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Abstract: In this paper, we have studied the mathematical model of HIV infection of CD4+ T cells. This model
corresponds to initial value problem consisting a class of
nonlinear ordinary differential equations. The main objective of this paper is to apply Lie symmetry approach
to evaluate the uninfected CD4+ T cells in the body. Lie
symmetry method has been studied to introduce an approximated solutions of the systems of ordinary differential
equations. The approximated solutions of the mathematical model of HIV infection has been studied using Lie
symmetry.
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INTRODUCTION
The most important mathematical models for physical phenomena is the differential equation. Motion of objects,
Fluid and heat flow, bending and cracking of materials,
vibrations, chemical reactions and nuclear reactions are
all modeled by systems of differential equations (DEs).
Moreover, Numerous mathematical models in science and
engineering are expressed in terms of unknown quantities
and their derivatives. Many applications of DEs, particularly ordinary differential equations (ODEs) of different
orders, can be found in the mathematical modeling of real
life problems (mechee2014direct).
Several studies, including mathematical modeling, have
been devoted to understand the transmission of the

infection. [2] studied the global properties of a class of
human immunodeficiency virus (HIV) models. The basic
model is a 5-dimensional nonlinear ODEs that describes
the interaction of the HIV with two target cells, CD4+ T
cells and macrophages. [?] modeled HIV disease progression as a function of changes in viral load and CD4 count
over time among ART naïve persons. The disease progression Markov model was nested within a dynamic model
of HIV transmission at population level. [11] introduced
fractional order into an HIV model with considering the
effect of viral diversity on the human immune system with
frequency dependent rate of proliferation of cytotoxic Tlymphocytes (CTLs) and rate of elimination of infected
cells by CTLs, based on a fractional-order differential
equation model. HIV models can be classified into two
categories: population-level models and within-host models ([8]). In this study, we consider the HIV infection model
of CD4+ T cells is examined ([12]). This model is given by
the components of the basic three-component model are the
concentration of susceptible CD4+ T cells, they infected by
the HIV viruses and free HIV virus particles in the blood.
CD4+ T cells are also called as leukocytes or T helper cells.
These with order cells in human immunity systems fight
against diseases. HIV use cells in order to propagate. In a
healthy person, the number of CD4+ T cells is 800 − 1200
mm3 ([12]).
Many nonlinear mathematical models have been developed to describe infection by the human immunodeficiency
virus (HIV). A model for the infection of the human
immune system by HIV was developed by [10]. This model
of virus spread has three variables: the population sizes
of uninfected cells, infected cells, and free virus particles.
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dz
dt

[10], [12], [3], and [7] extended HIV model and developed
a new model by considering four variables:
1.
2.
3.
4.

Cells that are uninfected,
Cells that are latently infected,
Cells that are actively infected, and
Free virus particles. Their model is described by a
system of four ordinary differential equations.

It was noted that the model can replicate many of the symptoms of AIDS observed clinically. [1] reduced the HIV
model described to a system of three ordinary differential
equations by assuming that all the infected cells are capable
of producing the virus ([3]).
Dynamic of a model for HIV infection of CD4+ T cells
has been examined by ([5] while [?] studied global stability and periodic solution of a model for HIV infection
of CD4+ T cells and [4] solved a fractional order model of
HIV infection of CD4+ T cells. The components of the basic
four-component model are the concentration of CD4+ T
cells, the concentration of infected CD4+ T cells by the
HIV viruses and free HIV viruses partialness are denoted
respectively by x(t), y(t) and z(t). In this paper, many
nonlinear mathematical models have been developed to
describe infection by the human immunodeficiency virus
(HIV). We consider the HIV infection model of CD4+ T
cells is examined. This model is given by the components of
the basic three-component model are the concentration of
susceptible CD4+ T cells, they infected by the HIV viruses
and free HIV virus particles in the blood are denoted respectively by x(t), y(t) and z(t). CD4+ T cells are also called as
leukocytes or T helper cells. In a healthy person, the num800
mm3 . A Lie symmetry model of
ber of CD4+ T cells is 1200
+
for HIV infection of CD4 T cells is reviewed ([3]).

PRELIMINARY
Mathematical Model for HIV System

In this work, we have studied the mathematical model of
HIV infection of CD4+ T cells in vivo. This model is characterized by a system of the nonlinear ordinary differential
equations


x+y
dx
= s − ax + rx 1 −
− kzx,
(1)
dt
Tmax
dy
= kzx − by;
0 ≤ t ≤ R < ∞,
(2)
dt

= nby − cz.

(3)

with the initial conditions:

x(0) = r1 , y(0) = r2 , z(0) = r3 ,

Where R is any positive constant. Throughout this paper,
we set;

s = 0.1, a = 0.02, b = 0.3, r = 3, c = 2.4,
k = 0.0027, Tmax = 1500 and n = 10.
The logistic growth of the healthy CD4+ T cells is described
), and proliferation of infected CD4+ T cells
by(1 − Tx+y
max
is neglected. Natural turnover rates of uninfected T cells,
infected T cells and virus particles, respectively, denoted
by a, b and c respectively. For k > 0 is the infection rate.
Each infected CD4+ T cells is assumed to produce n virus
particles during its lifetime,including any of its daughter
cells. The body is believed to produce CD4+ T cells from
precursors in the bone marrow and thymus at a constant
rate s. When stimulated by antigen or mitogen, CD4+ T
cells multiply through mitosis with a rate r. The maximum CD4+ T cells concentration in the body denoted by
Tmax ([1]) and [9] solved the model of HIV infection of
CD4+ T cells. [9] introduced and applied the Laplace Adomian decomposition method for solving a model for HIV
infection of CD4+ T cells, this method yields very accurate
approximate solutions by use only a few iterations. It was
reported that the method was accurate. Nonlinear models
can be studied through approximations such as linearisation and numerical methods since such models are used for
describing a plethora of phenomena ranging from physics
to systems chemistry, biology, ecology and economics, a
construction of exact solutions for nonlinear systems is an
important necessity. In the second half of the 19th century, the Norwegian mathematician Scopus Lie began to
create a remarkable body of work that unified virtually all
known methods of solving differential equation. He discovered that symmetries of differential equations can be
found and exploited systematically. Over many years considerable research effort has been directed at understanding
the elegant algebraic structure of symmetry groups.
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ANALYSIS OF LIE SYMMETRY METHOD

METHOD OF SOLUTION OF HIV MODEL

Consider the following system of ordinary differential
equations:

t = t + λT (t, x, y, z) + O(λ2 )

(7)

x = x + λX(t, x, y, z) + O(λ )

(8)

The HIV Model has been introduced in the system of ordinary differential equations(ODEs) (1)-(3). For solving this
system of ODEs using Lie symmetry method, applying
equations (12) & (13) to the equations of the system (1)-(3)
yields



x+y
− kzx)
 s − ax + rx 1 −
Tm ax


ry
rx
2rx
−
− kz X −
Y − kxZ
= −a + r −
Tm ax
Tm ax
Tm ax
(21)

y = y + λY (t, x, y, z) + O(λ )

(9)

(kzx − by) = kzX − bY + kxZ

(22)

z = z + λZ(t, x, y, z) + O(λ2 )

(10)

(nby − cz) = nbY − cZ

(23)

ẋ

= f (t, x, y, z)

(4)

ẏ

= g(t, x, y, z)

(5)

ż = h(t, x, y, z)

(6)

where an over dot denoted dtd . we consider invariance of
this system under the infinitesimal transformations
2
2

the invariance of the equations (4) , (5) & (6) under the
transformations (7), (8), (9) & (10) leads to Lie’s invariance
condition
 (1)  |=0 = 0

Substituting the extended infinitesimal transformations in
Equation (13)
Xt + ẋXX + ẏXy + żXz − ẋ(Tt + ẋTx + ẏTy + żTz )


2rx
ry
= −a + r −
−
− kz X
Tm ax
Tm ax
rx
Y − kxZ
(24)
−
Tm ax
Yt + ẋYx + ẏYy + żYz − ẏ(Tt + ẋTx + ẏTy + żTz )

(11)

where  refers to the system. The infinitesimal operator 
is defined as:
∂
∂
∂
∂
(12)
+X
+Y
+Z
=T
∂z
∂t
∂x
∂y
with the first extension defined as
∂
∂
∂
 (1) =  + X[t]
+ Y[t]
+ Z[t]
∂ ẋ
∂ ẏ
∂ ż

(25)

Zt + ẋZx + ẏZy + żZz − ż(Tt + ẋTx + ẏTy + żTz )
(13)

In Equation (13), the extended infinitesimal transformations are
X[t] = Dt (X) − ẋDt (T )

(14)

y[t] = Dt (Y ) − ẏDt (T )

(15)

Z[t] = Dt (Z) − żDt (T )

(16)

where the total differential operator Dt is defined as
Dt =

= kzX − bY + kxZ

∂
∂
∂
∂
∂
∂
∂
+ ẋ
+ ẏ
+ ż + ẍ
+ ÿ
+ z̈ + ...
∂t
∂x
∂y
∂z
∂ ẋ
∂ ẏ
∂ ż

Once the infinitesimals T , X, Y and Z have been found,
we must solve
T rt + Xrx + Y ry + Zrz

= 0

(17)

T ut + Xux + Y uy + Zuz

= 0

(18)

T vt + Xvx + Y vy + Zvz

= 0

(19)

T wt + Xwx + Y wy + Zwz

= 1

(20)

This will then give a set of new variables that will transform
the given system to one that is independent of w.

= nbY − cZ

(26)

Substituting ẋ, ẏ and ż into equations (24), (25) & (26) we
get




x+y
− kzx (Xx − Tt )
Xt + s − ax + rx 1 −
Tmax
+ (kzx − by)Xy + (nby − cz)Xz

2


x+y
− kzx Tx
− s − ax + rx 1 −
Tmax




x+y
− kzx Ty
− (kzx − by) s − ax + rx 1 −
Tmax




x+y
− kzx Tz
− (nby − cz) s − ax + rx 1 −
Tmax


2rx
ry
rx
= −a + r −
−
− kz X −
Y − kxZ
Tmax
Tmax
Tmax
(27)




x+y
− kzx Yx
Yt + s − ax + rx 1 −
Tmax
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+ (nby − cz)Yz − (kzx − by)




x+y
− kzx Tx
× s − ax + rx 1 −
Tmax

Partially differentiating Equation (36) with respect to y
twice yields
Y "(y) = 0.

− (kzx − by)2 TY − (kzx − by)(nby − cz)Tz

Thus,

= kzX − bY + kxZ

(28)
x+y
) − kzx)ZX
Zt + (s − ax + rx(1 −
Tmax
+ (kzx − by)Zy + (nby − cz)(Zz − Tt )




x+y
− kzx Tx
− (nby − cz) s − ax + rx 1 −
Tmax
− (nby − cz)(kzx − by)Ty − (nby − cz)2 Tz = nbY − cZ
(29)
As the system is difficult to solve in general, we seek special
solutions by assuming that
T = T (t), X = X(x), Y = Y (y)

(30)

We note that these are chosen only to reduce the complexity
of equations (27), (28) & (29) and other choices could be
made. Under the assumptions in (30), we get




x+y
− kzx (Xx − Tt )
s − ax + rx 1 −
Tm ax


ry
2rx
−
− kz X
= −a + r −
Tm ax
Tm ax
rx
Y − kxZ
(31)
−
Tm ax
(kzx − by)(Yx − Tt ) = kzX − bY + kxZ
(32)
(nby − cz)(Zz − Tt ) = nbY − cZ

(nby − cz)(Zz − g) = nbY − cZ

As Equation (39) should be satisfied for all values of y.
We immediately see that
y:−

rx
−rx
p
(Xx − g) =
Tmax
Tmax

which leads to X = (p + g)x + c1 , then substituting X and
Y in Equation (36) and satisfied for all values of x we get
x : −2kzg = kZ.
Then,
Z = −2zg
Therefore, the infinitesimals are given in following equations:
T = gt + h, X = (p + g)x + c1 ,
Y = py + q, Z = −2zg

(34)

where g and h are constants. Inserting (34) into (31), (32)
& (33), we find




x+y
s − ax + rx 1 −
− kzx (Xx − g)
Tm ax


ry
2rx
−
− kz X
= −a + r −
Tm ax
Tm ax
rx
(py + q) − kxZ
(35)
−
Tm ax
(kzx − by)(Yx − g) = kzX − bY + kxZ
(36)

(38)

where p and q are are constant. In the process of annihilating (35) by differentiating, it is possible that we introduced
additional information into the solution. Therefore, we
insert(38) into our starting point (35), yielding




x+y
s − ax + rx 1 −
− kzx (Xx − g)
Tm ax


ry
2rx
−
− kz X
= −a + r −
Tm ax
Tm ax
rx
(py + q) − kxZ
(39)
−
Tm ax

(33)

Which is obviously much simpler. Now, we need some nontrivial infinitesimals (those that are not identically zero). If
we take the partial derivative of (33) from with respect to
t, yield the equation partial differential equation Ttt = 0
implies to the equation Tt = g and then,
T (t) = gt + h

Y (y) = py + q

(40)

Of course, other infinitesimals could be found. In fact, there
is an infinite set of infinitesimals. our next task is to find a
change of variables, for convenience, We set
g = 1,
p = 1,
q=0
and

(37)
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Z = −2z.
Now, substituting X, Y , T and Z in these equations and
then, we have to solve
trt + 2xrx + yry − 2zrz

= 0

(41)

tut + 2xux + yuy − 2zuz

= 0

(42)

tvt + 2xvx + yvy − 2zvz

= 0

(43)

twt + 2xwx + ywy − 2zwz

= 1

(44)

Equations (41)-(44) have the following solutions:
=

r

u =
v =

t
f (xyz)
t
f (xyz)
t
f (xyz)

w = ln(t) +

t
f (xyz)

For special case we have the solutions:
r

=

u =
v =

t
xyz
t
xyz
t
xyz

w = ln(t) +

t
xyz

DISCUSSION AND CONCLUSION
In this paper, a mathematical model of HIV infection of
CD4+ T cells has been studied. Lie symmetry has been introduced for solving the HIV infection of CD4+ T cells. Lie
symmetry approach has been used to evaluate the uninfected CD4+ T cells in the vivo. Lie symmetry method
has been studied to derived an approximated solutions
of the systems of ordinary differential equations. The
approximated solutions of the mathematical model of HIV
infection has been derived using Lie symmetry.
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