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Abstract

This paper presented a solution for solving the problems in
duality theorems for the category of non-differentiable multi-
objective programming issues. Weak and strong duality
theorems solve optimization problem based on the
formulation of the primal and dual problems. Here the
solution concepts of the primal and dual problems are based
on the concept of Hybridization of both Lagrange and Wolfe
duality theorem. The proof are designed in such a way that
the solution for the primal problem must always be greater
than or equal to the solution of the dual problem.
Consequently the concepts of without duality gap in the weak
and strong sense are also introduced, and strong duality
theorems in the weak and strong sense are then derived.
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INTRODUCTION

Srivastava and Govil formulated second order Mond-Weir
type dual for multi objective nonlinear programming and
established duality results used second order (F,p,0) type-l
functions and their generalizations. Higher order cone convex,
pseudo convex and similar convex functions are studied and
better order duality results for a vertex
improvement drawback over cones victimization higher order
has been introduced [1]. The convexity theory plays an
important role in many aspects of mathematical programming.
In recent years, in order to relax convexity assumption,
various generalized convexity notions have been obtained.
One of them is the concept of (F, p ) convex functions defined
by Preda[2], which extended the class of F- convex functions
and the classes of p convex functions defined by Vial [3,4].
that extended the category of F convex functions and also the
categories of p convex functions [5].

The study of second order duality is important because
of the process advantage  over initial order duality because
it provides tighter bounds for the worth of the objective
function. Mangasarian [6] thought of a nonlinear program
and mentioned second order duality using certain inequalities.
The conception of second order convex function that was
named as bonvex function by Bector and Chandra [7]. Later
Bector and Chandra [8] established second order symmetric
duality results for a combination
of nonlinear programming issues by pseudo bonvexity and
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pseudo boncavity assumptions [9]. A pair of multi objective
second order symmetric dual nonlinear programming
problems, second order pseudo-invexity assumptions on the
functions are involved in arbitrary cones. Subsequently,
weak, strong, converse and self-duality theorems are
established under second order pseudo-invexity or second
order pseudo-incavity assumptions [10]. A weak second-order
sufficient condition holds, and the feasible set is polyhedric,
formula for computing the directional derivative of the
optimal control with respect to a perturbation. [11] This is a
partial extension of the results of [11] to the two norms
setting, and is to be compared with [12] and [13], where the
derivative of solution is computed under stronger second-
order conditions, whereas our theory of second-order
necessary conditions guaranties the fact that our sufficient
condition is minimal [14].

RELATED RESEARCHES

Xin-Min Yang D, et al. [15] have described a technique of
second-order symmetric dual models for multi objective
nonlinear programming. Where, weak, strong, and converse
duality theorems formulated, second-order symmetric dual
programs under invexity conditions was used. A pair of
second-order nonlinear multi objective programs was
formulated the primal problem (MSP) and the dual problem
(MSD) were formed. Weak duality was feasible for MSP and
strong duality feasible for MSD. There the objective values of
MSP and MSD were equal, efficient solution of MSD were
proved. The MSD efficient solution was used in converse
duality.

TANG LiPing, et al. [16] have described the weak duality
solution, where objective value of a feasible solution to the
primal problem was not less than the corresponding dual one.
This solution provides a lower bound for the primal optimal
value that was feasible dual solution. The strong duality
theorem described, whenever the primal problem had an
optimal solution, the dual problem also had one and there was
no duality gap. However, the most difficult part of the duality
theory, was on the converse duality theorem. It deals with the
issues on how to obtain the primal solution from the dual
solution and on conditions under which there is no gap
between the primal problem and the dual problem.

S.J. Lia, et al. [17] have described, Weir and Mond
method that explain weak, strong and converse duality for
weak minima of multiple objective optimization problems
under different pseudo-convexity and quasi convexity
assumptions. Mond-Weir type of duality results was
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differentials of generalized d-type-1 functions that involved in
the multi objective programming problem. In that Mond-Weir
duality scheme for optimization problems involving set
functions, that defined on a measure space with the variables
being measurable sets .In Mond-Weir type of duality results
under generalized pseudo convexity and generalized quasi
convexity assumptions were investigated on duality properties
of optimization problems with set-valued mappings that
satisfy an invex property and by virtue of tangent derivative of
set-valued mapping.

Anurag Jayswal, et al. [18] Duality is one of the most
prominent in operation research that helps generating useful
insights about the optimization problem. Second order duality
has even greater significance over first order duality, since it
provides tighter bounds for the value of the objective function
when approximations were used, because it involves more
parameters. Another advantage of second order duality have
been defined feasible point in the primal, where, first order
duality conditions do not apply, then second order duality
used to provide a lower bound to the value of the primal
problem.

Mishra SK, [19] have described second order symmetric
duality, under second order F-convexity F-concavity/second
order F-pseudo convexity F-pseudo concavity for second
order Wolfe and Mond-Weir type models, respectively. These
second order duality results are then used to formulate Wolfe
type, and Mond-Weir type second order minimax mixed
integer dual programs and a symmetric duality theorem is
established under separability and second order F-convexity
F-concavity of the kernel function. Fractional symmetric
duality results and self-duality have also been discussed in
second order duality.

HYBRID LAGRANGE-WOLFE DUALITY
MULTI-OBJECTIVE OPTIMIZATION PROBLEM

FOR

Duality is an important feature of optimization problem. There
are several types of problems such as convex, linear,
constrained, equality etc. By the employment of lagrangian
theorem, convex, inequality, concave problems can be solved
and by utilizing Wolfe theorem invexity problems can be
solved. Therefore by the hybridization of lagrange and wolfe
duality theorems all these problems can be solved. As this
hybrid duality theorem solves all these problems that directs
to the solution for multi-objective optimization problem.

LAGRANGE DUALITY THEOREM

Generally the term "dual problem" refers to Lagrangian dual
problem but other dual problems like Wolfe dual problem and
Fenchel dual problem can also be used. The Lagrangian dual
problem is acquired by creating the Lagrangian, using
nonnegative Lagrange multipliers to add the constraints to the
objective function, and then solving for some primal variable
values that minimize the Lagrangian. This solution obtains
primal variables as functions of Lagrange multipliers, which
is called as dual variables, so that the new problem is to
maximize the objective function with respect to the dual
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variables under the derived constraints on the dual variables.

Primal and dual problem
Let us consider the non-linear programming problem,

Minimize f(a*) 1)

Subject to: gx(a*)g Oforx =12,

h, (a*)z Oforx =12,

a eA

The Lagrangian dual problem for non-linear programming
problem is defined as,

Maximize ¢, (m,n) @
Subjectto: m>0

Where,

i i

g (mn)=inf{f(@ )+ mg,(@)+Dnh@)aeca @

Theorem 1: Weak duality
Consider the primal problem P given by eqgn. (1) and its

Lagrangian dual problem D given by eqn. (2). Let & bea
feasible solution to P that is, a eA g(a*)g Oand h(a*): 0.

Also let (m, n)be a feasible solution to D; thatism > 0.
Then,

Proof:

We use the definition of ¢_given in eqn.(3) and the facts
thata € A,m>0 g(a*)s 0 and h(a*)z 0

To prove:

)= 1@ ) S mgla ) Xnnle)

fla*)

<

Corollary:

inf{f(a"):a" € A g(@") <0,h(a") = 0} > Sup{g_(m,n): m> 0}

System 1:
g(a’)<0,h(@") =0, for some a" A has no solution.
Define the set

S={(p,q,r):p>a(@),q>g(@),r=h(@"), for some
a eA
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The set S is convex, since A,axand g are convex and his

affine. Since System 1 has no solution, we have
that(0,0,0) ¢ S .

Recall the following corollary of the Supporting Hyper
plane Theorem:

Corollary

Let S be a nonempty convex setin R"and@ ¢ intS. Then
there is a nonzero vector p suchthat p° (a" —a ) < Ofor
eacha” eclS.

We then have, from the above corollary, that there exists a
nonzero vector (M,,M ,N ) such that

(my,m ,n )°[(p,q,r)-(0,0,0)]

4)
=myp+m’q+n’r>0

Foreach(p,q,r) eclS.

Now, fixana € A. Noticing, from the definition of S , that
p and g can be made arbitrarily large, we have that in order

to satisfy (4),
We must havem, >0 andm > 0.
We have that there exists a nonzero vector

(my,m ,n )with (m,,m ) > (0,0) such that

(my,m ,n )"[(p,q,r)—(0,0,0]=m,p+m’q+n"r>0
, foreach (p,q,r) eclS.

Also, note that[ez(a”), g(a"),h(a")] € cI'S and we have
from the above inequality that

m,a(@’)+m‘g(@")+n"h(@") >0.

Since the above inequality is true for each a eA , We
conclude that

System:1m,a(a’)+m“g(a”) +n"h(@") > 0 for some

(my,m,n) = (0,0,0),(m,,m) > (0,0) and forall 2" € A
has a solution.

To prove the converse, assume that M, > 0.

Suppose thata™ e Ais such that g(a™) < 0. But since
m, > Owe must then have thataz(a”) > 0.

System:2(a”) <0,g(a”) <0, h(a”) =0for somea” € A.

Has no solution and this completes the proof.
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Theorem 2:Strong duality

Let A be anonempty convex setinR".Let f :R" — R

and g :R" = R™ be convexand h: R" — R' be affine.
Suppose that the following constraint qualification is satisfied.
There existsand € Asuch that g(&") < Oand

h(d") =0and0 e inth(a") where
h(A)={h(a"):a" e A}.Then,

inf{f(a):a €A g(a)<0,h(@) 5
= 0} =sup{e_(m,n):m>0}, ©

Where
g (mn) =inf{f(@)+m"g@")+n"h(@"):a" e A}.
Furthermore, if the inf is finite, then

sup{g, (m,n) : m >0, is achieved atm, N with M > O if
the inf is achieved ata thenm" g(a ) =0

Lety =inf{f(a):a" € A g(a’)<0,h(a”) =0.

By assumption there exists a feasible solution 4" for the
primal problem and hence y < 0.

If » < —oowe then conclude from the corollary of the Weak

Duality Theorem tha1tsup{¢L (m,n):m> 0} = —ooand
hence, (5) is satisfied.

Thus, suppose that y is finite, and consider the following
system:

f(a)—y<0,g(@a)<0,h(@)=0,forsomed €A.

By the definition of y this system has no solution. Hence,
from the previous lemma, there exists a nonzero
vector (M,, M, n) with (M,, M) > (0,0) such that

m,[f(@")-y]+m’g@")+n"h(@") >0 ,forall &" c A (6)

We will next show that m, > 0 Suppose, by contradiction
thatm, =0

By assumption, there existsan 4" € A suchthatg(a") <0
and h(&") = 0. Substituting in (6) we obtainm” g(4") > 0.
Butsince (&) <Oand m>0,m"g(a") > Ois only possible
ifm=0.

From (6) M, =0 and m = Qimply that n’h(a") > 0 for
alla” e A .butsince 0 cinth(a”)we can choose and” € A

such that h(a”) = —An, where A > 0.
Thereforeg <n“h(a") = AHVHZWhich implies thatn = 0.
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Thus, it has been shown that M, = O implies
that (M, , M, n) = (0,0,0) which is a contradiction. We
conclude, then, thatm, > 0.

Dividing (6) by M,and denoting
M =m/m, and N = n/m, we obtain

f@)+mg@)+n’h@")>yforald e A ()

To prove:
p (M) =inf { f(a)+m’g(a’)+n"h(a’):a" €A} 2

We then conclude, from the Weak Duality Theorem,
that (M, N) = y and, from the corollary of the Weak Duality

Theorem, we conclude that (M, ) solves the dual problem.

Finally, to complete the proof, assume that &  is an optimal
solution to the primal problem; that

issa €A,g@)<0,h(@)=0and f(@)=y.
From (7), assuminga =&, we get
mYg(a")>0.sincem >0andg(a”) <0 we
getm’g(@’) =0

This completes the proof.

Example 1: Weak duality

Weak duality equation is represented as,
. (mn)=f(a")+m'g(a")+n"h(a’)< f(a")
(8)
Where, @ (m, I‘l)is the solution for dual problem and
f (a*) is the primal problem.

The value for dual problem must always be less than the value
of primal problem.

Given condition: h(a”)=0, m>0andg(a")< 0 foral

ha’)=0

Possible conditions: M =1& g(a") = —1;
m=0& g(a*): -1

Condition 1: m =1, g(a*): -1& h(a*): 0

Substitute the above condition in eqn. (8) we get,

f(a*)+1(-1+0< f(a")

f(a*)—ls f(a*)
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Substitute f (a*) =5 weget, 4<5
Condition 2: m = 0,h(a")=0 & gla”)=-1
Substitute the above condition in egn. (8) we get,

f(a’)+0+0< f(a")

fla)< f(a”)
Substitute f (a*)= 5 weget, 5<5

Hence proved.
Example 2: Strong duality

Strong duality equation is represented as,

f@)+m’g@)+n"h@) >y

Substitute the above condition in eqn. (9) we get,

y+1l+1l>y

y+2>y

Substitute ¥ =5

5+22=5

72>5

Condition 2: ﬁ“g(a*): O,ﬁ“h(a*): 0, f(a*)

Substitute the above condition in eqn. (9) we get,

/4

y+0+02>y

yzy

Substitute y =5

5>5

Condition 3: m" g(a*): 1 ﬁ”h(a*): o, f (a*)

Substitute the above condition in eqn. (9) we get,

/4

y+1+0=>y
y+1>y
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Substitute y =5

5+1>5

6>5

Condition 4: m" g(a*)= 0, ﬁ“h(a*)=1, f (a*)z y
Substitute the above condition in eqn. (9) we get,

y+0+1>y
y+1l>y
Substitute ¥ =5

5+1=>5
6>5

Hence proved.

FRANK-WOLFE DUALITY THEOREM
Strong and weak duality theorems are presented below.

First of all, an ordering is introduced. Let A and B be two
sets of closed intervals. In conventional optimization
problems, the weak duality theorem says that theobjective
value of the primal problem is always greater than or equal to
the objectivevalue of the dual problem. In some sense,

min(f,A) and max(g,,Y) can be regardedas kinds of

optimal objective values of the primal problem (IVP) and dual
problem(IVD), respectively. Therefore, we are going to
present the weak duality theorem forproblems (I\VVP) and

(IVD) by showing that min( f, A) and max(ﬁ,v Y ) .
Theorem 1: Weak duality theorem

Let A, be an open subsetof R". Let f and
G,,x=12,.....K be convex and H-differentiable
on X, Then, we have min(f, A), max(g,,Y).

Proof:

The result follows immediately from the equation below,

FT(@)2 (4 (au))

In the sequel, we are going to present the strong duality
theorem by considering

min(f, A)~max(g,,Y)=0

In other words, there exist f (a*)e min(f , A) and
dy (a5, U, ) € max(g, ,Y ) such that

f(a*):%(amuo)

Therefore, we provide the following definition.
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Definition 1: Two kinds of concepts for no duality gap are
presented below:

(i) We say that the primal problem (IVP) and the dual
problem (IVD) have no duality gap in the weak sense
if and only if min(f, A)~max(d, ,Y) =0

(i) We say that the primal problem (IVP) and the dual

problem (IVD) have no duality gap in the strong
sense if and only if there exist f (a* ) e min (f , A)

and @, (a*,u*)e max((AN ,Y)such that
f(a*)zgﬁw(a*,u*).

Where, @’ is a feasible solution to primal problem. a’,uisa
feasible solution to dual problem
The fact that the primal problem (IVP) and the dual problem

(IvD) have no duality gap in the strong sense implies that the
primal problem (IVVP) and the dual problem(IVD) have no

duality gap in the weak sense. We also see that, if a = a,,

then the fact that the primal problem (IVP) and the dual
problem (IVD) have no dualitygap in the weak sense implies
that the primal problem (IVP) and the dual problem(1\VVD)
have no duality gap in the strong sense.

Theorem 2:Strong duality theorem in the weak sense

Let A, be an open subset of R". Let f and

G,,x=12,....Kbe convex and H-differentiable on A,.
Suppose if one of the following conditions is satisfied, then

(i) There exist a feasible solution & of the primal
problem (1VVP) such that

f(a")e objy (. Y)-

(if) There exist a feasible solution a’,u’ of the dual
problem (IVVD) such that
dy (@",u")e obj, (f,A).
Then, the primal problem (IVP) and dual problem (1\VVD) have
no duality gap in the weak sense.

Proof The result follows immediately from the equation
below,

i (30,U,) = T(a")2 g (a,0)
Theorem 3: Strong duality theorem in the strong sense
Let A, be an open subsetof R". Let f and
G, x=12,

Suppose that a” is a feasible solution of the primal problem

(IVP) and that (&~ ,u’" ) is a feasible solution of the dual
problem (IVD) with the property that

K be convex and H-differentiable on A, .
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ZUG( “)=[0,0]

Where U™ =Uj,U,.....U, . Then @’ solves the primal

problem (IVP), (", u’) solves the dual problem (IVD) and
the dual problem (I'VVD) has no duality gap in the strong sense.

Condition:
YuiG,a)206] ()
o prove:
Zu G,(a")=[00]
From the above equation we have that,

d (" u7)= f(a*)+i1UIGx(a*)= fla’)

Let (2",u”) be a feasible solution of the dual problem
(IVD). Suppose that arg— max(¢\N (a* u” ) Rf‘) contains

<0:u,,u.>0

XPEXx =

U =0 and U infinitely large in magnitude. Then, a’ isa
feasible solution of primal problem (IVVP) and in the sequel,
we are going to provide sufficient conditions to guarantee that

Zu G (a")=[00]
fla)s e, )

dula’u’) @)

Proof:

We have that ¢(a*, u*)z ¢(a*, u)for all
uearg— max(¢(a*,u*), R )

By definition, we see that (qﬁ(a*, u’“))T
u e arg—max(ga”,u") R*).
Sinceu,u” > O,(¢(a*,u*))T > (¢(a*,u))T implies,

") Suel )z £7@)+ Sucl @)
x=1 x=1
The above equation can be written as,

Ta)e YuGl ()< 7 )+ Suic! (@)
x=1 x=1
SuGl ()< Sue! (@)

x=1 x=1

> (¢(a* : u))T for all

(10)
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Example 3:
k * *
Given condition: ZUXGI (a )Z 0
x=1
Where,u” =u

Possible conditions:

S el )-1
S uele)-0

1

k
Condition 1: Zu:GXT (a*):

x=1

Apply the above conditions in egn. (10) we get,
k k
T * * T *
>uGr @)<Y uG! (a7)
x=1 x=1
1<1

k
Condition 2: Z u.G; (a*)

x=1

0

Apply the above conditions in egn. (10) we get,
K k
T * * T *
3,6l @)<Y uG! (a7)
x=1 x=1

0<0

Hence proved.

HYBRID LAGRANGE-WOLFE DUALITY THEOREM

Common Lagrange equation is represented as,

)= inf(f(a" )+ zmg( )énxhx(a*)gf(a*)

Summation operation is removed in the above equation can be
rewritten as,

B, (m*, n*)z f(a*)+ m*g(a*)+ n*h(a*)s f(a*)

Where m=m"

¢ (m,n

Common Wolfe equation is represented as,
k k
d@u')=2u,6] (@) >uc @)
x=1 x=1

Summation operation is removed in the above equation and
can be rewritten as,
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dv(@,u’)=uG"(@")<u'G(a") substitute f(a")=5
Given conditions for lagrange theorem: 5<5
h(a ): O;m,m- =10, g(a ): -10 Condition 4:
) . K
Given cond:tlons for ¥Vo|£e m=1 g(a*): 1 h(a*): 0; ZU;GI (a*): 0
theorem:u, =1,0;G, (a )= -10 x-1
The equation for hybrid lagrange and wolfe can be Apply the above conditions in eqn. (11), we get

represented as, f(a)+1(-1)+0+0< f(a")+0

w  fla)-1<f(a’)

Substitute f (a* ) =5

4<5
Condition for both lagrange and wolfe duality theorem is " )
represented below, Condition 5:

m=0.gla’)=-1h(a’)=0; > uG! (7)=1
x=1

L (a*, m’,n’, u*) =f (a*) +m’g (a*) + n*h(a*)
LY U6 (a7)< t @)+ SuG] ()
x=1 x=1

Given condition:

h(a")=0;m",m=10;g(a")=-10; iu:GI (a")=o01
" Apply the above conditions in egn. (11), we get

f(a")+0(-1)+0+1< f(a")+1

Condition
Kk
1:m=1g(a’)=-1h@a")=0;YuG! (a")=1
x=1
Apply the above conditions in egn. (11), we get
f(a")+1-1)+0+1< f(a")+1

fla)+i< fa)+1

Substitute f (a* ) =5

6<6
f (a*)g f (a*)+1 Condition 6:
subsitute f(a”)=5 m=0;g(a")=0;h(a")=0; Zk:u;GI (a")=1
5<6 -
Condition 2- Apply the above conditions in egn. (11), we get

m=1g(a")=0;h(a")= O;Zk:u:GI (a')=1 f(a')+0+0+1< f(a')+1
B fla")+i< fa)+1
Apply the above conditions in egn. (11), we get

f(a*)+1xo+0+1g f(a*)+1 Substitute f(a ):5

« . 6<6
f(a )+1S f(a )+1 Condition 7:
Substitute f (a*)z 5 m=0; g(a*)= 0; h(a*): O;Ek:u:GXT (a*): 0
6 < 6 x=1
Condition 3- Apply the above conditions in egn. (11), we get

f(a")+0+0+0< f(a")+0

fla")< f(a’)
substitute f(a”)=5
5<5

m=1g(a’)=0;h(a")= O;Zk:u:GXT (a")=0
x=1

Apply the above conditions in egn. (11), we get

f(a")+1x0+0+0< f(a")+0

fla*)< f(a")
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Condition 8:
k
m=0;g(a’)=-Lh(a)=0;>u;G] (@")=0
x=1
Apply the above conditions in egn. (11), we get
f(a")+0(-1)+0+0< f(a)+0

fla")< f(a’)
substitute f(a")=5
5<5

Hence proved.

CONCLUSION

In this paper, nonlinear Lagrangian functions and Frank-wolfe
duality theorem was introduced for constrained multi-
objective optimization issues. This approach results in weak
and strong duality and Sufficiency results based on both
nonlinear Lagrangian functions and wolfe optimization. The
constrained multi-objective  optimization problem was
optimized using the obtained weak duality.This paper
proposed a theorem based on the combination of both
lagrangian and wolfe theorem. As a result, the proposed
hybrid theorem solved multi-objective problems like
lagrangian theorem, convex, inequality, concave problems and
invexity issues.
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