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Abstract 

In this paper, a three-dimensional biomedical tissue phantom 

subjected to a short-pulse laser has been studied. The FTn 

Finite Volume Method has been applied to solve the transient 

radiative transfer equation for isotropic and anisotropic tissue 

phantom. Both Curved-Line Advection Method (CLAM) and 

STEP schemes have been investigated. The transmittance and 

reflectance radiative signals have been analysed. The present 

predictions are confirmed by comparison with the solutions of 

the Monte Carlo method. The CLAM predictions proved that 

a decrease of the false scattering and ray effects are obtained 

and a good agreement with the reference solutions has been 

achieved. However, the STEP results are slight mismatching 

the solutions of the reference method. Then, the effects of the 

optical thickness, the albedo, and the asymmetry factor of the 

tissue phantom on the radiative signals have been examined. 

The results proved that a decrease of the peak transmittance is 

obtained when the optical thickness or the asymmetry factor 

of the tissue increases. However, this peak increases when the 

albedo increases.  

Keywords: radiative heat transfer, short-pulse laser, tissue 

phantom, the FTn Finite Volume Method, the CLAM scheme. 

 

INTRODUCTION  

Most human skin cancers can be effectively treated if they are 

detected early. However, left untreated, skin cancer can be 

fatal. Thus, it is important to develop methods for an early 

optical detection of skin abnormalities. One of the most 

applicable methods is to subject a short-pulse laser on the skin 

to analyze the temporal variation in the radiative signatures 

due to the associated modifications in the optical properties 

and conditions can be a means to detect early traces of cancer 

in the skin. In addition, some of studies of bio-heat transfer 

phenomenon are expensive and becomes dangerous for the 

tested living body especially where it is subjected to a short-

pulse laser.  This biomedical technique can reduce the damage 

to surrounding healthy cells by its lower heat-affected zone 

[1,2]. Also, during irradiation of the human skin by laser, 

different types of interaction may occur, among which thermal 

effects have a larger contribution. Therefore, a detailed 

understanding and analyze of bio-heat transfer is required to 

design a new method which can ensure accurate solutions. 

Thus, the study of short-pulse laser propagation through 

scattering and participating media has received considerable 

recent interest mainly due to its applications in thermal 

engineering and biomedical diagnosis such as optical 

tomography and remote sensing of oceans. Also, this 

technique is largely used on the processing of processing of 

treatment of metallic materials [3], microstructures [4], laser 

surgery [1] and photodynamic therapy [4]. The laser is also 

the excitation source in þuorescence imaging, scanning, and 

labeling [1-4]. It is also applied to a number of high-precision 

medical treatments such as ophthalmology, neurosurgery, and 

corneal surgery [1-4].  

To analyze the influence of laser light on biomedical tissues, 

the solution of the Transient Radiative Transfer Equation 

(TRTE) is necessary. Thus, several numerical methods have 

been established and applied to study the light propagation in 

these types of participating mediums. The Monte Carlo 

Method [6-9], the integral equation (IE) formulation [10-12], 

and the Discrete Ordinates Method [13-15] have been 

developed to solve the TRTE and to evaluate the transient 

radiation transport. Among these methods, the Finite Volume 

Method (FVM) has been also formulated and applied [16-30]. 

This method has been developed for both steady and unsteady 

radiative transfer problems [16-30]. While the FVM has a 

good compromise between accuracy, flexibility, and moderate 

computational time, it suffers from ray effect and false 

scattering [20-30]. 

Several high order differencing spatial discretization schemes, 

such as MINMOD, CLAM, MUSCL and SMART, have been 

proposed and examined to decrease the ray effect [23-30]. In 

another hand, the angular-multiblock technique and the non-

uniform FTn FVM angular discretization have been proposed, 

developed and applied to decrease the false scattering [22-30]. 

The first method is formulated by using finer angular grids in 

optically thick zones. The FTn results proved that a decrease 

of the false scattering is obtained in 3D cases and a good 

agreement with the reference solutions is achieved [22-

24,29,30]. In additions, the results of the combination between 

the FTn FVM and the bounded high-resolution CLAM 

schemes showed that the FTn FVM produces more uniform 

distribution of the discretized control angles than the uniform 

FVM angular discretization [22-24]. Thus, in this paper, the 

transient radiative transfer equation is solved using this 

combination of schemes to analyze the effects of a short-pulse 
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laser subjected to a isotropic and isotropic three-dimensional 

tissue phantoms. The influences of the main optical 

parameters are examined. 

 

MATHEMATICAL FORMULATION  

Transient radiative transfer equation 

In the present work, a three-dimensional rectangular 

absorbing and scattering biomedical tissue phantom subjected 

to a short-pulse laser is considered. The physical system is 

described by the solution of the Transient Radiative Transfer 

Equation (TRTE) as follows [31-33]: 
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where I is  the intensity in any direction ɋ, cmed is the speed of 

light in the medium (cmed = c/n), c is the speed of light  is the 

speed of light in vacuum, n the is the refractive index of the 

medium, and t is the time.  

In Eq. (1), 
sa
skb += is the extinction coefficient of the 

tissue where əa and ůs represent its absorption and scattering 

coefficients, respectively. The collimated, Sc, and diffuse, Sd, 

radiation source terms are given as follows 
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In the above equations, Ib defines the blackbody intensity and 

ʌ denotes the scattering phase function and describes the 

probability of a ray from one control angle, l', will be 

scattered into a certain other control angle, l. 

 For linear anisotropy, Eq. (1) can be expressed as 
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In the present paper, the scattering phase function is 

approached by a series in terms of Legendreôs polynomial 

[33,34]. Therefore, the Transient Radiative Transfer Equation 

becomes 
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where the modified extinction coefficient, 
m
b is as follows 
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In Eq. (5), the modified source term is as follows 
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Discretization of the TRTE using the FTnFVM  

Eq. (1) is integrated over a typical control volume, VP (Figure 

1), and a FTn non-uniform control angle,
l

DW (Figure 2) as 

follows  
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where the dimensionless time tct ³³=b
*

 and the 

dimensionless temporal step tct
med

D³³=D b
*

. 

 
Figure 1. A typical 3D control volume. 

 

 

 ū- 
 ū+ 

x 

y 

z 
Control angles DW

l
 

q + 

q - 

 
Figure 2. A typical FTn FVM control angle. 
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Using the Finite Volume Method (FVM), the distribution of 

the directions is free. Moreover, uniform and non-uniform 

control angles can be applied.  Both the polar and the 

azimuthal angles can be uniformly or non-uniformly 

subdivided. The standard FVM used Nɗ×Nū control angles 

and subdivides uniformaly the polar and the azimuthal angles 

into Nɗ and Nū, respectively. However, the FTn FVM employs 

n(n + 2) control angles and subdivides the polar angle 

uniformly into an even number, n, and the azimuthal angle 

non-uniformly into the numbers of the arrangement of 4, 8, 

12, ..., 2n, 2n, ..., 12, 8, 4 in each level of the polar angle as 

presented in Figure 2 [22-24, 30]. 

In another hand, for spatial discretization of the TRTE, 

different spatial discretization schemes may be used to relate 

the radiation intensities on the interfaces to the radiation 

intensity at the grid nodes. The Curved-Line Advection 

Method (CLAM) scheme differs from the STEP scheme by 

the interpolation of intensities in a specified interface [22-24, 

30]. The the STEP scheme used two grid nodes, one 

downstream node and one upstream node (Figure 3). Thus, 

using this scheme, the intensity at the west interface w, Iw, for 

a radiation beam traveling the positive x-direction (Figure 3), 

can be expressed by               

www
II =                          (9) 

The CLAM scheme involves three grid nodes stencil: one 

downstream node and two upstream nodes (Figure 3). In high-

order resolution schemes, such as the CLAM scheme, the 

interpolation expression must verify the constraint of the 

Leonard normalized variable formulation (NVF) [22-24, 30]. 

Thus, using this spatial scheme, the intensity at the west 

interface w, Iw, for a radiation beam traveling the positive x-

direction (Figure 3), can be expressed by               
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Figure 3. Upstream and downstream nodes of W control 

volume for x-direction. 

 

It is noted that the coefficients for other interfaces e, s, n, b 

and t and for y and z-directions (Figure 3) can be determined 

without any new design. More details about this scheme can 

be found in  [22-24,30]. 

The boundary are diffusely emitting and reflecting the light, 

and so the boundary condition, at any wall w, is given by 
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In the developed in-house code, the Forward Euler scheme or 

the so-called the Explicit scheme is applied. This temporal 

scheme is a 1st order numerical procedure, in which the 

temporal dependent variable in the time instant (ὸ + æὸ) at a 

given point (as example for the TRTE: the radiation intensity 

at new time instant ὸ + æὸ: tt
I
D+

) can be determined 

explicitly from the current time instant (ὸ) solution values (as 

example for the TRTE: ), according to (for the TRTE 

example) [35]:  
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where æὸ is the time step and Ὂ is the temporal derivative of Ὅ 
at the instant ὸ, divided by the propagation speed of light 

within the medium, ὧmed. 

This temporal scheme is easier to apply and computationally 

more efficient than the Backward Euler (Implicit) scheme, 

where the solution is determined by resolving a set of 

equations containing both the current and latter state. It is also 

noted that the explicit scheme needs a smaller time step æὸ, by 

comparison to the implicit scheme, in order to reach 

numerical stability.  

An in-house FORTRAN program was established. The 

discrete set of algebraic equations is resolved by means of the 

tridiagonal matrix algorithm. In all calculations, for each 

instant, the iterative procedure is terminated when the 

following convergence is attained 
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where k defines the number of iteration. 

 

RESULTS AND DISCUSSION 

Problem description 

The present case is often considered in medium subjected to 

short-pulse laser. The medium is a biological tissues phantom 

which is represented by a cubic enclosure of side L=1 m, as 

shown in Figure 4.  

 
Figure 4. Schematic of the test case. 
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The enclosure has a scattering-absorbing and non-emitting 

homogeneous tissue. The tissue is exposed to an incident laser 

source propagating along x-direction at the boundary (x = 0, y, 

z), the emitting wall location. However, the other boundaries 

are non-reflecting and non-emitting (cold). The medium is 

cold, as habitually considered in studies of light propagation 

in biological tissues, and the scattering is defined by the 

Henyey-Greenstein phase function [33,37-39] as follows 
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The short-pulse laser has an intensity with a Gaussian 

expression in time and it is uniform in space as follows [38] 
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where Io is the maximum radiation intensity of the laser pulse, 

which happens at t = 3tp = 1.5/ɓcmed. After 6tp, the biomedical 

tissue is free from irradiation [37-39]. 

For all computations, the time step was considered as 

medc

x
t
D

=D
a

where the stability parameter  was fixed to 0.5. 

Validation of the present model 

In this section, a biomedical tissue phantom, with an optical 

thickness 10== Lbt and an albedo 5.0=w , is 

considered. The transmittance and reflectance signals for both 

STEP and CLAM schemes of the FTnFVM are compared to 

the MC reference solutions [39] in Figures 5 and 6. The 

simulations are computed using 50×20×20 control volumes.  

However, the FT8FVM is used for angular grid. Both 

isotropically scattering medium (g = 0) and moderately 

forward scattering tissue (g = 0.3) are examined.  

The transmittance from the boundary at x = L, is initially 

equal to zero, because photons must travel throughout the 

medium before they arrive at the boundary opposite to the 

laser source, at x = L, (Figure 5). The photons travel the 

medium at the speed of light, c, and thus those that are not 

scattered in the tissue require a time t = L/c = 3.33 

nanoseconds to reach that boundary. Thus, the transmittance 

signal is different from zero only after this time. It is also 

noted that the transmittance is negligible close to this time and 

it becomes significant a little later, due to the Gaussian nature 

of the incident laser pulse.  
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Figure 5. Predicted transmittance for 10=t and 5.0=w . 
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Figure 6. Predicted reflectance for 10=t and 5.0=w . 

 

 

Figure 5 shows that the transmittance has a Gaussian like 

shape and it presents a sharp peak, due to the collimated 

radiation part that is able to reach the boundary at x = L 

without being fully absorbed. Downstream of the peak of 

transmittance, the signal shows a sharp decrease, but it does 

not go down to zero. However, the transmittance rests positive 

for a more time because of the impact of the diffuse part from 

scattering in the tissue, that is, photons scattered in the 

medium take longer time to reach the boundary. Figure 5-b 

proved that, when forward scattering is taking into account, 

the peak of the transmittance signal increases because the 

larger number of photons that are scattered forward. 

Figure 6 shows that the reflectance profiles at x = 0, is totally 

due to photons that are scattered backward. Therefore, the 

increase of the asymmetric factor, g, decreases the reflectance 

(Figure 6-b). It is noted that before 0.3 nanoseconds, the 

intensity of the ultrafast laser is negligible and it increases 

after this time where it attains its highest value at 0.5 

nanoseconds for 10=t . Thus, a rapidly increase of the 

reflectance is obtained after 0.3 nanoseconds, and the 

reflectance attains its maximum value just after the peak of 

the Gaussian pulse happens. After the maximum value, a slow 

decrease of the reflectance is observed due to the decrease of 

the number of back scattered photons that reach the x = 0 

boundary. 

By comparison to the Monte Carlo (MC) reference solutions 

[39], it is shown in Figures 5 and 6 that the CLAM signals are 

in comparatively good agreement with the MC results, despite 

a small over-estimate of the peak value of the transmittance 

and reflectance. This is verified for both transmittance and 

reflectance signals. The simulations are satisfactory, 

particularly for isotropic tissue (g = 0) and the peak of the 

transmittance and reflectance were overestimated by about 5 

and 5%, respectively. However, STEP predictions exhibit 

large over-estimate, especially for the reflectance signals. The 

STEPôs predictions are not satisfactory, especially for g = 0.3 

where the peak of the reflectance was over-estimated by about 

10% (Figure 6-b). Thus, finer spatial grid is needed to obtain 

satisfactory results. 

 

Effects of the optical thickness 

While all conditions are the same in the last case, the effects 

of the optical thickness in the transmittance and reflectance 

for a biomedical tissue with 20=t are plotted in Figures 7 

and 8. It is shown that an increase of t decreases the width of 

the Gaussian laser pulse. In this case, while the same angular 

grid of the last case is used, a finer grid in the collimated x-

direction was employed. The spatial grid being 200×20×20 to 

obtain satisfactory results of the transmittance and reflectance 

signals.  
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Figure 7. Predicted transmittance for 20=t and 5.0=w . 

 

 

The increase of the optical thickness decreases the 

transmittance signal due to stronger optical thickness of the 

tissue (Figure 7). In fact, the transmittance is decreased four 

times of magnitude than in the last case, and it is obtained 

earlier because the decrease of the pulse width indicates that 

the peak of the laser pulse is also achieved earlier. Therefore, 

the first photons, in the case of high optical thickness 

( 20=t ) arrives to the boundary x = L earlier than for small 

optical thickness ( 10=t ) and an increase of the 

transmittance signals is then obtained. 

Figure 7-b shows that the forward scattered photons (g = 0.3) 

implies the asymmetry of the transmittance signal. In addition, 

a slow decrease of the transmittance after its highest value has 

been detected. A clearly decrease in the slope of the 

transmittance profile at time t » 3.7 nanoseconds is predicted. 

This is can be explained by the fact that that the principal 
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effect of the collimated radiation part before this time, in 

contrast to the principal effect of the diffuse part thereafter. 

The reflectance signal presents approximately the same peak 

for both optical thicknesses of the tissue, but it happens earlier 

when  increases, due to the shorter incident laser-pulse width 

(Figure 8). 

By comparison to the Monte Carlo (MC) reference solutions, 

same conclusions can be cited here. The CLAM signals are in 

comparatively good agreement with the MC results and this is 

satisfactory, particularly for isotropic tissue (g = 0). However, 

STEP results show relatively large over-estimate, especially 

for the reflectance signals (Figure 8-b). 

 

 
Figure 8. Predicted reflectance for 20=t and 5.0=w . 
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Effects of the asymmetry factor 

Figures 9 and 10 represent the temporal transmittance signals 

of the radiation leaving from the boundary opposite to the 

laser source, at x = L, and the reflectance signals at x = 0, 

obtained for 20=t and 9.0=w  using the same angular 

grid as previous case and (200×50×50) control volumes for 

spatial grid. Four different values of the asymmetry factor 

have been investigated, g = 0 (isotropic medium), g = 0.3, g = 

0.6, and g = 0.9 (strongly forward scattering medium). It is 

also noted that a normalization of the scattering phase 

function is needed to obtain satisfactory predictions, as 

discussed elsewhere [34-37]. In this work, the method 

proposed by Hunter and Guo [40] was applied. 

For all test cases, the CLAM results are in good agreement 

with the MC reference solutions. Only in the case of strongly 

forward scattering medium, the differences are a little higher, 

with the peak of the reflectance being under-estimated by 

approximately 10% (Figure 10-d). It is also noted that the MC 

solutions display small oscillations due to its statistical nature 

which can be decreased by additional computing time.   

In the case of strongly forward scattering medium (Ű =20, ɤ = 

0.9), the impact of the diffuse radiation part to the 

transmittance is important, while the collimated part has an 

insignificant role. In fact, the transmittance for Ű =20 and ɤ = 

0.5 was of the order of 10-9, while in the case of (Ű =20, ɤ = 

0.9), with a much higher scattering albedo, the order of 

magnitude increases with the asymmetry factor from 10-7, in 

the case of g = 0 (isotropic medium), up to 10-3 in the case of 

strongly forward medium with g = 0.9. 

 

Effects of the albedo 

The increase of the albedo decreases the sharp peak of the 

transmittance. In fact, Figure 10 shows that no sharp peak for 

the optical parameters (Ű =20, ɤ = 0.9) is observed, due to the 

dominance of the diffuse radiation part. The highest 

transmittance happens progressively earlier, and it is more 

marked, as g increases. Figure 7 shows that the peak of the 

reflectance is obtained at the same time observed for the case 

(Ű =20, ɤ = 0.5). Thus, this peak is independent of both 

parameters: the albedo, ɤ, and the asymmetry factor, g, and it 

depend only on the optical thickness of the tissue. The 

increase of the asymmetry factor decreases the reflectance 

signal. This decrease is slower after the maximum is obtained 

(Figure 10). 

 

  

  
 

Figure 9. Influence of asymmetry factor on the predicted transmittance for 20=t and 9.0=w . 
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Figure 10. Influence of asymmetry factor on the predicted reflectance for 20=t and 9.0=w . 

 

CONCLUSIONS 

In this work, a biomedical engineering application, such as 

three-dimensional tissue phantom subjected to a short-pulse 

laser, has been analyzed using the FTn Finite Volume 

Method. In this numerical study, the Curved-Line Advection 

Method (CLAM) and the STEP schemes have been applied 

for spatial discretization of the transient radiative transfer 

equation. Both isotropic and anisotropic homogeneous three-

dimensional tissue phantoms have been considered. The 

influences of the important optical parameters, such as optical 

thickness and the asymmetry factor of the tissue phantom, on 

the radiative signals have been studied. The present 

predictions were compared against the Monte Carlo reference 

solutions. The results showed that the combination of the 

model FTn-CLAM decreases the false scattering and ray 

effects, and a good agreement with the reference solutions has 

been achieved. However, the STEP results are slight 

mismatching the solutions of the reference method. In another 

hand, the effects of the main optical parameters, such as  the 

thickness, the albedo, and the asymmetry factor of the tissue 

phantom, on the radiative signals have been evaluated. The 

predictions proved that the peak transmittance increases with 

the increase of the albedo. However, it decreases with the 

increase of the optical thickness or the asymmetry factor of 

the tissue. Further complete theoretical, experimental and 

numerical search will survey in the next phase of this work to 

response this important aim of this paper.  
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