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therefore it is important to compute the variance of the project
completion time in a network

Abstract
The aim of this paper is to develop a probabilistic linear
programming that can help the Project Manager (PM) with
solving the project network problems. In this paper, we first
revisit the related papers and focus on how to develop a
probabilistic linear programming model to find critical
activities, critical path and total duration of a project. This
model is applied on four different types of project networks
with eight different activity times for each activity in the
project network of each type. The mean estimate of each
activity is calculated using existed time estimates which are
obtained from various continuous distribution methods with
continuous random variable as activity times and calculated
critical path with total duration for 32 project networks. The
proposed model is an alternative to traditional Program
Evaluation Review Technique (PERT) method to find critical
activities, critical path and total duration of a project.
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where a ,m and b are the optimistic, most likely and
pessimistic activity duration estimates respectively. In PERT,
when a little sample information is available to ‘fit’ the
distribution a , m and b are subjectively determined. PERT
approximations are developed using some probability
continuous random variable distributions.

Keywords: PERT, Critical path, activity times, project
network

INTRODUCTION
A project is classically defined as a set of activities which
must be performed according to some precedence constraints
requiring that some activities cannot start before the
completion of some others. When duration of the activities are
well known, critical path method (CPM) [1] (Kelly and
Walker, 1959), provide the minimal project duration and
identify the critical paths. Since the late 1950s, Critical Path
Method (CPM) techniques have become widely recognized as
valuable tools for the planning and scheduling large scale
projects. In many situations, projects can be complicated and
challenging to manage. When the activity times in the project
are deterministic and known, CPM has been demonstrated to
be a useful tool in managing projects in an efficient manner to
meet this challenge. However, there are many cases where
the activity times may not be presented in a precise manner.
In real world, the durations of particular project activities
cannot be precisely defined. This is the way the original
Program Evaluation Review Technique (PERT) has been
developed [2,3](Malcolm et al.,1959, Clark,1962). PERT is
the most widely used management technique for planning and
coordinating large scale projects.
Since estimation of
operation times of activities in a project network is difficult,

In Section 2 , we briefly present PERT approximations using
beta, normal, lognormal,and biparabolic distributions [2-8]. In
Section 3, we develop a new linear programming model using
PERT approximations to find critical activities, critical path
and total duration of a project network.. In Section 4,the
proposed probabilistic linear programming model is applied
on thirty two project networks of four different types (i)
Network –I,(ii) Network –II, (iii) Wheatstone Bridge,and (iv)
Double Wheatstone Bridge as represented in Fig. 1 to obtain
critical activities, critical path and total duration of a project
network.
2. PERT APPROXIMATIONS USING BETA, NORMAL,
LOGNORMAL, AND BIPARABOLIC DISTRIBUTIONS
In this section, some PERT approximations (mean and
variance) using beta, normal, lognormal, and biparabolic
distributions are reviewed and presented in Table I. Here, the
activity times for the project network are considered to be
continuous random variables with three parameters a , m
and b .
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Table I: PERT approximations
Traditional PERT
(Malcolm et al.,1959)[2]
using Beta distribution
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Ginzburg PERT approximations
(Ginzburg, 1988) [4] using Beta distribution
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Shankar and Sireesha (S-S)
approximations [5]
(Shankar and Sireesha, 2009)
using Beta distribution
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PERT
approximations
distribution [6]
(Cottrell, 1999)

using

PERT

Normal

PERT approximations using Lognormal
distribution(Mohan et al., 2007) [7]
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PERT approximations using biparabolic
distribution (Garcia et al., 2010) [8]
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PROBLEM
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t : A X where X is a random number and attached to the
arcs. Denote t( i , j ) as the probabilistic time period of activity
(i, j)  A. M( t( i , j ) ) is the mean of the time period calculated

Consider a project network S = <V, A, t> consisting of a finite
set V of nodes and a set A  V  V of arcs with random
numbers as activity times, which are determined by a function

using probability density function. Let x( i , j ) be the decision
variable denoting the amount of flow in (i, j)A. Since only
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one unit of flow could be in any arc at any one time, the
variable x( i , j ) must assume binary values (0 or 1) only. The

The objective is to maximize the total duration time of the
project network from node 1 to node n. The constraints are
called the flow conservation equations and indicate the flow
may be neither created nor destroyed in the project network.
The critical path for this PERT network consists of a set of
activities (i, j)A from the start to the finish in which each
activity in the path corresponds to the optimal decision

probabilistic linear programming problem with n nodes is
formulated as
n

T = max

n

 M (t
i 1 j 1

x
j 1

n

x
j 1

k 1

(1, j )

x(i , j )  1 in the optimal solution to probabilistic

linear programming problem. The total duration time needed
to complete the project is given as the maximal objective
value T of probabilistic linear programming problem.
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4. APPLICATION OF PROPOSED PROBABILISTIC
LINEAR PROGRAM ON PERT NETWORKS

j 1

Thirty two project networks of four different types (i)
Network –I,(ii) Network –II, (iii) Wheatstone Bridge,and (iv)
Double Wheatstone Bridge as represented in Fig. 1 are
analyzed using probabilistic Linear programming problem.

x(i , j ) = 0 or 1, (i, j)A.
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(i) Network-I

(ii) Network-II
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(iii)Wheatstone Bridge

(iv) Double Wheatstone Bridge

Fig.1 Fuzzy Network Structures
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The activity times of 32 project networks of 4 types of networks are presented in Table II, Table III, Table IV ,and Table V.
Table II: Eight project networks of Network –I type diagram in Fig.1 with activities and their corresponding activity times
Activity
(1,2)
(1,3)
(2,4)
(3,4)

Activity times of project networks 1 to 8
1
2
3
(2.5,3,3.5)
(4,5,6)
(3.5,4.1,4.7)
(1.6,2,2.4)

(2.5,3,3.5)
(4,5,6)
(7,8,9)
(1.6,2,2.4)

4
(2.5,3,3.1)
(4,5,5.5)
(7,8,8.5)
(1.8,2,2.4)

(2.5,3,3.1)
(4,5,5.5)
(3.5,4.1,4.2)
(1.8,2,2.4)

5
(0.6,3,5.4)
(1,5,9)
(0.8,4.1,7.2)
(0.4,2,3.6

6
(0.6,3,5.4)
(1,5,9)
(2,8,14)
(0.4,2,3.6

7
(0.5,3,6)
(0.1,5,8)
(0.4,4.1,9.1)
(0.2,2,4)

8
(0.5,3,6)
(0.1,5,8)
(1,8,14)
(0.2,2,4)

Table III: Eight project networks of Network –II type diagram in Fig.1 with activities and their corresponding activity
times
Activity
(1,2)

9
(4,5,6)

10
(4,5,6)

Activity times of project networks 9 to 16
11
12
13
14
(4,5,5.5)
(4,5,5.5)
(1,5,9)
(1,5,9)

(1,3)
(1,4)
(2,5)
(3,5)
(4,5)

(3.7,1,4.5)
(1.6,2,2.4)
(2.5,3,3.5)
(3.5,4,4.5)
(4.8,5.9,7)

(7,8,9)
(1.6,2,2.4)
(2.5,3,3.5)
(3.5,4,4.5)
(1.6,2,2.4)

(3.5,4.1,4.2)
(1.8,2,2.4)
(2.5,3,3.1)
(3.9,4,4.5)
(5.5,5.9,7)

(7,8,8.5)
(1.8,2,2.4)
(2.5,3,3.1)
((3.9,4,4.5)
(1.6,2,2.2)

(0.8,4.1,7.4)
(0.4,2,3.6)
(0.6,3,5.4)
(0.8,4,7.2)
(0.8,5.9,11)

(2,8,14)
(0.4,2,3.6)
(0.6,3,5.4)
(0.8,4,7.2)
(0.4,2,3.6)

15
(1,5,12)

16
(1,5,12)

(0.5,4.1,7.2)
(0.2,2,4)
(0.6,3,7)
(0.5,4,7.2)
(0.5,5.9,12)

(1,8,14)
(0.2,2,4)
(0.6,3,7)
(0.5,4,7.2)
(0.4,2,5)

Table IV: Eight project networks of Wheatstone Bridge type diagram in Fig.1 with activities and their corresponding activity
times
Activity
(1,2)
(1,3)
(2,3)
(2,4)
(34)

Activity times of project networks 17 to 24
17
(3.3,4.1,4.9)
(5.8,6.9,9.8)
(2.5,3,3.5)
(5,6,7)
(2.5,3.1,3.7)

18
(3.2,4,4.8)
(1.6,2,2.4)
(6.4,8,9.6)
(5,6,7)
(2.4,3,3.6)

19
(3.8,4.1,4.2)
(6.8,6.9,8)
(2.5,3,3.1)
(5.9,6,7)
(2.6,3.1,3.2)

20
(3.2,4,4.1)
(1.9,2,2.4)
(7,8,10)
(5.9,6,7)
(2.9,3,3.5)

21
(0.8,4.1,7.4)
(0.8,6.9,13)
(0.6,3,5.4)
(1,6,11)
(0.6,3.1,5.6)

22
(0.5,4,7.5)
(0.4,2,3.6)
(1.6,8,14.4)
(1,6,11)
(0.6,3,5.4)

23
(0.8,4.1,10)
(1,6.9,14)
(0.5,3,5.4)
(0.5,6,11)
(0.5,3.1,7)

24
(0.8,4,10)
(0.1,2,5)
(1,8,14)
(0.5,6,11)
(0.5,3,7)

Table V: Eight project networks of Double Wheatstone Bridge type diagram in Fig.1 with activities and their corresponding
activity times
Activity
(1,2)
(1,3)
(1,4)
(2,3)
(2,5)
(3,4)

Activity times of project networks 25 to 32
25
26
27
(2.5,3,3.5)
(2.5,3,3.5) (2.9,3,3.4)
(4,4.9,5.8)
(0.8,1,1.2) (4.5,4.9,5.1)
(1.6,2,2.4)
(1.6,2,2.4) (1.9,2,2.4)
(1.7,2.1,2.5)
(6.4,8,9.6) (1.9,2.1,2.4)
(2.6,3.2,3.8)
(2.5,3,3.5) (2.6,3.2,3.3)
(8,9,10)
(8,9,10)
(8.5,9,9.1)

28
(2.9,3,3.4)
(0.9,1,1.2)
(1.9,2,2.4)
(7,8,10)
(2.5,3,3.1)
(8.5,9,9.1)

29
(0.6,3,5.4)
(1,4.9,8.8)
(0.4,2,3.6)
(0.4,2.1,3.8)
(0.6,3.2,5.8)
(1,9,17)

30
(0.6,3,5.4)
(0.2,1,1.8)
(0.4,2,3.6)
(1.6,8,14.4)
(0.6,3,5.4)
(1,9,17)

31
(0.5,3,6)
(0.6,4.9,10)
(0.3,2,4)
(0.4,2.1,5)
(0.5,3.2,7)
(0.5,9,17)

32
(0.5,3,6)
(0.1,1,4)
(0.3,2,4)
(1,8,14)
(0.6,3,7)
(0.5,9,17)

(3,5)
(4,5)

(6,7,8)
(7.9,9.8,11.7)

(6.8,7,7.9)
(3.9,4,4.5)

(1,7,13)
(1.6,9.8,18)

(1,7,13)
(0.8,4,7.2)

(0.5,7,15)
(1,9.8,20)

(0.5,7,15)
(0.5,4,7.2)

(6,7,8)
(3.5,4,4.5)

(6.8,7,7.9)
(8.8,9.8,11)
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Probabilistic linear programming model for Network –I in
Fig.1 is

Total duration network and critical path of network II are
calculated using TORA system and presented in Table VII.

Maximize z  M ( t( 1,2 ) )x( 1,2 )  M ( t( 1,3 ) )x( 1,3 )
 M ( t( 2 ,4 ) )x( 2 ,4 )  M ( t( 3,4 ) )x( 3,4 )

Table VII : Total duration and critical path of a network II

subject to constrains

Method
Beta distribution

x(1, 2 ) + x(1,3) = 1

Critical path

Ginzburg time

x(1, 2 ) - x( 2, 4 ) = 0

S-S time

x(1,3)  x( 3,4 ) = 0

Normal distribution

x( 2,4 )  x( 3,4 )  1

Lognormal distribution
Biparabolic distribution

x(1,2) , x(1,3) , x( 2,4) , x( 3,4)  0 or 1.

Maximize Z =

Table VI: Total duration and critical path of a network I
Critical path

Ginzburg time
S-S time
Normal distribution
Lognormal distribution
Biparabolic distribution

7.1

Subject to constrains

7.10

Subject to constrains

8.1
8.1

 
  M  t   x

2 ,4

3,4

3,4

x1,3   x3, 4   0
x2,3   x3, 4   0

6.97

x2, 4   x3, 4   1

1,4

 4, 5 

8.1

x1, 2   x2,3   x2, 4   0

7.1

x1, 2  , x1,3 , x2,3 , x2, 4  , x3, 4   0 or 1.

 
 
 M  t   x   M  t   x 
 M t x  M  t   x 
4,5 

8.1

x1, 2   x1,3   1

7.1

M t1,2 x1,2  M t1,3 x1,3
1,4

 
 M  t   x
2 ,4

Probabilistic linear programming model for Network –II in
Fig.1 is

Maximize Z =

8.1

M t1,2 x1,2  M t1,3 x1,3

Total duration
7.1

1 2  4
1 2  4
1 2  4
1 2  4
1 2  4
1 2  4

13 5
13 5
13 5
13 5
13 5
13 5

Probabilistic linear programming model for Double of
wheatstone Bridge network III in Fig.1 is

Total duration network and critical path of network I are
calculated using TORA system and presented in Table VI.

Method
Beta distribution

Total duration
8.10

2 ,5

3,5

Total duration network and critical path of wheatstone
Bridge network III are calculated using TORA system and
presented in Table VIII .

2 ,5

3,5

Table VIII : Total duration and critical path of a network III

x 1, 2   x1,3   x 1, 4   1

Method

x 1, 2   x2,5   0

Beta distribution

Total
duration
1  3 ,2  3, 3  4 13

Ginzburg time

x 1, 4   x4,5   0

1  3 ,2  3, 3  4 12.9

S-S time

x  2 , 5   x  3, 5   x  4 , 5   1

1  3 ,2  3, 3  4 13

Normal distribution

1  3 ,2  3, 3  4 13

Lognormal
distribution
Biparabolic
distribution

1  3 ,2  3, 3  4 12.25

x 1,3   x3,5   0

x1, 2  , x1,3 , x1, 4  , x2,5  , x3,5  , x4,5   0 or 1.

940

Critical path

1  3 ,2  3, 3  4 13
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Probabilistic linear programming model for
Wheatstone Bridge Network – IV in Fig.1 is

Double

 
 
 
 M  t   x   M t   x   M t   x

CONCLUSION
The proposed probabilistic linear programming model to
obtain critical activities, critical path and total duration of a
project network is illustrated through 32 projects on four
different types of project networks with eight different activity
times. The proposed model is an alternative to traditional
Program Evaluation Review Technique (PERT) method to
find critical activities, critical path and total duration of a
project. Total duration and critical path of a network with four
different activity times are calculated using TORA system and
compared with some methods using continuous probability
distribution. From comparison, it is observed that the total
duration and the critical paths obtained by all methods are
same. Beta distribution time estimates are performed well in
calculating project duration time compared to other time
estimates.

Maximize Z = M t1,2 x1,2  M t1,3 x1,3  M t1,4 x1,4
2 ,3

2 ,3

2 ,5

2 ,5

3,4

3 ,4

 

 M t4,5  x4,5  M t  3,5 x 3,5

x1, 2   x1,3   x1, 4   1
x1, 2   x2,3   x2,5   0
Subject to constrains

x1,3   x3, 4   x3,5   0
x1, 4   x4,5   0
x3, 4   x 4 , 5 ,   0
x 2 , 5   x3, 5   x 4 , 5   1
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1  3 ,2  3 ,3  4 ,4  5 25.8

941

