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Abstract 
 

The characterization of earthquake records as samples of an 

underlying stochastic process can be roughly subdivided into 

two parts: frequency content description and time 

characterization. In fact, even in the uncommon case of a 

completely non-stationary coupled time-frequency approach, 

different model parameters are often evaluated as uncoupled. In 

this work, the attention is steered towards the time 

characterization with care to the illustration and assessment of 

quantities commonly used in the definition of amplitude 

modulated random processes: the envelope function, the 

modulating function, and the detection and localization of the 

equivalent stationary duration of an earthquake time history. 

The importance of these time quantities comes from the fact that 

their evaluation gives a complete identification of the energy 

distribution in a seismic signal in terms of length (duration), 

position in time and the associated mean intensity value of the 

quasi-stationary portion. A signal analysis approach is followed 

in this work developed on the basis of some common methods 

for defining the envelope function of time-histories samples. A 

recently proposed relation between a modulating function and 

the related equivalent stationary duration is recalled and 

estimated for different cases. A new definition of modulating 

function is then proposed formulating a straight condition for 

the implementation of a simple optimal filtering selection, able 

to strictly relate the natural meaning of an amplitude modulated 

stationary stochastic process with the time distribution of the 

released energy and therefore the value and position along the 

time axis of the equivalent stationary duration. The approach 

proves to be free from a priori definitions of any arbitrary 

parameter or amount. The proposed model is applied in the 

numerical example to three natural records that can be 

considered as representative samples extracted from the most 

significant seismic Italian events of a few past decades. 
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1. INTRODUCTION 
 

The characterization of a strong ground motion addressed to 

pure structural engineering objectives is basically founded on 

the definition of few quantities able to express in a concise way 

the level of ground shaking, its frequency content, and the 

duration of the shock. Moreover, up today, the most common 

approach that can be found in the scientific literature for the 

generation of synthetic seismic records is a time modulated 

filtered white noise [1]. In that framework and with a rough 

structural engineering point of view, the selection of the 

amplitude modulating function is often considered as a little bit 

more than a graceful item if giving the same strong ground 

motion duration. In other words, it means that the shape of this 

time function should not have a major impact on the estimation 

of the ground motion parameters and therefore it is not affecting 

in a significant way the structural peak response. That 

standpoint is usually connected with selection procedures of the 

involved quantities and estimation of the parameters defining 

the model that are based on arbitrary or aprioristic definitions 

usually justified as convenient or based on experience and 

similar. In particular, not only the shape of the modulating 

function is arbitrarily selected but also the definition of the 

strong ground motion portion in an earthquake record is largely 

variable [2]. The strong ground motion duration, also indicated 

with terms like significant duration or equivalent duration of the 

motion, subtends the part of a natural record of  most importance 

for the evaluation of the structural response. Outside its limits, 

the seismic response of the structure can be reasonably 

considered to be small. Many works highlight the importance of 

this parameter especially for non-linear problems exceeding the 

elastic limit/resistance or causing significant damage in 

structures or soil liquefaction and also linear systems with low 

damping factor [3]. Almost none of all the different definitions 

proposed in literature can be considered as independent from 

subjective statements or a priori definitions, moreover many are 

also not invariant to the scaling of the record. In any case, it is 

not possible to establish a common definition of strong ground 

motion duration of the earthquake signal considered valid for all 

records and for any engineering problem, nevertheless it can be 

useful and effective to have a definition valid for the widest 

possible extent of applications.  

This work investigates at first some of the most used methods 

for the evaluation of the envelope of a signal [4, 5]. On that 

basis, a modified version of the envelope is here proposed more 

tailored to the field of structural earthquake engineering. The 

logical connection between the envelope function of one sample 

of the native random process and the modulating function of the 

process itself when idealized as an amplitude modulated 

stochastic sequence is then outlined. Moreover, recalling the 

fundamental definition of stationary and amplitude modulated 

stochastic processes [6, 7] a new procedure for the evaluation of 

the modulating function of strong ground motions is proposed.  

In particular, the suggested approach is based on a 

straightforward optimal filtering technique whose only request 

is the selection of the type of the filtering window. The proposal 

turns out to be in strict relation not only with the inherent 

meaning of amplitude modulated stochastic process and 

therefore with the time distribution of the released energy of a 

natural earthquake signal but also with an explicit estimation 

procedure of the strong ground motion duration not affected by 
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a priori definitions or parameter values based on experience or 

common practice. 

In the concluding numerical example, the optimal filtering 

proposal is applied to three different records considered as 

representative samples of three among the most significant 

seismic Italian events of the last fifty years: Friuli (1976) Irpinia 

(1980) L’Aquila (2009) [8]. The comparison of the results 

obtained for the three samples is built at first considering the 

distribution of the most evident acceleration peak clusters 

within the position in time of the equivalent stationary duration, 

and subsequently deepened comparing the amplitude spectra of 

the natural records and the corresponding fragments obtained 

by extraction of the quasi-stationary accelerometric portion. 

 

2. ENVELOPE FUNCTIONS 
 

The term “envelope detection” is widely used to indicate a 

group of signal analysis techniques used in different fields of 

engineering from mechanical engineering to acoustics, 

including electronics, optics, communication systems, and 

image analysis. For the most part of the applications “envelope 

detection” is synonymous with “amplitude demodulation” 

meaning that the common use of this detection technique is to 

identify the underlying common behavior in randomly 

disturbed signals. Among the many different applications, it 

helps the diagnosis of vibrating machinery, is useful to detect 

the arrival of an air-propagating acoustic pulse in acoustic 

positioning systems, and in general is employed for recovering 

the original signal when affected by a superposed noisy process. 

In signal analysis the signal's envelope is equivalent to its 

outline connecting all the peaks in this signal and one of the 

most common applications is the recognition of the amplitude 

modulation. Therefore, envelope extraction methods can be 

useful in the characterization of earthquake records when 

postulated to be single realizations of time modulated and 

frequency filtered stochastic process.  

Here we retrieve some of the most actual and operative methods 

for envelope estimation applying them to a simply shaped 

accelerometric signal 𝑟(𝑡) extracted from the Italian database 

[8]: it belongs to the Friuli 3rd shock on 1976/09/15 and is 

recorded at the Forgaria-Cornino station (FRC), EW horizontal 

component. The record is instrument corrected and digitized at 

equally spaced time intervals 𝑑𝑡 = 0.01 [𝑠]. In particular, the 

effectiveness in envelope detection for seismic records is tested 

employing: the direct use of the Hilbert transform method, the 

use of the analytic signal obtained by a common filtering 

technique, the root-mean-square (RMS) windowing approach 

and the method based on peaks detection by spline 

interpolation. 
 

Hilbert Envelope 

The evaluation of the envelope 𝑒(𝑡) as a function of the time 

variable 𝑡 can be performed using the Hilbert transform of the 

record. The magnitude of the analytic signal 𝑟𝑎(𝑡) is defined as: 
 

𝑟𝑎(𝑡) = 𝑟(𝑡) + 𝑖 𝑟𝐻(𝑡) (1) 
 

with 𝑟(𝑡) the accelerometric signal, 𝑟𝐻(𝑡)  its Hilbert transform 

and  𝑖 the imaginary unit, obtaining the Hilbert envelope: 

 

𝑒𝐻(𝑡) = |𝑟𝑎(𝑡)|      (2) 
 

This definition represents a rare case in which no arbitrary 

parameter or personal choice is introduced.  

In Fig.1 the Forgaria-Cornino (FRC) record and its Hilbert 

envelope. A symmetric function is generated but without any 

smoothness or regularity required by the definition itself of 

envelope function in signal analysis. The local behavior shown 

in the zoomed part of the signal points out the sharpness and the 

irregularity of  𝑒𝐻(𝑡). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.1 - FRC record 𝑟(𝑡) and Hilbert envelope 𝑒𝐻(𝑡). In the 
particular the local behavior of the envelope. 

 

Analytic envelope 

In this case, similar to the previous one, the evaluation of the 

envelope  𝑒𝐴(𝑡)  is obtained by the magnitude of the analytic 

signal of  𝑟(𝑡).  In particular it is obtained applying to the signal 

a Hilbert Finite Impulse Response (FIR) filter structure of 

specified length [5].  

 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.2 - FRC record 𝑟(𝑡) and analytic envelope 𝑒𝐴,1𝑘(𝑡). In the 
particular different analytic envelopes obtained modifying the 
filter length accordingly to the subscript. 
 

In Fig.2 the Forgaria-Cornino record and its analytic envelope 

with filter length 1000: 𝑒𝐴,1𝑘(𝑡). In the zoomed particular for a 

more complete information are plotted the analytic envelopes 

obtained with different Hilbert FIR lengths indicated by the 

subscript. In general, increasing the filter length gives a 

smoother shape of the envelope. In this case lengths larger than 

1000 do not increase the smoothness of 𝑒𝐴(𝑡). A symmetric 
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function is generated but again without any smoothness or 

regularity. The local behavior shown in the zoomed part of the 

signal shows sharpness and irregularity of  𝑒𝐻(𝑡)  very similar 

to the previous Hilbert envelope. Moreover, personal 

intervention is required for the selection of the filter length. 

 

RMS envelope 

The detection of the RMS envelope  𝑒𝑅(𝑡)  of the earthquake 

record 𝑟(𝑡) is performed calculating the root mean square level 

of all the sub-signals 𝑟𝑤(𝜏), (𝑡 − ∆𝑡/2) ≤ 𝜏 ≤ (𝑡 + ∆𝑡/2) 

obtained for all the sampled time 𝑡 by windowing  𝑟(𝑡)  with a 

sliding rectangular window of unit value and length  ∆𝑡: 
 

𝑒𝑅(𝑡) = √
1

𝑁
 ∑ 𝑟𝑤(𝑘)2

𝑁

𝑘=1

        ,   ∀𝑡 (3) 

 

with  𝑁  the number of points digitized in ∆𝑡. 

In Fig.3 the Forgaria-Cornino record and the RMS envelope 

obtained by a one-hundred-point length (1 second) rectangular 

window of unit amplitude: 𝑒𝑅,100(𝑡). To complete the 

information, in the zoomed portion are shown different RMS 

envelopes obtained with lengths accordingly to the subscript.  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.3 - FRC record 𝑟(𝑡) and RMS envelope 𝑒𝑅,100(𝑡). In the 
particular different RMS envelopes obtained modifying the 
filter length accordingly to the subscript. 
 

Increasing filter lengths give smoother shapes of the envelope. 

In this case lengths larger than 100 points do not increase the 

smoothness of  𝑒𝐴(𝑡)  and have a worst behavior in the initial 

part of the record. A symmetric envelope is generated. Some 

kind of regularity is obtained but without satisfactory 

smoothness. The local behavior presented in the magnified 

window shows residual sharpness and irregularity of  𝑒𝑅(𝑡). 

The subjective intervention of the user is required for the 

selection of the length of the RMS moving rectangular window. 

 

Peak envelope 

This type of envelope is generated by using spline interpolation 

over local maxima separated by an adjustable number of 

samples. A non-symmetric envelope is obtained due to the 

different interpolation performed for positive and negative 

acceleration values. Small separation points give a better local 

approximation at the expense of large oscillations of the 

envelope. On the other end, larger separations smooth out the 

envelope but without overall coherence. Irregular unpredictable 

and unstable behavior is observed. In particular, the effect of 

143-points and 144-points separation is reported. The zoomed 

window shows in detail the irregular approximation of  𝑒𝑃(𝑡)  at 

the beginning of the time history.  A subjective intervention of 

the user is required for the selection of the separation time, 

nevertheless, the irregular behavior of the accelerogram directly 

reflects the unpredictable effect of that selection. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.4 - FRC record 𝑟(𝑡) and peak envelopes obtained with 
different numbers of reference points accordingly to the 
subscript. In the particular the behavior of the method in the first 
seconds of the record.  
 

General observations  

All the analyzed methods show unsatisfactory results. Most of 

them obtain non-smooth envelope function with local irregular 

shapes. Some level of subjectivity is in most cases necessary. 

The spline approximation based on local peaks gives an obvious 

smooth outcome but without both overall and local coherence 

especially during the first seconds, and producing even worst 

results due to the unpredictable randomness in the distribution 

of the local peaks. 

Coming now to the earthquake engineering practice the most 

common method used to identify an envelope function is 

conceptually placed far away from the idea leading the signal 

analysis approach. In fact, the evaluation of the modulating 

function is usually based on some approximation procedure 

trying to find the best fit of a predefined parametric analytic 

function to the analyzed seismic record. In this case, the 

subjectivity is introduced from the beginning with the 

arbitrariness in the selection of the shape function. 

 

3. DURATION PARAMETERS OF PROCESSES 
 

A strong ground motion time history is often referred to as an 

outcome of the underlying non-stationary random process, in 

other words, it is a sample record (single representation) of a 

random phenomenon. In common practice it is not possible to 

have at our disposal more than a single sample earthquake 

record at a site for a given rupture but, in general, only in case 

of a stationary ergodic process the averages taken on a single 

sample are equal to the averages taken over the entire collection 

of sample functions. In earthquake engineering, this problem is 

overcome making the strong hypothesis that the statistical 
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properties of the sample seismic record are not significantly 

different from the statistics taken over an infinitely large 

number of outcomes obtained from the generating random 

phenomenon. On this basis, many different models of stationary 

and non-stationary random processes have been proposed as 

representative for describing strong ground motion records. 

Among many different modeling techniques and narrowing our 

interest to the time characterization, the most commonly used 

approach found in scientific literature is related to a time 

modulated model. In particular, an accelerometric time record  

𝑟(𝑡)  of a seismic event can be idealized as an amplitude 

modulated zero-mean stationary process defined in short by the 

following: 
 

𝑟(𝑡) = 𝑖(𝑡) 𝑠(𝑡)   ,   𝑡 = [0, 𝐷] (4) 
 

with  𝑠(𝑡)  a zero mean amplitude stationary process of total 

duration 𝐷 and 𝑖(𝑡) the intensity function defined as a 

continuous smoothly varying function with unit peak value 

introduced with the purpose to undertake the responsibility of 

giving the characteristic three-phase-shape that can be observed 

in any seismic record: an initial rising part starting from zero 

followed by a quasi-stationary portion and a final slowly 

decaying tail to zero at  t=D. 

Comparing the definition used in Eq.(4) with the approaches 

described in the previous paragraph for the envelope detection 

of irregular and noisy processes applied to the case of seismic 

records we can relate the envelope function  𝑒(𝑡)  with the 

intensity function  𝑖(𝑡)  by the elementary scaling relation: 
 

𝑖(𝑡) =
𝑒(𝑡)

max[|𝑒(𝑡)|]
(5) 

 

being  max[|𝑒(𝑡)|]  the peak value of the envelope. 

From Eq.(4) can be derived the plain statement that an 

amplitude stationary process is a particular case of an amplitude 

modulated process. In fact, applying in Eq.(4) the time-

invariant intensity function  𝑖(𝑡) = 𝑤𝑅(𝑡), named unit-boxcar-

function or rectangular window, defined by the difference [9]: 
 

𝑤𝑅(𝑡) = Π0,𝐷 = 𝐻0(𝑡) − 𝐻𝐷(𝑡) =  𝐻(𝑡) − 𝐻(𝑡 − 𝐷) (6) 
 

with 𝐻0(𝑡) and 𝐻𝐷(𝑡) the Heaviside (unit) step functions 

starting at   t=0  and  t=D ,  the result  𝑠(𝑡)=𝑤𝑅(𝑡)𝑠(𝑡) is 

obtained. Moreover, for a time-limited amplitude stationary 

process the total duration  D  equals the stationary duration 𝑑𝑠 of 

the process: 𝑑𝑠 = 𝐷. These obvious considerations become 

more useful in earthquake engineering when commonly used 

parameters like strong ground motion duration and equivalent 

stationary duration are introduced for the time characterization 

of the seismic signal. 

Traditionally the strong ground motion duration of an 

accelerometric record does not have an accepted unique 

definition [2] but possibly the problem lays in the fact that the 

term ‘strong’ is meant to be as relative to a structural problem: 

the portion of a time history producing significant (not 

negligible) effects to a structure is defined as ‘strong’. To 

overcome this difficulty in time characterization a different 

parameter has been introduced with a more unambiguous 

definition that overlaps to some extent with the previous one, 

the equivalent stationary duration  𝑑0: the portion of a time 

history denoting a quasi-stationary behavior in amplitude. 

Therefore, in principle, the equivalent stationary duration, often 

named significant duration, does not depend on the energy of 

the signal, peak acceleration, total duration, and other relative 

parameters. Nevertheless, also in this case, different procedures 

for the evaluation of 𝑑0 have been proposed in the literature. 

Here, in particular, is recalled an evaluation procedure unifying 

the definition of intensity function with the one of equivalent 

stationary duration [10]. In fact, as above mentioned the 

stationary duration of an amplitude stationary process equals the 

total duration of the process and now also the value of the 

equivalent stationary duration: 
 

∀𝑠(𝑡) ∶        𝐷 = 𝑑𝑠 =  𝑑0   ,   𝑡 = [0, 𝐷] (7) 
 

and therefore: 

 

∫ 𝛱0,𝐷 𝑑𝑡
𝐷

0

= ∫ 𝑤𝑅(𝑡) 𝑑𝑡
𝐷

0

= 𝐷 = 𝑑0 (8) 

 

directly leading to the broader relation holding for the generic 

amplitude-modulated process 𝑟(𝑡): 
 

∫ 𝑖(𝑡) 𝑑𝑡
𝐷

0

= 𝑑0 (9) 

 

Through this approach all the main issues for the time 

characterization of a seismic accelerogram like, the estimation 

of a suitable intensity function and of the equivalent stationary 

duration with its positioning in time, are unified and brought 

back to the detection of the underlying envelope function. 

 

4. OPTIMAL FILTER SELECTION  
 

The basic and standard definitions holding for the generic 

envelope function (paragraph 2.) of an amplitude modulated 

process given in Eq.(4) and the relation between the envelope 

function and the intensity function in Eq.(5), lead to the 

statement that if a suitable envelope can be identified for the 

stochastic process generating the earthquake record 𝑟(𝑡), then 

the evaluation of  𝑖(𝑡), of the equivalent stationary duration  𝑑0 

and its localization in time are immediately obtained, therefore 

supplying a unifying approach to the time characterization of an 

accelerometric signal. 

The observation of the shapes and of the local distinctive 

features for the different approaches previously tested for the 

envelope detection, clearly show that all the methods are 

affected by a high-frequency noise superposed to an overall 

acceptable trend in time. Therefore, the introduction of some 

kind of low pass filtering in the extraction of the envelope 

function seems a reasonable plan to be investigated.  

For this purpose, the common data smoothing technique of 

convolution is here adopted. In particular, the squared record 

function  𝑎(𝑡) = 𝑟2(𝑡) is used as representative of the noisy 

record  𝑟(𝑡)  and a suitable sliding window  𝑤(𝑡)  is introduced. 

The smoothed data  �̅�(𝑡)  are obtained by the convolution of the 

two finite-length functions  𝑎(𝑡) and  𝑤(𝑡): 
 

�̅�(𝑡) = 𝑎(𝑡) ∗ 𝑤(𝑡) =  ∫ 𝑎(𝜏)
𝑡

0

 𝑤(𝑡 − 𝜏) 𝑑𝜏 (10) 

with  ∗  being the convolution symbol. It is also useful to recall 

one of the results of the convolution theorem, that is the 

convolution between two functions in the time domain 

corresponds to the multiplication of the frequency domain 

counterparts: 
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𝑎(𝑡) ∗ 𝑤(𝑡) ⟺ 𝐴(𝑓) 𝑊(𝑓)  (11) 
 

where 𝑎(𝑡) ⟺ 𝐴(𝑓)  ,  𝑤(𝑡) ⟺ 𝑊(𝑓)  are Fourier transform 

pairs meaning that  𝐴(𝑓) = ℱ[𝑎(𝑡)]  and  𝑊(𝑓) = ℱ[𝑤(𝑡)] 
being ℱ[⋅] the Fourier transform operator and  𝑓  the frequency 

axis. Roughly speaking, the convolution operator in time can 

also be interpreted, in the frequency domain, as a low pass filter 

smoothing out the higher frequency components of the signal 

𝑎(𝑡) at the purpose of pointing out some hidden trend if any. 

From this point of view, the squared acceleration record can be 

considered as a signal with a superposed high-frequency noise 

and therefore a suitable convolution integral can bring out the 

smooth behavior of the underlying random process. The 

filtering properties of  𝑊(𝑓)  that is the selection of a 

convenient moving window  𝑤(𝑡), play a fundamental role in 

the characterization process. To support that decision, it can be 

recalled that a general observation holding in signal analysis for 

low pass filtering problems, is that the filtering frequencies are 

in general dominant over other characteristics of the filter like 

sidelobes levels or asymptotic decay. Here, one of the most used 

apodization function, the Blackman window, is adopted [5]: 
 

𝑤𝐵(𝑡|�̂�) =
21

50
+

1

2
cos (

𝜋𝑡

�̂�
) +

2

25
cos (

2𝜋𝑡

�̂�
) , −�̂� ≤ 𝑡 ≤ �̂�    (12) 

 

being �̂�  the key parameter ruling the low pass frequency 

definition of the filter. Within the described context the 

performance of a Blackman window is controlled by the free 

parameter  �̂�   whose evaluation is not left to subjective evidence 

or experience of the user but is adjusted according to an optimal 

condition or minimization of a suitable cost function. Recalling 

the hypothesis that the reference signal 𝑎(𝑡) is the result of the 

hidden smooth behavior  �̅�(𝑡) superposed with an important 

noise level represented by a zero-mean random process, the 

basic condition of constant intensity is stated leading to the 

following cost function or minimum error condition: 
 

∃ �̂� = 𝑡∗ :   ‖∫ 𝑎(𝑡) 𝑑𝑡
𝐷

0

 −  ∫ �̅�(𝑡|𝑡∗)𝑑𝑡
𝐷

0

 ‖  ≤ 𝜖      (13) 

 

being  𝑡∗  the value of the parameter in the moving window 

𝑤𝐵(𝑡|𝑡∗) used in Eq.(9) to obtain the filtered data �̅�(𝑡|𝑡∗) 

minimizing the arbitrarily small error  𝜖.  

Applying one of the fundamental property of the convolution 

stating that the area under a convolution is the product of the 

areas under the factors, the condition given in Eq.(13) can be 

easily rewritten to obtain the following condition for the 

Blackman window: 
 

∫ 𝑤𝐵(𝑡|𝑡∗)𝑑𝑡
𝐷

0

= 1   ⟶   𝜖 = 0     (14) 

 

and giving the solution  𝑡∗ = �̂� = 1.2 𝑠.  

In Fig.5 the optimal Blackman function  𝑤𝐵
∗ (𝑡) = 𝑤𝐵(𝑡|𝑡∗) in 

time and its one-sided Fourier counterpart 𝑊𝐵
∗(𝑓) in the 

frequency domain that gives evidence to its filtering properties. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
Fig.5 - The optimal Blackman function  𝑤𝐵

∗ (𝑡)  plotted for 
�̂�=1.2s and its one-sided map 𝑊𝐵

∗(𝑓) in the frequency domain 
in semi logarithmic scale. Cut-off frequency at 1.26 Hz. 
  

Once obtained the smoothed data   �̅� (𝑡)𝐵
∗   by convolution with 

the optimal Blackman window: 
 

�̅�  (𝑡)𝐵
∗ = 𝑎(𝑡) ∗ 𝑤𝐵

∗ (𝑡) (15) 
 

the corresponding envelope of the seismic record is evaluated 

by taking the square root of the smoothed data: 
 

𝑒𝐵(𝑡) = √ 𝑎 (𝑡)𝐵
∗ (16) 

 

5. NUMERICAL APPLICATION  
 

The numerical example is here tailored to point out the behavior 

of the described time characterization procedure when applied 

to different seismic records belonging to three of the major 

seismic events in the Italian database [8] in date order: the Friuli 

3rd shock (event id: IT-1976-0030) on 1976/09/15 at h.09:21, 

the Irpinia event (id: IT-1980-0012) on 1980/11/23 at h.18:34, 

the L’Aquila event (id: IT-2009-0009) on 2009/04/06 at 

h.01:32.  

In particular, the following seismic records are selected as 

representative of the three events: the accelerogram recorded at 

the Forgaria-Cornino station (code: FRC) EW component, the 

record at Strurno station (code STR) EW component, the record 

at L’Aquila station (code AQV) NS component. Moreover, the 

Irpinia event is known to be a multiple rupture event and hence 

the STR record is limited to the first 40 seconds corresponding 

to the first rupture. All the selected records are instrumental 

corrected and digitized at a sampling interval of 0.005 seconds. 

The proposed time characterization procedure is investigated 

performing for each of the selected accelerograms the following 

detailed steps: 

- evaluation of the envelope  𝑒𝐵(𝑡) by convolution with the 

optimal Blackman function  𝑤𝐵
∗ (𝑡)  and applying Eq.(16); 

- evaluation of the corresponding intensity function 𝑖𝐵(𝑡) by 

applying Eq.(5); 

- evaluation of the equivalent stationary duration with Eq.(9); 

- evaluation of the normalized cumulate functions of the 

record 𝑐𝑟(𝑡) and of the envelope 𝑐𝑒𝐵(𝑡), being the cumulate 

function 𝐶𝑏(𝑡)  of a generic signal 𝑏(𝑡)  defined by: 
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𝐶𝑏(𝑡) =  ∫ 𝑏2(𝜏)
𝑡

0

 𝑑𝜏  , 0 ≤ 𝑡 ≤ 𝐷 (17) 

 

and the normalized version:  𝑐𝑏(𝑡) = 𝐶𝑏(𝑡)/max (𝐶𝑏(𝑡)) 

- evaluation of the time position 𝑡1 and 𝑡2 of the equivalent 

stationary duration (𝑑0 = 𝑡2 − 𝑡1)  finding the time 𝑡1 as the 

point at which the cumulate variation  𝑐(𝜏) reach a 

maximum [10]: 

 

      𝑐(𝜏) = 𝑐𝑒𝐵(𝜏 + 𝑑0) − 𝑐𝑒𝐵(𝜏), 0 ≤ 𝜏 ≤ 𝐷 − 𝑑0     (18) 

      

     with: max[𝑐(𝜏)]  at  𝜏 = 𝑡1. 

The results of the described time characterization procedure are 

summarized in Figs.6/8. With more detail, Fig.6a shows the 

results obtained for the accelerogram recorded at the Forgaria-

Cornino station (FRC):  𝑟(𝑡) is the original EW component, 

𝑒𝐵(𝑡) gives the envelope obtained by the optimal Blackman 

filtering and  𝑟𝑟(𝑡) = │𝑟(𝑡)│ − 𝑒𝐵(𝑡)  shows the instantaneous 

distance of the accelerogram from the envelope. In Fig.6b are 

plotted the corresponding normalized cumulate functions 𝑐𝑟(𝑡) 

and 𝑐𝑒𝐵(𝑡), completed by the numerical evaluation of the 

equivalent stationary duration 𝑑0 and the localization times 𝑡1, 

also known as the rise time of the accelerogram, and 𝑡2, often 

named decay time of the record. Both  𝑡1 and 𝑡2 are drawn back 

on part a) of the figure to give immediate evidence of the quasi-

stationary portion 𝑑0. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 
Fig.6 – Time characterization of the FRC station record; a) the 
record 𝑟(𝑡), the optimal Blackman envelope 𝑒𝐵(𝑡) and the 
instantaneous distance 𝑟𝑟(𝑡); b) normalized cumulate functions 
𝑐𝑟(𝑡) and 𝑐𝑒𝐵(𝑡) with equivalent stationary duration 𝑑0, rise 
time 𝑡1 and decay time 𝑡2. 
 

The results of the time characterization procedure obtained for 

the accelerogram recorded at the Sturno station (STR) are 

reported in Fig.7 while Fig.8 gives the results for the 

accelerogram recorded at the L’Aquila station (AQV). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.7 – Time characterization of the STR station record; a) the 
record 𝑟(𝑡), the optimal Blackman envelope 𝑒𝐵(𝑡) and the 
instantaneous distance 𝑟𝑟(𝑡); b) normalized cumulate functions 
𝑐𝑟(𝑡) and 𝑐𝑒𝐵(𝑡) with equivalent stationary duration 𝑑0, rise 
time 𝑡1 and decay time 𝑡2. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.8 – Time characterization of the AQV station record; a) the 
record 𝑟(𝑡), the optimal Blackman envelope 𝑒𝐵(𝑡) and the 
instantaneous distance 𝑟𝑟(𝑡); b) normalized cumulate functions 
𝑐𝑟(𝑡) and 𝑐𝑒𝐵(𝑡) with equivalent stationary duration 𝑑0, rise 
time 𝑡1 and decay time 𝑡2. 
 

The visual inspection of the results presented in Figs.6/8 clearly 

shows that the numerical procedure suggested for the estimate 
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of a smooth envelope function for seismic accelerometric 

records based only on an optimal condition for the filter 

selection, therefore excluding any a priori condition or 

constraint, is working fine. In fact, the normalized cumulate 

functions of the record  𝑐𝑟(𝑡) and of the envelope 𝑐𝑒𝐵(𝑡) shows 

a very close behavior for all the examined records. 

The equivalent stationary duration definition as the portion of 

the record behaving locally-stationary is based on the 

assumption of a clear subdivision of the accelerogram in the 

previously recalled phases: an initial rising phase in the time 

range [0, 𝑡1], followed by a second locally stationary phase of 

duration 𝑑0 and by the remaining portion the decaying phase or 

tail of the seismic record in the range [𝑡2, 𝐷] with 𝑡2 = 𝑡1 + 𝑑0. 

In the case for which the previous definition holds in a strict 

sense, also the evaluation procedure of  𝑑0 given in Eq.(9) and 

the consequent localization procedure by maximization of 

Eq.(18) give good results. The evidence of that is shown in 

Fig.6 where the FRC accelerograms express the canonical three 

phases in a clear way. In this case, the equivalent stationary 

duration and its time position seem really effective. Not the 

same evidence can be claimed for both the STR and AQV 

records. As a matter of fact, both records do not show a clear 

and continuous stationary phase. In particular, AQV expresses 

two quasi-stationary portions separated by a very low 

acceleration level of approximately one-second duration, while 

the STR record shows even more quasi-stationary segments 

separated by less than one-second intervals. In these conditions, 

the localization procedure seems to fail: the cutting of a small 

portion of significant accelerations at the end of the rising phase 

and of a larger portion at the beginning of the tail are evident 

when observing both the record and the normalized cumulate 

functions. It must be precised that the term ‘significant’ is used 

in this context as inherent to the record itself, not among 

different records.  

A better measure of the previously discussed behavior 

recognized by pure visual inspection of the record and the 

cumulates can be obtained by separating the quasi-stationary 

portion from the rest of the accelerogram using a standard 

windowing technique. In particular, a Tukey window 𝑤𝑇(𝑡) 

[11] having a unit constant level of length 𝑑0 and lateral lobes 

on both sides of length  𝑑0/10  is here employed as window-

function (Fig.9) for the selected accelerograms  𝑟(𝑡)  to extract 

the quasi-stationary part 𝑟𝑇(𝑡):  
 

𝑟𝑇(𝑡) = 𝑟(𝑡) 𝑤𝑇(𝑡)   ,   𝑡 = [0, 𝐷] (19) 

 

 

 

 

 

 

 

 
Fig.9 – The Tukey window 𝑤𝑇(𝑡) function for the isolation of 
the quasi-stationary portion of the accelerograms with unit level 
of length 𝑑0 and smoothing out lobes’ lengths  𝑑0/10. 
 

The one-sided amplitude spectra  𝐴(𝑓) of the record 𝑟(𝑡)  and  

𝐴𝑇(𝑓)  of the quasi-stationary portion  𝑟𝑇(𝑡)  are compared in 

Figs.10/12. In particular, the spectra  𝐴(𝑓)  and  𝐴𝑇(𝑓)  are 

plotted with the residual │𝐴(𝑓) − 𝐴𝑇(𝑓)│ while in a separate 

internal window are shown the original record 𝑟(𝑡) the extracted 

quasi-stationary portion 𝑟𝑇(𝑡) and the used Tukey window 

𝑤𝑇(𝑡) scaled to 100 for representation purpose. The frequency 

axis has been limited to the range of interest for the response of 

most structures [0, 15]𝐻𝑧 being, as usual for earthquakes, the 

energy released in the higher frequency range very low. We 

have also to remind that earthquake records show a 

nonstationary frequency content in time: a higher frequency 

content is predominant during the initial rising part, while a 

lower frequency content is predominant in the decaying portion. 

Fig.10 gives the results obtained in the frequency content for the 

FRC record that confirm the effectiveness of the time 

characterization: the spectral amplitudes of the entire record are 

closely approximated by the quasi-stationary portion alone. 

Errors are limited both in absolute value of spectral amplitudes 

and in frequency extent: only few very narrow spikes are 

underestimated. The overall spectral content is nicely respected. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.10 – Frequency comparison of the FRC station record. The 
one-sided amplitude spectra:  𝐴(𝑓) ⟺ 𝑟(𝑡),  𝐴𝑇(𝑓) ⟺  𝑟𝑇(𝑡) 
and the residual │𝐴(𝑓) − 𝐴𝑇(𝑓)│. In the internal window the 
original record 𝑟(𝑡) the quasi-stationary portion 𝑟𝑇(𝑡) and the 
extraction window 𝑤𝑇(𝑡) scaled to 100 for representation view. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig.11 – Frequency comparison of the STR station record. The 
one-sided amplitude spectra:  𝐴(𝑓) ⟺ 𝑟(𝑡),  𝐴𝑇(𝑓) ⟺  𝑟𝑇(𝑡) 
and the residual │𝐴(𝑓) − 𝐴𝑇(𝑓)│. In the internal window the 
original record 𝑟(𝑡) the quasi-stationary portion 𝑟𝑇(𝑡) and the 
extraction window 𝑤𝑇(𝑡) scaled to 100 for representation view. 
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The results presented in Fig.11 are relative to the STR record. 

The spectral amplitudes for the frequency range over 5 Hz is 

captured very closely. The same good approximation is 

observed in the low-frequency range below 1.5 Hz. In the 

remaining part [1.5, 5] Hz larger errors can be observed in three 

smaller frequency ranges.  The overall spectral content is still 

respected in an acceptable way. 

The results of the AQV record are shown in Fig.12. Here 

significant underestimation of the spectral amplitudes can be 

observed in different narrow frequency bands but distributed in 

a wider region, roughly from 1 Hz to 10 Hz indicating that a 

portion of strong ground motion is left outside the equivalent 

stationary duration localization.  The overall spectral shape is 

respected but the approximation shows different narrow banded 

errors. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.12 – Frequency comparison of the AQV station record. The 
one-sided amplitude spectra:  𝐴(𝑓) ⟺ 𝑟(𝑡),  𝐴𝑇(𝑓) ⟺  𝑟𝑇(𝑡) 
and the residual │𝐴(𝑓) − 𝐴𝑇(𝑓)│. In the internal window the 
original record 𝑟(𝑡) the quasi-stationary portion 𝑟𝑇(𝑡) and the 
extraction window 𝑤𝑇(𝑡) scaled to 100 for representation view. 
 

4. CONCLUSIONS 
 

In this work the time characterization of earthquake records as 

samples of the generating stochastic process is approached with 

attention to the significance and estimate of the most commonly 

used quantities when defining an amplitude-modulated random 

processes: the envelope function, the modulating function and 

the detection and localization of the equivalent stationary 

duration from a seismic accelerogram. Technical literature 

widely recognizes the importance of time characterization for 

energy release identification but usually, all these quantities 

appear as uncorrelated. To overcome this basic difficulty a 

signal analysis approach is followed and a straightforward 

procedure is proposed for the detection of the envelope 

function, the modulating function, and the estimation of the 

equivalent stationary duration. The entire characterization 

procedure is based on the implementation of an optimal filter 

criterion without the need of any a priori statement of common 

sense or bias. Besides that, a recently proposed relation between 

modulating function, and equivalent stationary duration is 

recalled and tested on different seismic records belonging to 

three of the most important seismic events of the Italian 

database: the Friuli 3rd shock (1976), the Irpinia event (1980) 

and the L’Aquila event (2009). The analysis of the selected 

accelerometric components is performed in terms of both time 

and frequency domains demonstrating the effectiveness of the 

proposed approach especially in case of seismic records with a 

canonical and well recognizable three-phase progress in time: 

rising, quasi-stationary and decreasing phase. In this case, the 

spectral amplitudes of the entire record are closely 

approximated by the quasi-stationary portion alone, with very 

limited errors both in absolute value than in the complete 

frequency range showing an overall spectral content satisfactory 

represented. The further away from this ideal condition the 

greater the errors in defining the value and the limits of the 

equivalent stationary duration. In particular, a small 

overestimation of the rise time is observed while a 

contemporary larger underestimation in the localization of the 

beginning of the accelerogram tail is pointed out.  The error 

level grows in parallel with the increasing of the irregularity in 

the strong ground motion portion, in particular for the presence 

of acceleration gaps. Some kind of correction strategy of the 

convolution technique could be useful for the evaluation of the 

equivalent stationary duration of irregularly shaped envelopes. 

In case of evident multimodal behavior, like in the case of 

multiple rupture events, a superposition approach seems 

necessary.  

 

REFERENCES 
 
[1] Zentner I. (2015) Stochastic models for the simulation of 

ground motion time histories, EDF R&D Report 
 

[2] Bommer J.J., Martinez-Pereira A. (1999) The effective 

duration of earthquake strong motion, J. of Earthquake 

Eng., 3:2, 127-172, DOI: 10.1080/ 13632469909350343 
  

[3] Trifunac M.D. (2012) Earthquake response spectra for 

performance based design. A critical review, Soil 

Dynamics and Earthquake Engineering Vol.37, pp.73-83 
 

[4] Lyons R. (2011) Understanding Digital Signal Processing, 

3rd Ed., Prentice Hall Publishing 
 

[5] MathWorks (2017), Signal Processing Toolbox - User's 

Guide 
 

[6] Newland D.E. (1983) An Introduction to Random 

Vibration Spectral and Wavelet Analysis, Longman, NY 
 

[7] Bendat J.S., Piersol A.G. (1971) Random Data: Analyses 

and Measurement Procedures, Whiley, NY 
 

[8] Luzi L., Pacor F., Puglia R. (2019) Italian Accelerometric 

Archive v 3.0 - INGV, Dipartimento della Protezione 

Civile Nazionale. doi: 10.13127/itaca.3.0. 
  

[9] Weisstein E.W., Boxcar function, from MathWorld A 

Wolfram Web Resource, https://mathworld.wolfram.com/ 

BoxcarFunction.html 
  

[10] Carli F., Carino C. (2015) Energy independent estimation 

of the equivalent stationary duration of earthquake 

accelerograms, pp 43578-43584, International Journal of 

Applied Engineering Research (IJAER), Vol.10, N.23 
 

[11] Tukey J.W. (1967)  An introduction to the calculations of 

numerical spectrum analysis, Spectral Analysis of Time 

Series, pp.25–46 


