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Abstract

In this paper, we introduce and study some inequalities
involving symmetric norms and positive semidefinite
matrices. Then we will use the properties of symmetric norms
to generalize the inequality obtained by Bhatia and
Kittaneh[3].
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INTRODUCTION

The class of Hermitian matrices is a generalization of real
numbers and the class of positive semidefinite matrices is a
generalization of nonnegative real numbers. This observation
often provides insight into the properties and applications of
positive semidefinite matrices. In this paper we will use the
inequality that said if a, b are positive real number then for
any complex number z,

la-[zlb| < Ja+zb|< [a+|zlb]

1)

we discuss several matrix norm inequalities for positive
semidefinite matrices. All through this paper Mm, nand M, will
stand, respectively, for spaces of all m x n and n x n complex
matrices. Let ||.|| denote any symmetric norm (or unitarily
invariant norm) on M, . Therefore, ||UAV||= ||A]|| for all Ae
M, and for all unitary matrices U, VE M.

PRELIMINARIES

Definition 3.1:
Let A € M, . Then:
1. Aiis called Hermitian (or, self adjoint) if A* = A.
2. Adiscalled normal if A*A = AA*,
3. Ais called unitary if A*A = AA* = |, where I, is the
identity matrix of order n.
4. A is called positive semidefinite or nonnegative
definite(written as A > 0) if A is Hermitan and <AX,
x» >0, for all x € C".
Definition 3.2:

For any matrix A e M,, we define the absolute value | A|of A
to be the positive

semidefinite matrix square root of A*A. Then the singular
values of A, s1( A), ..., sn(A) are defined to be the eigenvalues
of | A| which ordered from largest to smallest

s1(A) > s2(A) >... > sn(A).
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In this paper, we will apply Ky Fan’s maximum principle to
the absolute value,

|A|, of A e My, we get foreach k=1, 2, ...,n that
Z?:l S](A) = max Z?:l |< ij: y]>|

where the maximum is taken over all choices of orthonormal
k-tuples X, ..., xk and yu, ...,yk.

Also Fan Dominance Theorem saying that if A, B € M, ,then:
[|A]l < [IB]| for all symmetric norms on M, if and only if

k1si(A) < Tk si(B)forallk=12,...,n.
SEVERAL NORM INEQUALITIES FOR MATRICES
Proposition 4.1

If A, B € M, are normal matrices, then , for all symmetric
norms,

l4 + BIl < lllAl + |BII|.
This satisfies a triangle inequality for normal matrices.

A stronger triangle inequality holds if we use Hermitian
matrices:

Proposition 4.2
If X, Y are Hermitian matrices, then for some unitaries U, V
X+ Y| S%(U(IXI +1YIU") + (VAXT+ [Y[VT))
Proposition 4.2 implies Proposition 4.1. by substituting

G % 5 o)

Now Proposition 4.1. shows that if A, B >0, and any complex
number z,

lA + zB|| < ||A + |z|B|

X ) and Y=(

Also Bhatia and Kittaneh [3]generalized inequality( 1) by
using positive semidefinite matrices A, B =0, and any
complex number z,

k k
Y sa-1zB) < ) 54 +2B)
=1 =1

<Yi . sj(A+|z|B) forallk=12,.,n
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Which equivalent to

lA —1zIBll < llA + zB|l < lA + |z|BI| )
By using Fan Dominance Theorem.

Now we will give the generalization of inequality (2)
Theorem 4.1:

If A, Be M, are positive semidefinite matrices , and z1, z, any
two complex numbers, then

N1 [A — 1231 BIl < 14 + 2Bl < |l|z1 |[A + |z2|BIl  (3)
Proof:

If z; =0, its obvious holds.

But if z,#0, let z = i in inequality (2),then

z

-

22
Z1

Bl| <|la+28| < |a+

Z

B||,so

22
Z1

llz1 1A = 2| BIl < ||z1A + z; Bl < |[|z1 |[A + |2;|B||. =

Theorem 4.2:

If A B, ...,B, € M, are positive semidefinite matrices , and
71, 22, ..., zn be complex numbers, then

”A + ZlBl + et Zan” < ”A + |leBl + et |Zn|Bn”
Proof:
A+ 2By + -+ 2,B, || =X)_, 5;(A + 2By + -+ + 2,B,)

= max Z?=1 I((A + ZlBl + b +
z,B,) x;,y;|(using Ky Fan’s maximum principle over all
choices of orthonormal k-tuples xu, ..., xkand ya, ..., yx).
=max Z;‘zl [<Axj, yj> + 21<By X, yj> + +++ + Zy<By, X, yp|

< max Y52, (|<Ax;, yp| + |24]1<By x5, yp| + -+ +
|2, [[<By, xj;}’j’l)

< max Z]’-‘zl(\/<Ax]',Xj) . (ij,yj) +|le

JB1Xj, Xp - Bryj, yp +eee + 2| \[BrXj, x> - <Bpyj, ¥p>)
(using Cauchy-Schwars inequality)

1
=3 Z,"‘=1<(A +124|By + -+ + |2, Bp)x;, x> +
«(A+|2z4|By + -+ |2,|Br)y;, yj> (using arithmetic-
geometric mean inequality).
Now using Ky Fan’s maximum principle ,we get
Xio15i(A+ 2By 4+ 2,By) < Xfoysi(A+|z4|By + - +
|2,|By.)
Finally, by Fan Dominance Theorem
lA+2z1By + -+ 2Byl < |A + [21]By + -+ + |2, Byl =
But the inequality

|4 = |z1|By — - = |Zn|Bpll < |A+ 218y + -+ + z,B,||
turns out to be false.
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Ifn=2and A =B,= B,= (

11 . 4
1 1),21—Landzz— 1-i.
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