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Abstract

This paper considers control systems with an increased
potential for robust stability in the output of an object in the
class of one-parameter structurally stable mappings from
catastrophe theory. The study of the dynamic compensator with
a high potential for robust stability is performed by the
gradient-velocity method of Lyapunov vector functions. The
area of robust stability of the control system for the object
output is obtained in the form of a system of the simplest
inequalities for the matrix of controller parameters and the
monitoring device.
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1. INTRODUCTION

The modern control systems are characterized by the ever-
increasing complexity of the control objects as well as the
requirements for high efficiency. In these systems, uncertainty
can be caused both by the presence of uncontrolled
disturbances acting on the control object [1], the lack of
knowledge of the true values of the parameters of control
objects and unpredictable changes in time [1,2,3,4].

The actual problem is the design of control systems that provide
in some sense the best protection against uncertainty in the
knowledge of the properties of an object and the instability of
control systems.

The ability of a control system to maintain stability under
parametric or non-parametric uncertainty is understood as the
robustness of the system. In the general formulation of the
study of the system for robust stability, it is necessary to
indicate the restrictions applied to the fluctuation of uncertain
parameters of the control system, under which stability is
maintained. A large number of papers have been devoted to the
problem of studying robust stability of control systems.

These works mainly investigated the robust stability of
polynomials, matrices within the framework of the linear
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stability principle [2, 3, 4].

It should be noted that the instability is determined by the
output of uncertain system parameters beyond the boundaries
of robust stability. Known approaches do not allow to expand
the area of stability of the system based on the choice of the
control law.

In practical tasks related to the development and creation of
control systems under conditions of substantial parametric
uncertainty, an increase in the robust stability potential
[5,6,7,8,9] is one of the key factors guaranteeing the control
system from the instability mode. In this regard, under
conditions of uncertainty, this paper proposes methods for the
synthesis and research of a control system with a guaranteed
wide area of robust stability, called control systems with an
increased potential for robust stability [5, 6].

The concept of building a control system with a high potential
for robust stability is based on the applied results of catastrophe
theories [10,11].

This analysis is devoted to building and researching control
systems with an increased potential for robust stability with
respect to the output of a dynamic volume with uncertain
parameters, with an approach to building control systems in the
class of one-parameter structurally stable mappings [5, 6, 7],
which make it possible to maximally increase the potential of
robust control system stability.

2. MATERIAL AND METHODS

The actual problem is the creation of control systems for the
object's output, when in practice it is not the state vector that is
available for measurement, but the object's output. In this case,
the control law does not use the object state variables
themselves, but their estimates obtained using an observing
device [12,13,14,15] and it is required to build a control system
for the output of the object in the form of a dynamic
compensator [12] with a high robust potential sustainability.

The paper also proposes a method for the study of stability and
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synthesis of control systems for the output of an object based
on the gradient-velocity method of Lyapunov vector functions
[5,8,9,16,17].

The study of the stability of a closed-loop control system for
the output of an object and the solution of the problem of
regulator synthesis (determining the elements of the
amplification matrix) and the observer (calculating the
elements of the matrix of the observing device) are based on
the direct method of Lyapunov [18,19,20].

The proposed gradient-velocity method of Lyapunov vector
functions in the study of the output control system of the object
eliminates complex and ambiguous calculations and canonical
transformations and allows one to determine the region of
choice of controller parameters and the observer, providing the
desired transition characteristics of a closed system.

3. RESULTS

To simplify the system, you can transform the equation of state.
For this, we use the error of estimation &(¢) = x(¢) — x(z), and
(1) - (3) can be converted to the form:

dx

E:Ax+Bu,x(t0)=xo, (1)
u=-x>+Ix @)
% =(A4-LC)¢,e(t,) =x, — X, )

Here, the control law is specified in the form of one-parameter
structurally stable mappings with respect to the state vector

x(¢) wu and the error vector £(¢) x(¢) = x(¢) —&(¢), and
u(t) = —x* +kx—g* + ke —3xe(x + ¢) .

(1)-(3) present in the form:

dx

e Ax + B(—x* + kx) + B(—¢* + K&) — )
—3Bxe(x+¢&),x(t,) = x,

de

— =Ae—LCeg,e(t,) = ¢, )
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Let’s consider a system with one input and one output,
respectively, the system has a matrix of the form:

0 1 0 0
0 0 1 0
A 0 0 O o 'aCZHCpCz:---’Cn
—a" —[1”71 —(1”72 —(11
0 0 0 0 0
0 0 0 0 0
B=| .. e L =]...
0 0 0 0 0
b, b, b, b,

System (4), (5) in the expanded form we will present in the
form:

X, 1 =X,

X, (a, +b,k)x, —(a,, +b,k,)x, —
—(a, , +b,k3)x;—,....~(a, +b,k,)x, +
w+b k&

n"n“n

(6)
+b kg, ++b k,e, +b kye,,..
& =&,

&, = &3

gn—l = 8;1

én = _(an + chl)gl - (a",]_ +1ncz)€2 -

—(a, ,+1,c)es—....—(a, +1,c,)e,

In the absence of external influences, the processes in system
(4) and (5) should asymptotically approach the processes in the
system with a regulator as it was, as if the closed-loop control
system of the state vector was exposed to damped disturbances.
The role of these disturbances is played by the component
dictated by equation (6). The error must be subside and the error
subsidence rate is determined during the observer synthesis.
The main property of system (4), (5) or (6) is asymptotic
stability. Find the steady state of the system (6):

X1 :0’x2v :01"'1xn.v =0H &1 :O’ng :O""ans =0 (7)
and
a, .
xiﬁz =+ b”’”l +k ,e,=0i=1..n
n—i+l (8)

We study the robust stability of steady-state states of system (6)
by the gradient-velocity method of Lyapunov vector functions
[5, 7, 16]. The steady state (7) is oberved from the beginning.
The next step is to find the gradient vector of the vector
Lyapunov functions from the equation of state (6) of the



International Journal of Applied Engineering Research ISSN 0973-4562 Volume 14, Number 14 (2019) pp. 3171-3178
© Research India Publications. http://www.ripublication.com

components V' (x, &) = (V,(x,€),V,(x,€),...V,, (x,€)) :

Wi(xe) o Viwe) _  oNwe) o i(xe)
ox, ' ox, 2’ 0Ox, Y ox, ’
agl y agz 1 883 yueny agﬂ
Wy (x,8) o Va(x.8) _ Valxd) | Vp(xe)
ox, ' ox, ' Ox4 s ox, ’
6VAL8)=O8Vﬂ%8)=06Vﬂ%5)zou_gziff2=0m
851 , 882 1 6‘93 o 88n
ov (x, oV (x,
L (x,€) =bnx13 —(a, +b,k,)x,,—=""2 (x,2) =b,,_1x§ =(a,4 +b,.1k;)x,,
ox,; x,
v, (x, v, (x,
%zbnz)@ —(a,, +bn72k3)x3,...,w=blxs —(a, +bk,)x,,
X, ox
oV
>, (x¢€) =b, e’ —b ke —3b xe (x, +&),
o,
M:bn—lg'g’ —bn71k282 —3bn71x282 (-xz +82)1
oe,
v (x,
M:_bnizg‘g —b, ,kye5—3b, ,x36,(x; + &5),..0,
0,
—aVn (x’g) Z—blgj _blkngn _3blxngn ('xn _gn)""’
oe,
aV,Hl(xa ‘9) :0 aVn+l(x’ 8) —— aVL(X’S):O aVL()C,S):O
agl y 682 21 883 yuony agn ’
6Vn+l(x1 ‘9) =0 l=1 n
—aXi | yreey Fly
aVn-v—Z (xv g) =0 aVVH—Z (x,[;‘) =0 aVn+2 (x,g) =— aV'H'Z (x’ 8) =0
de, " o, o, T e, o
aVzn(-xl‘g):ol‘:l n
—GXi ’ yeeny Iy
ov, (x, or, (x,
2 I (x.£) =—(a, —lncl)é‘l,Mz_(an_l —1,¢,)é,,
881 &, (9)
l V !
(’szv—(x"’")z_(ak2 —lnca)ga,...,a2”—()68)=—(a1 —l,c,)e,
0&, ¢,
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From (6) the decomposition of the components of the velocity vector can be represented as:

dx, dx,
R = x2 y| —— = X3,

d ), at ).,

dx,, dx

It . =-ph xl + (a +b k )xli( dt sz =_bnflxg + (anfl +b”*1k2)x2’

dxn dxn

% . :—bn_zxg + (Cl,,_z +bn—2k3)x31---,( dt )x :_b1x3 + (al +blkn )x"’

d

;;” = —bngl3 +b,kg, —3b,x,&, (x, + &),

d

;Ct" - _bn—1‘923 +bn_1k2<92 _an—lx282 (xz + 82)’

d

:;t” =—b, ,&5 +b, sk, —3b, ,x365(xy + &;),...,

d

xn = _b1gj _blkng 3b xngn (xn - g”)’

di ),

de de dgn
7; £ =52’(7t2j53 :‘93’(?j51 =(an _lncl)gl’ (10)
d&‘n dgn d&‘n

dt jgz =(an—l _lncz)gz,(?)% =(an_2 _ln03)8311"-1( dl‘ jgn =(al _li’lcrl)g”

The total time derivative of the Lyapunov function, defined as the scalar product of the gradient vector (9) and the velocity
vector (10):

dV(x £) ZZ@V(x 5)(a’xj zz@V(x 6‘)(61’5] B
Ta ox Sada 0& dt gk_

= —x§ — X5 =X —

—(b,x) = (a, =b,ky)x)* = (b,13; — (a,4 = b, 1k;)x,),

—(b, x5 = (@, 5 +b, ok3)xg) =

~(b,& =b, kg, —b,x.8,(x, + &))" ~ (11)

~(b,165 +b, 1ky5, = 3b, 1 %,6,(x, — &,))° ~

~(b, 285 = b, kg —b, ,X384(x5 + &5)),

—(bs, —bk,e, —bx,e,(x, —¢,))" =65 —& —...—

_55 ~((a, _lncl)gl)z (@, _lncz)gz)za_((anfz —lnc3)83)2,._.,—(al +lncn)5n)2
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From (11) it follows that the total time derivative of the vector of Lyapunov function is a sign-negative function.

The Lyapunov function with respect to the components of the gradient vector from (9) can be represented in the form:

V(x’ 8) = %bnxf _%(an _bnkl)xl2 —i_%bnl'x;1 _%(anl _bnflkz +1)x22 +
+%bn_2x;1 —%(an_2 +b, kg +D)xi 4.+
+%b1x,f, —%(al +b,k, +1)xf +%bn€f —%bnklgf —%bnxfgf +%bnx1£f +
12

+%bn-1‘9; _%bn—lkZ‘gZZ _%bn-lxzzgzz +%bn—lx28§ (12
+%@Qq_%@4@g_%mdgg+%@4%g+m+
+%b18: _%blkngj _lblx:‘gj _%(an _lncl)gl2 _%(anl _ZnCZ +1)822 -

1 2 1 2
—E(an_2 -1 c;+1)e; —,...,—E(al —lc, +De’,

The positive definiteness of functions (12) is not obvious, so we
use the Morse lemma from the theories of catastrophes [10, 11].
The function (12) in the vicinity of the stationary state (7)
satisfies all the conditions of the Morse Lemma. This allows
functions (12) to be represented in the neighborhood of the
steady state (7) as the following quadratic form:

Vxe) == (a, ~b k)i -

_% (an—l +bn—1k2 +1)x§ -

_% (a,,=b, k, +1)x32 T

13
_%(al —bik, +l)xf - &

_% (an _chl -"-bnkl)‘gl2 -

_% (an—l _lncz +bn—lk2 +1)822 -
1 2
—E(aw2 —l,cs+b, ki +Des—,...,—

—% (a,—1,c, +bk, +l)gnz,

The condition of existence of the Lyapunov function vector is
determined by the positive definiteness of the quadratic form
(13):

a,+bk <0
a,,+b, .k, +1<0

a, ,+b, ,k, +1<0 (14

a, +bk, +1<0

a,—1lc —bk <0
a,,—1l,c,—b, k,+1<0

a,, _ch3 _bn_zk3 +1<0 (15)

a,—lc, —bk, +1<0
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The equation of the system state (6) in deviations relative to the
steady state (8) is written as:

X =X
Xy = X3
xnfl = ‘xn

%, =-bx. +3\a, + bnklxl2 —(a, +b,k)x, —b,& +b ke — bnxlzgl +b xel —
- bn-1x§ +3ya, ,+ bn—lkzxzz —(a,,+b, 1k;)x, — bn-lgz3 +b, 1k,&, — 3bn—1x§‘92 -3b, 1x2€22 - (16)
-b, 2)633 +3{a, ,+ bn A x32 —(a,_,+b, ,k;)x, —bn_z.sa3 —-3b,_,k.&, —Sbn_2x3283 3b, 2x3g3

—bx + 3,/a1 bk, x> —(a, +bk,)x, —be’ +bk,e, —3bx’e, —3bx,&’

81 =&,
&y = &3
gn—l = gn

én = (an - lncl)gl + (anfl - lnCZ)EZ + (anfz - 11163)83+""’+(a1 l ¢ )‘9

n-'n

The stability of the system (16) is investigated by the gradient-velocity method of Lyapunov vector functions [5, 7, 16, 17].
The total time derivative of the Lyapunov function vector is found in the form:

% =—x5—x.—x>—(b,x} -3,/a, +bnkl'x12 +(a, +b,k)x,)" -

—(b, 1x2 a,,+b, ik, xz2 +
+(a,, +b,4k, )xz)z - (bn-zxg =-3ya, , +b, ;k; x32 +(a,,+ bn—2k3)x3)2_l""_
- (ble -3\a, - bk, xn +(a, + bk, )xn)2 -

3 242 3 2 242
—(b,&) —b,k& _bnxl & —bxe) —(b,46, —b, .1k, —b, 1 x,6, = b, 1 x,6,)" -

A7)

—(b, ,&3—b, ke, —b, ,x2e5—b, ,x.85)° —...—
—(b el —bk,e,—b ng —bx,e2)? —82 —gl—..—
~((a, FL,e))ef —((a,4F1,c;) " e; —((a,, Fl,c) &5~ ~(@, F1,0,) e
From (17) it follows that the total time derivative of a Lyapunov vector function is guaranteed to be a sign-negative function.

The Lyapunov function can be represented by a scalar form in the form:

V(x,e)= %xf —a,+ bnkle + %(an +b,k)x? + %bnlxg —\a, ,+b _k,xi+
+ %(anl +b, 4k, —1)x22 + %an‘x; —Aa, Tt bn72k3x§ - %(anZ +b, ks —1)x32+,

+bx! —Ja, —bk, x>+ % (a, + bk, —1)x> + 18)
1 1 1 1 1

+ angf - Ebnkl‘c"l2 - Ebnxfglz - gbnxlgfl.2 + an—lgs1 - %bnlngZZ - %bnlx22822 - %bnlx?gg +
1 . 1 1 1 1 1 1 1

+ an7253 - Eb"72k38§ - Ebnfzxkcfg; - gbn72x38§ +..+ Zblgj ~3 Zhke’ — > Zhx’e’ — gxngf
1 1

_E(an _lncl _:I')‘C"]_2 _E(an—l n 1)‘92 ((an—Z _lnCB _1)8§ + ""+%(al _Incn _1)85
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Function (18) in the vicinity of the stationary state (8) satisfies all the conditions of the Morse lemma from the theories of
catastrophes. This allows functions (18) in the vicinity of the steady state (8) in the form of the following quadratic form.

V06 =3 @, + BRI+ (@ b,y =D 2, b, oy =D

+ %(al - blkn _1))(:5 - %(an - lncl - bnkl)gl2 +
1

~Z(a, -1
2( n-1 n

n

1
¢, —b, ik, _1)522 _E(an—Z -1

From this, from (19) we obtain the condition for the existence of
a Lyapunov vector function in the form:

a,+bk >0
a,,+b ,k,-1>0

a_,+b k,~1>0 (20)
a, +bk, -1>0

a,—lc —bk <0

an—l - lnCZ - bn—1k2 _1 < O
a,,—1lc,—b ,k;—1<0 (21)

a,—1lc,—bk, -1<0

System (4) and (5) is a dynamic compensator with an increased
potential for operational stability. The steady state (7) exists and
is stable when the uncertain parameters of the system change in
region (14) and (15), and the steady state (8) appears and exists
when the steady state (7) is unstable, and they do not exist at the
same time. The steady state (8) will be stable if the system of
inequalities (20) and (21) is fulfilled.

4. CONCLUSION

The known methods of control on the exit of the object are based
on the model control on the exit of the object. The choice of the
elements of the controller and observer matrix requires
canonical transformations and complex and ambiguous
calculations of the roots of the characteristic equation of a closed
system. The roots of the characteristic polynomial of a closed
system are obtained by combining the roots of the system with
a model controller and the eigenvalues of the state observer.

This paper has proposed an approach to determine the range of
changes in the parameters of the object, the controller and the
observer. The approach provides robust stability to the dynamic
compensator for any changes in the uncertain parameters of the
system and allows to control the instability modes in control
systems.

(19)

c;—b, ,k, —1)55,...,—%(411 ~lc, —bk,—1)é?,

The gradient-speed method of Lyapunov vector functions
allows one to solve the problem of constructing automatic
control systems with a high potential for robust stability in the
output of an object directly from the elements of the matrix of
the controller object and the observer.
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