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the standard classical problem. The modified problem where
the boundaries are permeable and there is injection of liquid
through the upper (or lower) plate and suction through the
lower (or upper) plate called the throughflow or suction–
injection–combination has been studied extensively by many
authors (see [15]-[22]).

Abstract
The effect of vertical throughflow or suction–injection–
combination (SIC) on the thermal instability and heat
transport in a micropolar fluid layer in the presence of internal
heat generation, between permeable horizontal boundaries,
when heated uniformly from below, is examined analytically.
Using normal mode analysis, the eigenvalue is obtained for
free–free velocity and isothermal temperature boundary
condition on the spin-vanishing boundaries. Heat transport in
the system is studied using Ginzburg Landau equation derived
from Lorenz equations. The influence of various micropolar
fluid parameters, Peclet number and internal Rayleigh number
has been analysed by plotting the graphs.

Thermal convection in horizontal fluid layer subject to
constant but different temperatures at the boundaries have
been extensively investigated by many researchers because of
its importance in number of engineering and geophysical
problems and in energy storage applications. In these
problems control of convective instability plays an important
role. One of the effective mechanisms to control the
convective instability is maintaining a non-uniform
temperature gradient across the fluid layer. The nonlinear
temperature distribution in a horizontal fluid layer arising due
to internal heat generation has been studied theoretically by
Roberts [23], Takashima [24], Bhadauria et al. [25], Vasudha
and Pranesh [26 – 28] , Pranesh et al [29-30].

Keywords: Micropolar Fluid, Rayleigh–Bénard convection,
Suction–injection–combination, Internal heat generation.

1.

INTRODUCTION

It is obvious that many of the industrially and technologically
important fluids behave like a non-Newtonian fluid. Eringen
[1,2] firstly formulated the theory of micropolar fluids and
derived the constitutive laws for the fluids with
microstructure. This theory provided a mathematical model
for the non-Newtonian behaviour which could be observed in
certain liquids such as polymers, colloidal suspensions, animal
blood, liquids crystals etc. More interesting aspects of the
theory and application of micropolar fluids can be found in
the books of Eringen [3] and Lukazewicz [4] and in some
studies of Peddieson and McNitt [5] , Willson [6],
Siddheshwar and Pranesh [7]- [10], Pranesh and Riya Baby
[11], Pranesh and et al [12-13].

In the paper, we study the effect of throughflow or suction–
injection–combination on
thermal instability and heat
transport in a micropolar fluid layer in the presence of internal
heat generation for free–free velocity and isothermal
temperature boundary condition on the spin-vanishing
boundaries.

2. MATHEMATICAL FORMULATION
An infinite horizontal layer of a Boussinesquian micropolar
fluid layer of depth 𝑑 is considered with the presence of
internal heat generation. A Cartesian coordinate system (𝑥, 𝑦,
𝑧) with origin in the lower boundary and 𝑧-axis vertically
upwards is considered. Let ∆T be the temperature difference
between the upper and lower boundaries (see Fig. (1)). A
constant flow in the vertical direction with magnitude 𝓌0 ,
known as SIC, is maintained at the boundaries.

Bénard [14] observed experimentally the origin of the
classical Rayleigh problem of onset of convective instabilities
in a horizontal layer of fluid which is heated from below
there. Flow across the horizontal boundaries is not present in
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Figure 1: Schematic Diagram of the Flow Configuration
𝑑𝑝𝑏

The governing equations which represent the above physical
configuration are:

𝑑𝑧

Continuity Equation:
∇. 𝑞⃗ = 0 ,

𝓌0

(1)

Conservation of Linear Momentum:
𝜕𝑞⃗⃗

𝜌0 [ 𝜕𝑡 + (𝑞⃗. ∇)𝑞⃗] = −∇𝑝 + 𝜌𝑔⃗𝑘̂ + (2𝜁 + 𝜂)∇2 𝑞⃗ + 𝜁(∇ × 𝜔
⃗⃗) ,

⃗⃗⃗
𝜕𝜔

𝜕𝑡

+ (𝑞⃗. ∇)𝑇 =

𝛽
𝜌0 𝐶𝜐

𝑑𝑧

=𝜒

𝑑 2 𝑇𝑏
𝑑𝑧 2

+ 𝑄(𝑇𝑏 − 𝑇0 ) ,

(8)

𝜌𝑏 = 𝜌0 [1 − 𝛼(𝑇𝑏 − 𝑇0 )] ,

(9)

where, b refers the basic state, 𝓌0 is the strength of the
imposed constant suction (or injection) and 𝑘̂ is the unit
vector in the z-direction.

(3)

Solving equation (9) for 𝑇𝑏 subject to the following
boundary conditions

Conservation of Energy:
𝜕𝑇

𝑑𝑇𝑏

(7)

(2)

Conservation of Angular Momentum:
𝜌0 𝐼 [ 𝜕𝑡 + (𝑞⃗. ∇)𝜔⃗] = (𝜆′ + 𝜂′ )∇(∇. 𝜔⃗) + 𝜂′ ∇2 𝜔⃗ + 𝜁(∇ × 𝑞⃗ − 2𝜔⃗),

= −𝜌𝑏 𝑔,

(∇ × 𝜔
⃗⃗). ∇𝑇 + 𝜒∇2 𝑇 + 𝑄(𝑇 − 𝑇0 ) , (4)

𝑇𝑏 = 𝑇0 + ∆𝑇 at z = 0 and 𝑇𝑏 = 𝑇0 at z = d, we get

Equation of State:
𝜌 = 𝜌0 [1 − 𝛼(𝑇 − 𝑇0 )],

𝑇𝑏 (𝑧) =

(5)

where, 𝑞⃗ is the velocity, 𝜌0 is density of the fluid at
temperature T = 𝑇0 , p is the pressure, 𝜌 is the density, 𝑔⃗ is
acceleration due to gravity, ζ is coupling viscosity
coefficient or vortex viscosity, 𝜔
⃗⃗ is the angular velocity, I
is moment of inertia, λ' and η' are bulk and shear spin
viscosity coefficients, T is the temperature, χ is the thermal
conductivity, β is micropolar heat conduction coefficient, α
is coefficient of thermal expansion, η is the shear spinviscosity coefficient, 𝐶𝜐 is the specific heat, Q is the internal
heat source and t is time.

∆𝑇
𝑒 𝑚1𝑑 −𝑒 𝑚2𝑑

[𝑒 𝑚1𝑑 𝑒 𝑚2𝑧 − 𝑒 𝑚2𝑑 𝑒 𝑚1𝑧 ] + 𝑇0

(10)

where
1 𝓌

𝓌2

𝑄

1 𝓌

𝓌2

𝑄

𝑚1 = 2 [ 𝜒0 + √ 𝜒20 − 4 ∗ 𝜒 ] , 𝑚2 = 2 [ 𝜒0 − √ 𝜒20 − 4 ∗ 𝜒 ].

(11)

4. LINEAR STABILITY ANALYSIS
The finite amplitude perturbations on the basic state are
superposed in the following form:

3. BASIC STATE

⃗⃗⃗⃗′ , 𝑝 = 𝑝𝑏 + 𝑝′ , 𝑇 = 𝑇𝑏 + 𝑇 ′ , 𝜌 = 𝜌𝑏 + 𝜌′ , (12)
𝑞⃗ = 𝓌0 𝑘̂ + 𝑞⃗⃗⃗′ , 𝜔⃗ = 𝜔
⃗⃗⃗⃗⃗𝑏 + 𝜔

The basic state is assumed to be quiescent and the quantities
in the state are given by:

where the prime indicates
infinitesimal perturbations.

that the quantities are

𝑞⃗ = 𝓌0 𝑘̂ , 𝜔
⃗⃗ = ⃗⃗⃗⃗⃗⃗(0,0,0),
𝜔𝑏
𝑝 = 𝑝𝑏 (𝑧), 𝜌 = 𝜌𝑏 (𝑧), 𝑇 = 𝑇𝑏 (𝑧) . (6)

Substituting equation (12) into the equations (1)-(5) and
using the basic state solutions, we get linearized equations
governing the infinitesimal perturbations in the form:

Substituting equation (6) into equations (1) – (5), we get the
following basic state equations,
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∇. ⃗⃗⃗⃗
𝑞′ = 0 ,

where, J stands for Jacobian.

(13)

𝑥 𝑦 𝑧

𝜌0 [

̅̅̅′
𝜕𝑞
𝜕𝑡

Let (𝑥 ∗ , 𝑦 ∗ , 𝑧 ∗ ) = ( , , ) , 𝜓 ∗ =
+ (𝑞̅′ . ∇)𝑞̅′ + 𝓌0

⃗⃗⃗⃗
𝜕𝑞′

] = −∇𝑝 − 𝜌 𝑔𝑘̂ + (2𝜁 + 𝜂)∇2 𝑞̅′ +
𝜕𝑧
′

′

𝜁(∇ × ⃗⃗⃗⃗⃗
𝜔′) ,
⃗⃗⃗⃗⃗⃗′
𝜕𝜔

𝜌0 𝐼 [

⃗⃗⃗⃗⃗⃗′
𝜕𝜔
𝜕𝑧

1 𝜕
𝑃𝑟 𝜕𝑡

(15)

1
𝜕𝑇 ′

+ 𝓌0

𝜕𝑡

𝜕𝑇′
𝜕𝑧

=

𝜕𝑇𝑏

[𝜌

𝜕𝑧

𝛽

0 𝐶𝜗

𝑃𝑟

∇ × ̅̅̅
𝜔 ′ − 𝑊 ′ ] + 𝜒∇2 𝑇 ′ + 𝑄𝑇′

𝜕𝑧
𝜕𝑢′

𝓌0
𝜕𝑤 ′
𝜕𝑥

𝜕𝑧

(

𝜕𝑧

)+𝜁(

−
−

𝜕𝑡

𝜁(

𝜕𝜔𝑦

∂u′
∂z

𝜕𝑡

𝜕𝑤 ′

) + 𝑢′ (

𝜕𝑥
𝜕𝑤 ′

𝜕𝑥
𝜕 2 𝜔𝑦

𝜕 2 𝑢′
𝜕𝑥𝜕𝑧

)]= −𝜌0 𝛼𝑔

−

𝜕𝑦𝜕𝑧

−

+ 𝓌0

𝜕𝑤 ′
𝜕𝑥

𝜕 2 𝜔𝑦
𝜕𝑧 2

−

−

𝜕2 𝑤 ′

𝜕𝑇 ′

𝜕𝑥
𝜕 2 𝜔𝑦
𝜕𝑥 2

𝜕𝑥 2

) + 𝑤′ (

+ (2𝜁 +

−

𝜕 2 𝜔𝑦
𝜕𝑥𝜕𝑦

𝜕 2 𝑢′

−

𝜕2 𝑤 ′

𝜕𝑧 2
𝜕𝑥𝜕𝑧
′
2 𝜕𝑢
𝜂)∇ ( −
𝜕𝑧

) .

)+

𝑢′ =

𝜕𝜓

𝜕𝜔𝑦

+ (𝑢′

𝜕𝑧

the

, 𝑤′ = −

𝜕𝑧

𝑃𝑟 𝜕𝑧

𝜕𝑧

𝜕
𝜕𝑥

+ 𝑤′

𝜕
𝜕𝑧

) 𝜔𝑦 ] = 𝜂 ′ ∇2 𝜔𝑦 +
(19)

stream

𝜕𝜓′
𝜕𝑥

functions

in

the

,

𝜕𝑇

𝑃𝑒 =

𝓌0 𝑑

𝑃𝑟 =

𝜁+𝜂

𝜕𝑇0
𝜕𝑧

𝜌0 [

𝜕𝑡

𝜕𝜔𝑦
𝜕𝑡

𝜕𝑡

+ 𝓌0

𝜓) + 𝓌0

+ 𝓌0

𝛽
𝜌0 𝐶𝜗

𝜕𝑇
𝜕𝑧

form

𝑁

𝜒𝜌0

,

(Prandtl Number)

𝜒(𝜁+𝜂)
𝜁

𝑁2 =

𝑑2

𝑁3 =

(𝜁+𝜂)𝑑2

𝐼

,

𝜕
𝜕𝑧

(∇2

𝜓)] = −𝜌0 𝛼𝑔

𝜕𝑇 ′
𝜕𝑥

𝜕𝜔𝑦
𝜕𝑧

𝜕𝑇𝑏
𝜕𝑧

,

(Coupling Parameter)

,

(Inertia Parameter)

𝜆′ +𝜂′
𝛽
𝜌0 𝐶𝜗 𝑑 2

,

(Couple Stress Parameter)

,

(Micropolar Heat Conduction

𝑄𝑑 2

.

𝜒

(Internal Rayleigh Number)

In equation (27),
where
𝜕𝑇0
𝜕𝑧

+ (2𝜁 +

𝛽

𝜕𝜔𝑦

𝜌0 𝐶𝜗 𝜕𝑥

𝐽(𝜔𝑦 , 𝑇) + 𝐽(𝜓, 𝑇)

+

𝜕𝜓
𝜕𝑥

=

1
𝑒 𝑤1 −𝑒 𝑤2

where 𝑤1 =
(21)

𝜕𝑇0
𝜕𝑧

is the non-dimensional form of

[𝑤2 𝑒 𝑤1 𝑒 𝑤2𝑧 − 𝑤1 𝑒 𝑤2 𝑒 𝑤1𝑧 ],

𝑃𝑒+√𝑃𝑒 2 −4𝑅𝑖
2

,

𝑤2 =

𝜕𝑧

,

(28)

𝑃𝑒−√𝑃𝑒 2 −4𝑅𝑖
2

𝜕𝑇𝑏

(29)

Equations (25)-(27) are solved for free-free, isothermal,
permeable and no-spin boundaries and hence we have
𝜓=

] = 𝜂 ′ ∇2 𝜔𝑦 + 𝜁(∇2 𝜓 − 2𝜔𝑦 ) +

[

(Rayleigh Number)

Parameter)

𝜕2 𝜓
𝜕𝑧 2

= 𝑇 = 𝜔𝑦 = 0 𝑎𝑡 𝑧 = 0, 1.

By considering marginal state, in this section, we discuss the
linear stability analysis, which is of great utility in the local
nonlinear stability analysis to be discussed further on. The
linearized version of equations (25)-(27), after neglecting
the Jacobian , is

(22)

=

+ (1 + 𝑁1 )𝛻 4 𝜓 − 𝑁1 𝛻 2 𝜓 +

(Peclet Number)

𝜁+𝜂

𝑅𝑖 =

𝐼𝜌0 𝐽(𝜓, 𝜔𝑦 )
𝜕𝑇

𝜕𝑥

,

𝜒

𝑁1 =

(20)

𝜂)∇4 𝜓 − 𝜁(∇2 𝜔𝑦 ) + 𝜌0 𝐽(𝜓, ∇2 𝜓)
𝜌0 𝐼 [

𝜕𝑇

[𝑊 + 𝑁5 𝜔𝑦 ] + ∇2 𝑇 + 𝑅𝑖 𝑇 + 𝑁5 𝐽(𝜔𝑦 , 𝑇) + 𝐽(𝜓, 𝑇) , (27)

𝜌0 𝛼𝑔0 ∆𝑇𝑑 3

𝑁5 =

On using equations (20) in equations (16), (18) and (19), we
get
(∇2

(𝛻 2 𝜓) = −𝑅

= 𝑁3 ∇2 𝜔𝑦 + 𝑁1 ∇2 𝜓 − 2𝑁1 𝜔𝑦 + 𝑃𝑟2 𝐽(𝜓, 𝜔𝑦 ), (26)

which satisfies the continuity equation (13).

𝜕

(24)

(25)

𝑃𝑒 𝜕𝜔𝑦

+ 𝑁2 𝑃𝑟

+ 𝑃𝑒 𝜕𝑧 =

𝑅=

(18)

− 2𝜔𝑦 )

Introducing

.

The dimensionless parameters are

Writing y-component of the equation (15) we get
𝜌0 𝐼 [

𝜔𝑦
𝜒/𝑑 2

(17)
𝜕𝑇

𝜕𝑡
𝜕

, 𝜔𝑦∗ =

,

𝐽(𝜓, ∇2 𝜓) ,

𝑃𝑟 𝜕𝑡

Substituting equation (17) in equation (14), differentiating
x-component of the equation with respect to z,
differentiating z-component of the equation with respect to x
and subtracting the two resultant equations, we get
𝜌0 [ (

𝑡
𝑑 2 /𝜒

𝜒
𝑑

(16)

𝜌′ = −𝛼𝜌0 𝑇′.

𝜕𝑢′

𝑃𝑒 𝜕

(∇2 𝜓) +

𝑁2 𝜕𝜔𝑦

𝜕

, 𝑡∗ =

∆𝑇

𝜓

Using equation (24) into equations (21)-(23) we get the
dimensionless equations in the form (on dropping the
asterisks for simplicity)

] = (𝜆′ + 𝜂′ )∇(∇. ⃗⃗⃗⃗⃗
𝜔 ′ ) + 𝜂′ ∇2 ⃗⃗⃗⃗⃗
𝜔′ +

⃗⃗⃗⃗⃗′ ) ,
𝜁(∇ × ⃗⃗⃗⃗
𝑞 ′ − 2𝜔

𝑇

𝑇∗ =

(14)

⃗⃗⃗⃗⃗′ + 𝓌0
+ (𝑞̅′ . ∇)𝜔

𝜕𝑡

𝑑 𝑑 𝑑

] + 𝜒∇2 𝑇 + 𝑄𝑇 +

[
(23)
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1 𝜕
𝑃𝑟 𝜕𝑡

+

𝑃𝑒 𝜕
𝑃𝑟 𝜕𝑧

− (1 + 𝑁1 )𝛻 2 ] 𝛻 2 𝜓 = −𝑅

𝜕𝑇
𝜕𝑥

− 𝑁1 𝛻 2 𝜔𝑦 , (30)
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[

𝑁2 𝜕
𝑃𝑟 𝜕𝑡

+ 𝑁2

𝜕

𝜕

𝜕𝑡

𝜕𝑧

[ + 𝑃𝑒

𝑃𝑒 𝜕

− 𝑁3 ∇2 + 2𝑁1 ] 𝜔𝑦 = 𝑁1 ∇2 𝜓 ,

𝑃𝑟 𝜕𝑧
2

− ∇ 𝑇 − 𝑅𝑖 ] 𝑇 =

𝜕𝑇0
𝜕𝑧

[𝑊 + 𝑁5 𝜔𝑦 ]

differential equations:

(31)

−𝑅𝑃𝑟𝜋𝛼
𝐴̇ =
𝐸 − (1 + 𝑁1 )𝑃𝑟𝑘 2 𝐴 − 𝑁1 𝑃𝑟𝐵
2
2

𝑁2

𝜕𝑇0
𝜕𝑧

𝜕𝑇0

𝜋𝛼
2

where 𝑘 = 𝜋

𝜕𝑧
2 (𝛼 2

𝑁5 𝜋𝛼

𝜋2 𝛼 2 𝑔(𝑧)(𝑁3 𝑘 2 +2𝑁1 −𝑁1 𝑁5 𝑘 2 )
1 𝜕𝑇0

where g(z)=-∫0

𝜕𝑧

2

𝐴𝐸

(42)

6. THE GINZBURG-LANDAU EQUATION FROM
LORENZ MODEL

+ 1).

𝑁3 (1+𝑁1 )𝑘 8 +𝑁1 (2+𝑁1 )𝑘 6 −𝑅𝑖(𝑁3 (1+𝑁1 )𝑘 6 +𝑁1 (2+𝑁1 )𝑘 4 )

2

𝜋2 𝛼

𝐵𝐸 +

(34)

From equations (39)-(41) we have

For a non-trivial solution of the homogeneous system (34)
for 𝜓0 , Ω0 𝑎𝑛𝑑 𝑇0 , the determinant of the coefficient matrix
must vanish. This leads on simplification to
𝑅=

2 𝛼𝑁
5

where over dot denotes time derivative with respect to t. It is
important to observe that the non-linearities in equations
(39)-(42) stem from the convective terms in the energy
equation (4) as in the classical Lorenz system.

Substituting equation (33) into equations (30)-(32), we get
𝑅𝜋𝛼
𝜓0
0
0 ] [Ω0 ] = [0]
0
𝑅𝑖 − 𝑘 2 𝑇0

(40)

𝑁2

𝜋
𝐹̇ = −4𝜋 2 𝐹 + 𝑅𝑖𝐹 +

(33)

𝑇 = 𝑇0 𝐶𝑜𝑠(𝜋𝛼𝑥)𝑆𝑖𝑛(𝜋𝑧)

𝑁1 𝑘 2
2𝑁1 + 𝑁3 𝑘 2

𝑁2

𝜕𝑇
𝜕𝑇
𝐸̇ = 0 𝑁5 𝜋𝛼𝐵 + 0 𝜋𝛼𝐴 − (𝑘 2 − 𝑅𝑖)𝐸 − 𝜋 2 𝛼𝑁5 𝐵𝐹 −
𝜕𝑧
𝜕𝑧
𝜋 2 𝛼𝐴𝐹
(41)

𝜓 = 𝜓0 𝑆𝑖𝑛(𝜋𝛼𝑥)𝑆𝑖𝑛(𝜋𝑧)

(1 + 𝑁1 )𝑘 4
2
[ 𝑁1 𝑘

2

−𝑁 𝑃𝑟𝑘
𝑁 𝑃𝑟𝑘
2𝑁 𝑃𝑟
𝐵̇ = 3
𝐵− 1
𝐴− 1 𝐵

We assume the solution of equations (30)-(32) to be periodic
waves of the form

𝜔𝑦 = Ω0 𝑆𝑖𝑛(𝜋𝛼𝑥)𝑆𝑖𝑛(𝜋𝑧)

(39)

𝑘

(32)

𝐴=−
𝐸=−

(35)

(𝑆𝑖𝑛[𝜋𝑧])^2𝑑𝑧.

𝑁2

𝑁
2
𝐵̇ − [ 3 + 2 ]

𝑁1 𝑃𝑟𝑘 2
𝑘2

𝑁1

𝐴̇ −

𝑅𝑃𝑟𝜋𝛼
1

𝐹=

𝑁5 𝜋2 𝛼𝐵+𝜋2 𝛼𝐴

𝐵 = −𝑌1 𝐵̇ − 𝑌2 𝐵,

𝑘

(1+𝑁1 )𝑘 4

𝐴−

𝑅𝜋𝛼

[−𝐶 ̇ +

𝜕𝑇0

𝑁1 𝑘 2
𝑅𝜋𝛼

𝐵,

𝜋𝛼𝑁5 𝐵 +

𝜕𝑧

(43)
(44)

𝜕𝑇0
𝜕𝑧

𝜋𝛼𝐴 − (𝑘 2 − 𝑅𝑖)𝐸] (45)

5. FINITE AMPLITUDE CONVECTION

Using equation (43) in equation (44) and then using the
resulting equation along with equation (43) in (45), we get

The finite amplitude analysis is carried out here via Fourier
series representation of stream function 𝜓, the spin 𝜔𝑦 and
the temperature distribution T.As linear analysis is
inadequate to explain the rate of heat transfer as it is
sufficient for obtaining the stability condition for the onset
of convection, the study of linear analysis is important to
extract the information on rate of heat transfer.

𝐸 = 𝑌3 𝐵̈ + 𝑌4 𝐵̇ + 𝑌5 𝐵 ,

The first effect of non-linearity is to distort the temperature
field through the interaction of 𝜓 and T. The distortion of
temperature field will correspond to a change in the
horizontal mean, i.e., a component of the form 𝑆𝑖𝑛(2𝜋𝑧)
will be generated. Thus a minimal double Fourier series
which describes the finite amplitude convection is given by

𝑌3 =

𝜓(𝑥, 𝑦, 𝑡) = 𝐴(𝑡)𝑆𝑖𝑛(𝜋𝛼𝑥)𝑆𝑖𝑛(𝜋𝑧)

(36)

𝑌9 = −𝑌5 −

𝜔𝑦 (𝑥, 𝑦, 𝑡) = 𝐵(𝑡) 𝑆𝑖𝑛(𝜋𝛼𝑥)𝑆𝑖𝑛(𝜋𝑧)

(37)

𝑌10 = −

𝑇(𝑥, 𝑦, 𝑡) = 𝐸(𝑡)𝐶𝑜𝑠(𝜋𝛼𝑥)𝑆𝑖𝑛(𝜋𝑧) + 𝐹(𝑡)𝑆𝑖𝑛(𝜋𝑧)

(38)

𝐹=

1
𝑌6 𝐵̇+𝑌7 𝐵

(46)

⃛ + 𝑌8 𝐵̈ + 𝑌9 𝐵̇ + 𝑌10 𝐵] ,
[−𝑌3 𝐵

(47)

where
𝑁2

𝑌1 =

, 𝑌2 =

𝑁1 𝑃𝑟𝑘 2
𝑌1 𝑘 2
𝑅𝑃𝑟𝜋𝛼

, 𝑌4 =

𝑁3
𝑁1

+

2
𝑘2

𝑌2 +(1+𝑁1 )𝑃𝑟𝑘 2 𝑌1
𝑅𝑃𝑟𝜋𝛼

[(1+𝑁1 )𝑃𝑟𝑘 2 𝑌2 −𝑁1 𝑃𝑟]𝑘 2

𝑌5 =

𝑅𝑃𝑟𝜋𝛼

𝑌7 = 𝜋 2 𝛼𝑁5 − 𝜋 2 𝛼𝑌2 ,
𝜕𝑇0
𝜕𝑧

𝜕𝑇0
𝜕𝑧

,
,

𝑌6 = −𝜋 2 𝛼𝑌1 ,

,

𝑌8 = −𝑌4 − 𝑘 2 + 𝑅𝑖

𝜋𝛼𝑌1 − 𝑘 2 𝑌4 + 𝑅𝑖𝑌4 ,

𝜋𝛼𝑌2 +

𝜕𝑇0
𝜕𝑧

𝜋𝛼𝑁5 − 𝑘 2 𝑌5 + 𝑅𝑖𝑌5

Substituting equations (43), (46) and (47) in equation (42),
we get a third order equation in B after neglecting the terms
of the type

where, A is the amplitude of the velocity convection, B is
the amplitude of angular velocity convection, E and F are
the amplitudes of the temperature to be determined from the
dynamics of the system. Since the spontaneous generation of
large scale flow has been discounted, the functions 𝜓 and
𝜔𝑦 do not contain an x-independent term.

𝜕4 𝐵 𝜕3 𝐵 𝜕2 𝐵
𝜕𝑡 4

𝑃1

,

𝜕𝑡 3

𝜕𝐵
𝜕𝑡

,

𝜕𝑡 2

𝜕𝐵 2

𝜕𝐵 2

𝜕𝐵

𝜕𝑡

𝜕𝑡

𝜕𝑡

, 𝐵 ( ) , ( ) , 𝐵2

= 𝑃2 𝐵 − 𝑃3 𝐵3

where

Substituting equations (36)-(38) into equations (25)-(27)
and following standard orthogonalization procedure for the
Galerkin expansion, we obtain the following non-linear
autonomous system (generalized Lorenz model) of

𝑃1 = (4𝜋 2 − 𝑅𝑖)[𝑌9 𝑌7 + 𝑌10 𝑌6 ] ,
𝑃2 = (−4𝜋 2 + 𝑅𝑖)𝑌10 𝑌7 ,
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,𝐵

𝜕3 𝐵
𝜕𝑡 3

,𝐵

𝜕2 𝐵
𝜕𝑡 2

.
(48)
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𝑃3 = [

𝜋2 𝛼
2

𝑌2 𝑌5 𝑌72 −

𝜋2 𝛼𝑁5
2

𝑌5 𝑌72 ] .

permits the values of N1 , N 3 , and N 5 to lie in the following
ranges (Siddheshwar and Pranesh [8]) :

Equation (48) is obviously the Ginzburg-Landau model for
non-linear convection in a micropolar fluid with suction
injection combination and heat source.

0 ≤ 𝑁1 ≤ 1 ,
,

Substituting Equation (48) in equation (47), we get F in
terms of B.

where the quantities r, m and n are finite positive real
numbers.

7. HEAT TRANSPORT

In all the plots, we observe that as Ri changes from negative
to positive, R is decreasing. Therefore, the onset of
convection is advanced by the increase in heat supply due to
the increase of Ri. Thus, increasing internal Rayleigh
number Ri results in the destabilization of the system.

The influence of Suction Injection combination with internal
heat source on heat transport which is quantified in terms of
Nusselt number (Nu) is defined as follows:
𝑁𝑢 =

=

𝐻𝑒𝑎𝑡 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑟𝑡 𝑏𝑦 (𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛)

𝑘

2𝜋⁄
𝑘𝑐
(1−𝑧)𝑧 𝑑𝑥]

𝑐
[2𝜋
∫0

𝑧=0

.

(49)

𝑧=0

where subscript in the integrand denotes the derivative with
respect to z.
Substituting equation equation (38) in equation (49) and
completing the integration, we get

Figure (3) is the plot of R versus Pe for different values of
Couple stress parameter 𝑁3 in case of free-free velocity,
isothermal temperature and no spin boundary combinations.
It can be clearly seen that in the presence of internal heating,
an increase of 𝑁3 decrease the values of R. This is because
increase in 𝑁3 decreases the micropolar spin diffusion of the
fluid and hence makes the system more unstable.

𝑁𝑢 = 1 − 2𝜋𝐹(𝑡) .

8. RESULTS AND DISCUSSIONS
As made out in the introduction of the paper, there are
numerous papers considering the individual effects of
i)

0 ≤ 𝑁3 ≤ 𝑚 , 0 ≤ 𝑁5 ≤ 𝑛

Figure (2) is the plot of R versus Pe for different values of
Coupling Parameter 𝑁1 for free-free velocity, isothermal
temperature and no spin boundary combinations. In these
plot, the Rayleigh number increases with increasing of 𝑁1
for all values of 𝑅𝑖 considered. 𝑁1 indicates the
concentration of microelements, and increasing of 𝑁1 is to
elevate the concentration of microelements in number.
When this happened, a greater part of the energy of the
system is consumed by these elements in developing
gyrational velocities of the fluid and thus delays the onset of
convection.

𝐻𝑒𝑎𝑡 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑟𝑡 𝑏𝑦 (𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛+𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛)
2𝜋⁄
𝑘𝑐
𝑘𝑐
(1−𝑧+𝑇)𝑧 𝑑𝑥]
[2𝜋
∫0

0 ≤ 𝑁2 ≤ 𝑟 ,

Figure (4) is the plot of 𝑅𝑐 versus Pe for different values of
Micropolar Heat Conduction Parameter 𝑁5 in case of freefree velocity, isothermal temperature and no spin boundary
combinations. It is observed that the increase in 𝑁5 results in
the increase in R. The increase in 𝑁5 increases the heat
induced into the fluid, thereby reducing the heat transferred
from the bottom to the top, which delays the onset of
convection.

suction-injection combination,

ii) micropolar fluid and
iii) internal heat generation.
In the present paper, a linear and non-linear study is made
on the combination of the above effects on thermal
instability and heat transport. These three effects are,
respectively, represented by the Peclet number Pe, the
micropolar heat conduction parameters and the internal
Rayleigh number Ri.

We now discuss the results obtained for non-linear analysis.
Using the minimal representation of Fourier series, the
fourth order Lorenz model is derived, which is analytically
intractable. An analytically tractable Ginzburg Landau
equation is derived from Lorenz model by using elimination
method. Using the analytical solution of Ginzburg-Landau
equation for the amplitude B(t), the expression for Nusselt
number, which quantities the amount of heat transfer is
obtained as a function of F(t). The results obtained are
plotted in the figures (5)-(9).

In linear analysis, normal mode technique is applied to find
the expression for Rayleigh number and wave number as a
function of internal Rayleigh number, Peclet number,
micropolar heat conduction parameter, Prandtl number,
coupling parameter, couple stress parameter and inertia
parameter. Figures (2) to (4) are plots of Rayleigh number 𝑅
versus the Peclet number Pe for the onset of convection.
Before embarking on a discussion of the results depicted by
the figures (2) to (4), we note that the principle of exchange
of stabilities (PES) is valid in the problem. The parameter Ri
may take both negative and positive values. Positive values
indicate internal heat generation and negative values
indicate internal heat absorption. The negative value of
parameter Pe represents pro-gravity and positive value of Pe
represents anti-gravity. The thermodynamic restriction

Figures (5) to (9) are plots of Nusselt number versus time t
for different values of Coupling parameter 𝑁1 , Inertia
parameter 𝑁2 , Couple stress parameter 𝑁3 , Micropolar heat
conduction parameter 𝑁5 and Prandtl number Pr together
with internal Rayleigh number Ri for both pro-gravity and
anti-gravity cases. From these figures, it can be observed
that increase in 𝑁1 and 𝑁5 decreases heat transfer and
increase in 𝑁2 , 𝑁3 and Pr increases heat transfer in the

389

International Journal of Applied Engineering Research ISSN 0973-4562 Volume 15, Number 4 (2020) pp. 385-392
© Research India Publications. http://www.ripublication.com
system. But when it comes to the effect of internal Rayleigh
number Ri, in pro-gravity case, increase in Ri increases the
heat transfer whereas in anti-gravity case, increase in Ri
decreases the heat transfer.

Figure 2: Plot of R versus Pe for different values of Coupling
Parameter 𝑵𝟏 and internal Rayleigh number Ri.

Figure 5: Plot of Nusselt Number Nu versus time t for different
values of Coupling Parameter 𝑵𝟏 and internal Rayleigh number
Ri for pro-gravity (Pe < 0) and anti-gravity (Pe > 0) cases.

Figure 3: Plot of R versus Pe for different values of Couple stress
Parameter 𝑵𝟑 and internal Rayleigh number Ri .

Figure 4: Plot of R versus Pe for different values of micropolar
heat conduction parameter 𝑵𝟓 and internal Rayleigh number Ri .
Figure 6: Plot of Nusselt Number Nu versus time t for different
values of Inertia Parameter 𝑵𝟏 and internal Rayleigh number Ri
for pro-gravity (Pe < 0) and anti-gravity (Pe > 0) cases.

390

International Journal of Applied Engineering Research ISSN 0973-4562 Volume 15, Number 4 (2020) pp. 385-392
© Research India Publications. http://www.ripublication.com

Figure 9: Plot of Nusselt Number Nu versus time t for different
values of Prandtl Number Pr and internal Rayleigh number Ri
for pro-gravity (Pe < 0) and anti-gravity (Pe > 0) cases.

Figure 7: Plot of Nusselt Number Nu versus time t for different
values of Couple stress Parameter 𝑵𝟑 and internal Rayleigh
number Ri for pro-gravity (Pe < 0) and anti-gravity (Pe > 0)
cases.

9. CONCLUSIONS
Linear and non-linear stability analysis of suction-injection
combination of the Rayleigh–Bénard convection in
micropolar fluids with internal heat generation is
investigated theoretically.
1.

In pro-gravity case, increase in Ri enhances the
heat transfer whereas in anti-gravity case, increase
in Ri diminishes the heat transfer.

2.

By adjusting the SIC it is possible to control the
convection in micropolar fluids.

3.

Rayleigh-Bénard convection in Newtonian fluids
may be delayed by adding micron-sized suspended
particles.
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