper. Later on authors like Maji et 
al. have further studied the theory of soft sets and introduced 
the concepts of fuzzy soft sets[4] which is a generalization of 
fuzzy sets and standard soft sets. In this paper, the concepts of 
fuzzy set, fuzzy soft sets, complement of fuzzy soft set, 
extended and restricted union and intersection of fuzzy soft 
set, lattice structure of fuzzy soft sets and its properties will be 
discussed.  Fuzzy soft set theory is a general method for 
solving problems of uncertainty. The theoretical point of view 
of fuzzy soft set will be discussed. I extend the concepts of 
union and intersections in fuzzy soft set theory context and 
also make an attempt to explain the lattice structure of fuzzy 
soft sets. All these concepts are basic supporting structures for 
research and development on fuzzy soft set theory. 
                                  

II. PRELIMINARIES 
Definition 2.1   

Let IX  denote set of all fuzzy sets in X. A pair (f,A) is called 
the fuzzy soft set if f is a mapping from A to the set of all 
fuzzy sets in X. i.e. for each aA fa: X →I  
 
 
Example 2.2 

Consider the various investment avenues as x1 - bank deposit, 
x2 - Insurance, x3 – postal savings, x4 - shares and stocks, x5 - 
mutual funds, x6 - gold, x7 - real estate as the universal 

state X, and factors influencing investment decision such as e1 
- safety of funds, e2 – liquidity of funds, e3 - high returns, e4 - 
max profit in minimum time period, e5 - stable returns, e6 - 
easy accessiblity, e7 - tax concession, e8 - minimum risk of 
parameters. 
Decision maker A is good at the parmeters e1 and e5. 
Decision maker B is good at the parameters e3 and e4. This 
information can be expressed by two fuzzy soft sets (F,A) and 
(G,B) as follows. 

(F,A) ={e1 = x1/1, x2/0.9,.x3/1 ,x4/0.2, x5/0.3 x6/0.8; x7/0.4 
             e5 = x1/1, x2/1, x3/1, x4/0.1, x5/0.1, x6/0.3, x7/07} 

(G,B) ={e3 = x1/0.5, x2/0.5, x3/0.5, x4/0.7, x5/0.6 ,x6/0.8 , x7/0.9 
             e4 = x1/0.4, x2/0.2, x3/0.4, x4/0.8, x5/0.6, x6/0.8, x7/0.9} 
 
 Definition:2.3   

Let (f,A) and (g,B) be two fuzzy soft sets over a 
commonuniverse X. Then    (f,A)      (g,B)    if  
                                1. A       B  
                                 2. for each a     A, fa ≤ ga  
(f,A)  is equal to (g,B) if (f,A)      (g,B)  and (g,B)      (f,A) 
(f,A) is a relatively null fuzzy soft set denoted by ΦA if , 
 fa = 0, (f,A) is a relatively whole fuzzy soft set denoted by XA 

if , fa = 1,  

 
Definition: 2.4 

Complement of a fuzzy soft set (f,A) over a common universe 
X is given by(f,A)c= (fc, A) where fc

a(x) = 1-fa(x),  
 
Definition: 2.5  Extended union 
Union of two fuzzy soft set (f,A) and (g,B) over a common 
universe X is given by (f,A) Ue (g,B) = (h,C) where C = AUB  
       
       
       
       
   
 
 
Definition:2.6  Extended intersection 
Intersection of two fuzzy soft set (f,A) and (g,B) over a 
common universe X is given by  
(f,A) ꓵe (g,B) = (h,C) where C = A U B    
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Definition:2.7  Restricted union 
Union of two fuzzy soft set (f,A) and (g,B) over a common 
universe X is given by (f,A) Ur (g,B) = (h,C) where C =A ꓵ B  

and    h  f   g          Cc c
c c

     
 
Definition: 2.8 Restricted intersection 
Intersection of two fuzzy soft set (f,A) and (g,B) over a 
common universe X is given by (f,A) ꓵr (g,B) = (h,C) where 

C = A ꓵ B and h  f   g          Cc cc c       
 
 

3. Lattice structure of Fuzzy soft sets 
 
Theorem 3.1 

Let (f,P) and (g,Q) be two fuzzy soft sets over  common 
universe X, then 

1) ((f,P) Ue (g,Q))c = (f,P)c ꓵe (g,Q)c 
2) ((f,P) ꓵe (g,Q))c = (f,P)c Ue (gQ)c 
3) ((f,P) Ur (g,Q))c = (f,P)c ꓵr (g,Q)c 
4) ((f,P) ꓵr (g,Q))c = (f,P)c Ur (g,Q)c 

Proof: 

We only prove that ((f,P) Ue (g,Q))c = (f,P)c ꓵe (g,Q)c, other 
properties can be similarly proved. 
Let ((f,P) Ue (g,Q))c = (h,PUQ) and (f,P)c ꓵe (g,Q)c=(I, PUQ) 
Consider the following cases for any 
Case1: p є P-Q then hp= fp

c =Ip 
Case2: p є Q-P then hp= gp

c =Ip 
Case3: p є PꓵQ then hp= 1-(fpᴠgp) = (1-fp) ᴧ(1-gp) =Ip 
 
Theorem 3.2 

The operations Ue , ꓵr , ꓵe & Ur are idempotent, associative 
and commutative.  
Proof: 

Idempotency and commutativity of the operations are trivial. 
We only prove the associativity of Ue. 
Let (f,P1), (g,P2) and (h,P3) be three fuzzy soft set over the 
same universe X. 
 Let ((f,P1) Ue (g,P2)) Ue (h,P3) = (k, P1 U P2 U P3) and (f,P1) 
Ue ((g,P2) Ue (h,P3)) = (l,P1 U P2 U P3) 
Without loss of generality suppose that p  P3.Consider the 
following cases 
Case1: p P1 and pP2,then kp=hp=lp 
Case2: p єP1 and pP2,then kp= fpᴠ hp=lp 

Case3: p  P1 and pP2,then kp= gpᴠ hp=lp 

Case4: p P1 and pP2,then kp=(fp ᴠgp )ᴠ hp= fp ᴠ(gp ᴠ hp)= lp 
Hence the result. 
 
Theorem 3.3 

Absorption law holds with respect to the operations Ue and ꓵr 
Proof: 

If  (f,P1)and (g,P2) be two fuzzy soft sets over X then we have 
to prove that  

1) ((f,P1) Ue (g,P2)) ꓵr (f,P1) = (f,P1) 

2) ((f,P1) ꓵr (g,P2)) Ue (f,P1) = (f,P1) 

Let  ((f,P1) Ue (g,P2)) ꓵr (f,P1) = (h, (P1 U P2 )ꓵ P1) 
For p  P1,consider the following cases 
Case1: pP2 then hp=(fp ᴠ gp )ᴧfp= fp 
Case2: p  P2 then hp=(fp ᴠ fp)= fp 
Hence the result 
((f,P1) ꓵr (g,P2)) Ue (f,P1) = (f,P1) can be proved in a similarly. 
Note 3.4 

Absorption law holds with respect to the operations Ur and ꓵe 
 
Theorem 3.5 

Let (f,P1), (g,P2) and (h,P3) be the fuzzy soft sets over  X, then 
1) (f,P1) Ue ((g,P2)) ꓵr (h,P3)) = ((f,P1) Ue (g,P2)) ꓵr 

((f,P1) Ue (h,P3)) 
2) (f,P1) ꓵr ((g,P2) Ue (h,P3)) = ((f,P1) ꓵr (g,P2)) Ue 

((f,P1) ꓵr (h,P3))  

Proof: 

Let (f,P1) Ue ((g,P2)) ꓵr (h,P3))=(I, (P1 U (P2 ꓵ P3)) and  
((f,P1) Ue (g,P2)) ꓵr ((f,P1) Ue (h,P3))= (J, P1 U (P2 ꓵ P3)). For 
any p  P1 U (P2 ꓵ P3), it follows that  
 p  P1 or  p  (P2 ꓵ P3). Let us consider the following cases. 
Case1: p єP1 and pP2 and P3,then lp=fp= Jp 

Case2: p єP1 and pP2 and P3,then lp=fpᴠ(gp ᴧhp)=( fpᴠgp) ᴧ( 
fpᴠhp) =Jp 
Case3: pP1 and pP2 and P3,then lp=(gp ᴧhp)=Jp 
 
Note 3.6 

The distributive law holds with respect to the operations Ur 
and ꓵe 
 
Theorem 3.7 

(FS(X,P), Ue , ꓵr) is a bouded distributive lattice under the 
order relation   where FS(X,P)={(fi,Pi) :Pi P and fi: 
Pi→IX}.  
Proof: 

From the above theorems 3.2,3.3,3.4 we have (FS(X,P), Ue , 
ꓵr) is a distributive lattice. For (f1,P1) and( f2,P2)   FS(X,P) , 
(f1,P1) Ue ( f2,P2) and (f1,P1)  ꓵr ( f2,P2) are the least upper 
bound and greast lower bound of (f1,P1) and( f2,P2) 
respectively. Xp and Φp are the greatest and the least element  
respectively. 

 
Corollary 3.8 

((FS)A, Ue , ꓵr) is a sublattice of (FS(X,P), Ue , ꓵr) , where 
(FS)A is the set of all fuzzy soft subsets in which parameter set 
A is fixed.   
 
Theorem 3.9 

(FS(X,P), Ur , ꓵe) is a  distributive lattice under the order 
relation   with Φp as the least element and it doesn't have 
any greatest element. 
Proof  

Proof is similar to that of theorem 3.6 . 
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 Let (f,Pi)   FS(X,P).If (g,P) is the greatest element of this 
lattice then(f,Pi) Ur ((g,P) = (g,P). This is possible only if 
PiꓵP=P.ie P⊆Pi. 
This has to be true for any Pi. Hence the result. 
 
Corollary 3.10 

(FS)A, Ur , ꓵe) is a bounded sublattice of (FS(X,P), Ur , ꓵe). 
XA and ΦA are the greatest and the least element  of this 
sublattice repectively. 
 
Note 3.11 

Since (f,P) Ur  (f,P)c ≠ Xp, (f,P) Ue  (f,P)c ≠ Xp, (f,P) ꓵe  (f,P)c 
≠ Φp , (f,P) ꓵe  (f,P)c ≠ Φp, the above mentioned lattice 
structures on FS(X,P) and ( FS)A are not complemented and 
hence these lattice structures are not Boolean algebras. (FS)A, 
ΦA, XA, Ur, ꓵr,) and (FS)A, ΦA, XA, Ur , ꓵr,) satisfies the De 
Morgan’s law and these structures are called De Morgan’s 
algebras. 
 
 

4. MV Algebra associated with Fuzzy soft sets 
    MV Algebra is an algebraic structure (M,+,*,0) consisting 
of 

 A non empty set M 
 A binary operation  on M 
 A uninary operation  on M 
 And a constant 0 denoting a fixed element of M  

which satisfies the following identities 
 (x y)  z = x (y  z) 
 x 0 = x 
 x y = y  x 
 (x )  = x 
 x + 0  = 0  
 (x   y )  = (y   x )  x 

Example 4.1  

A simple numerical example is M =[0,1] with operations x+y= 
min{x+y,1} and x*=1-x 
 

Theorem 4.2 

 ((FS)A , Ur ,
c, ΦA) is an MV algebra. 

Proof 
Obviously fist five conditions hold, we only prove the last one 
((f,A)c Ur (g,A))c  Ur  (g,A) = ((f,A) ꓵr (g,A)c ) Ur  (g,A) 
                                      = ((f,A) Ur (g,A) ) ꓵr ((g,A)c Ur (g,A)) 
                                      = ((f,A) Ur (g,A) ) ꓵr ((f,A) Ur (f,A)c) 

                     = (f,A) Ur( (g,A) ꓵr (f,A)c) 
                      = (f,A) Ur( (g,A)c Ur (f,A))c 

                       = ( (g,A)c Ur (f,A))c Ur (f,A) 
This shows that  ((FS)A,Ur,

c, ΦA) is an MV algebra. 
 
Theorem 4.3 

((FS)A, ꓵr ,
c, ΦA) is an MV algebra. 

Proof 

This can be proved as in theorem 4.1 
 
 

Conclusion 
Algebraic structure of fuzzy soft set is investigated in this 
paper. Also discussed the lattice structure and MV algebra of 
fuzzy soft sets and studied its properties.MV algebra 
associated with fuzzy soft set will lead to the application of 
fuzzy soft set in classical and non classical logic. 
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