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Abstract

The idempotents generating the minimal ideal in the
semi-simple group algebra F'Cy,» of the cyclic group
Cypn of order 4p™ over finite field F are obtained.
Generating polynomials and minimum distance bounds
for the corresponding cyclic codes of length 4p™ are also
calculated.
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1. Introduction

Let F' be a Galois field of order ¢ where ¢ is some
prime power of the form 4k + 3 and C,, be a cyclic
group of order m such that g.c.d.(¢,m) = 1. Then the
group algebra F'C),, is semi-simple having finite cardinality
of collection of primitive idempotents which equals the
cardinality of collection of ¢ -cyclotomic cosets modulo m .
Let ¢ be the multiplicative order of ¢ modulo p™, then
1 <t < ¢(p™) [6]. Pruthi and Arora ([2, 8]) computed

2. Cyclotomic Cosets

o(™)

the primitive idempotents of minimal cyclic codes of length
m in case, when ¢t = ¢(m) and m = 2,4,p",2p"™. The
primitive idempotents of length p™ with order of ¢ modulo
p"ois ‘b(gn) were obtained by Arora et.al. [1] and minimal
quadratic residue codes of length p™ by Batra and Arora
[4]. Cyclic codes of length 2p™ over F', where order of ¢
modulo 2p™ is @ were obtained by Batra and Arora
[5]. Minimal cyclic codes of length p™q, where p and ¢
are distinct odd primes were obtained by Sahni and Sehgal
[9]. The minimal cyclic codes of length p™q were obtained
by Bakshi and Raka [3]. Further, for ¢ = ¢(p™) the minimal
cyclic codes of length 8p™, were discussed by Singh and
Arora [10]. FLi et.al. obtained irreducible cyclic codes of
length 4p™ and 8p™, where ¢ = 3(mod 8) and p/(q¢ — 1)

[7].

n

In present paper, we obtained cyclic codes of length 4p™
over F' where order of ¢ modulo p" is @. The
q -cyclotomic cosets modulo 4p™ are obtained in Section
2 and corresponding primitive idempotents in Section 3.
In section 4, we discussed generating polynomials and
dimensions for the corresponding cyclic codes of length
4p™ . The minimum distance or the bounds for minimum
distance of these codes are obtained in Section 5.

n n—i [ nii)
Lemma 2.1 Suppose =:— be the order of q modulo p". Then the order of q modulo p is (’% for all

2
i, 0<i<n-—1.

Proof. Proof is on similar lines as that of ([5], Theorem 2.5).

Lemma 2.2 [f @ is the order of ¢ modulo p" thenfor 0 <t <n—1,

; n—i .. ("%
(i) order of q modulo 2p is pT.

(ii) For p = 1(mod 4), order of q modulo 4p™~* is s

2

(i7i) For p = 3(mod 4), order of q modulo 4p™~* is ¢(p"~*). Proof.

(1) Since d)(gn) is the order of q modulo p"™

therefore by lemma 2.1 order of ¢ modulo p™~" is %_i), 1 <i<n—1. Hence

(")
q 2

Since q is of the form 4k + 1 therefore ¢ = 1(mod 2). Hence, q— 2

1(mod p"~%) (H

n—i

o(p )

= 1(mod 2). As gcd(2,p""%) = 1, so
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qtb(pzfl) n—i

= 1(mod 2p"~?), since order of q modulo p is w This implies that w is the smallest integer

for which (2.1) holds. Hence order of q modulo 2p™~" is w.
(#t) Proof holds similar to that of (7).

(iii) If p = 3(mod 4), then quzﬂ) = —1(mod 4) so ¢*®" ) = 1(mod 4) and qd’(pyzlﬂ) = 1(mod p"~") so
g®®"") = 1(mod p"t). As, ged(4,p"F) = 1 therefore ¢*®") = 1(mod 4p™ 7). Further ¢"" T # 1(mod 4p" )
as q¢(p2 > = —1(mod 4) . Hence order of q¢ modulo 4p"~" is ¢(p"~*). U

Lemma23 For 0<i<n-—1, and 0 <k < % —1, 1+ 2p" # ¢*(moddp™~).
Proof. Proof can be obtained by using lemma 2.1 and lemma 2.2. |

Lemma 2.4 Let p be an odd prime. Then there exists an integer g , 1 < g < 4p such that g is primitive root modulo p,
@(p)

order of g modulo 4 is 2. Further, if q is any prime power and g.c.d.(q,p) =1, then g & {1,q,¢>,....q = ~'}.

Proof. Consider the complete residue system, S, = {0,1,2,...,p—1} modulo p, So = {0,1} modulo 2, and
Sap =9{0,1,2,...,2p — 1} modulo 2p. Since g.c.d.(2,p) = 1. So there exist an integer v € S, such that 2v —p = 1. Let
a be any primitive root mod p in S, . For p = 1(mod 4), let g = 2av + 3p + 2ap(mod 4p) . Then, g = a(mod p) . Hence,
g is primitive root modulo p. Now, g = 2av + 3p + 2ap(mod 4), so g = 3(mod 4), as p is of the form 4k + 1. Hence,
order of g modulo 4 is 2. Further, for p = 3(mod 4) , let g = 2av + p(mod 4p) . Then, as for the case of p = 1(mod 4), g

is primitive root modulo p and 4 both. Let g € {1,¢,¢?, ...,q e ~11. S0 g=¢q' forsome 1 <i< M — 1 This implies

o(g) = o(q") . Here, order of ¢ modulo 4p is M . So o(q ) < ¢(p) modulo 4p. This implies o(g) g @ modulo 4p.

But order of g mod 4p is ¢(p). Hence g € {1,q,4>, ...,q ¢ 1} O

Lemma 2.5 If p = 1(mod4), there exist a fixed integer g sansfymg gcd(g,?pq) =1L,1<g< 4p,g # ¢*(modp) where

n—j

0§k§@—1, such that for 0 < j < n—1, the set {1, qvq,. "q o)~ L g, 9q, gq,. - 49q 2= _1}f0rmsareduced
. n—j n—j
residue system modulo p"~7 and the set {1,q,q>, ...,q¢(p2 b1 7g,gq,qu,...,gq%E )_1,/\,)\q,)\q ,
n—j n—j .
e /\q¢(p2 )71, g, Agq, \gq?, ..., qud)(p )71} forms a reduced residue system modulo 4p™~—J , where A =1+ 2p™.

Proof. By lemma 2.1, order of ¢ modulo p is #@) " Therefore the numbers l,q,qQ,...,q@_1 are incongruent
y 2 g

modulo p. But there are exactly ¢(p) numbers in the reduced residue system modulo p. Therefore there exist
e - #(p)
a number ¢ satisfying gcd(g,2pq) = 1,1 < g < 4p,g # ¢"(modp) for 0 < k < 2P — 1. Then the

(p)

set {1,q,q2,...,qw’l,g,gq,gqa...,gq >~ ~1} forms a reduced residue system modulo p. Since for 0 < k <

@ —1; g # ¢"(modp). Tt follows that, g # ¢*(modp"~7); for 0 < k < ¢(pn ) _ 1. Hence the set

n—j n—j

{1,9,¢,....q e Y 9,9q,9¢%, ..., 9q = ~11 forms a reduced residue system modulo p"~7,0 < j <n — 1.
Similar “result holds to show that the set
2 277 4 2 2" 7)) 4 2 p(™ 1
{Lg.¢* g = 19,99, 997, - 99 2 s A A AT, - A s NG, A9q, Agq®,
n—j .
e q¢(p2 =11 forms a reduced residue system modulo 4p™I . O
Ag y

Lemma 2.6 If p = 3(mod4), there exist a fixed integer g satisfying gcd(g,qu) =1,1 < g < 2p,g # ¢"(modp) where
n—j s(@" =)

0<k< @—1, such thatfor 0 < j <n—1, theset {1,q,¢>,....q e Y 9,990,940, ....,9¢a— = 1}, forms a reduced

residue system modulo p™~7 and the set {1,q,¢>, ..., qd’(pn_j)* . 9,949, 9G°, ..., gq¢(pn_j)’1}, forms a reduced residue system
modulo 4p™~7, where A\ =1+ 2p™.

Proof. Proof is similar to that of lemma 2.5. ]
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Theorem 2.1 If p = 1(mod 4), then the (8n + 3) g -cyclotomic cosets modulo 4p™ are given by:
Qo = {0}, Qpr = {p",p"q}, Qopn = {2p"}
andfor 0 <i<n-—1,

n—i
i @

Qe = {5, 50, 5p'¢%, ., spiq ™ T 1} for s =1,2,4,\,g,29,49, \g.

Proof. Qo = {0} is trivial.
Since q is of the form 4k + 3, so p"q2 :p " (mod 4p™) and hence Q,n = {p", p™q}, Qapn = {20} .

CICI0)
2

Bylemma 2.2; ¢ = 1(mod 4p™~*). Equivalently, p'q 2 K = p*(mod4p™) . Therefore,
y q Y.

L. . C (T
Qe ={p",p'a.p'¢% P =

Similarly, € ={sp’, spiq, sp'q?, ..., spiq e 1Y for s =2,4,)\,9,29,49,\g .
Obviously, || = 1. Also, |Qn| =2, |Qgpn| =1, and

1] = [Qapi| = [Qupi] = (D] = [ | = Qo] = [Qugpi| = [Qrgp] = 2.
n—1 n—1 :
o™ (™) oY) | o(p"?) o(p) pr -1
Theref 0| = — _pr -2
eretore ;' v ;) 2 2 T2 T g Tty 2

n—1
p"|+|Q2p"+Z{ Z |Qtp'i|} :4pn O
=0

t=1,2,4,),,29,4g,\g
Theorem 2.2 If p = 3(mod 4), there are (6n+ 3) q -cyclotomic cosets modulo 4p™ given by:
Qo = {0}, Qpn = {p",p"q}, Qopr = {2p"}
andfor 0 <i<n-—1,
Qi = {sp', 5p'q, sp'a?, ..., sp'q® " )71} for s =1,2,4,9,29,4g.

3. Primitive Idempotents

Throughout this paper, we consider that « is 4p™th root of unity in some extension field of F'. Let M, be the minimal ideal
@ 1)

in Rypn = <x41;:,[{'”] = FCypyn , generated by NED) , where mg(x) is the minimal polynomial for a®, s € Q. We
4p™—1
denote 6,(x), the primitive idempotent in Ry,n , corresponding to the minimal ideal Mj , given by 6,(x) = 41)% Z efxt
t=0
where ! = Z a” and C; = Z z°
SEQ, s€EQ

Lemma 3.1 For any odd prime p and a positive integer k, if 3 is primitive p*th root of unity in some extension field of F,
then the following holds:
(i) If q is quadratic residue modulo p* , then
b(p*) 1
2

t t _1 k — 1
a 9q"y — J
(ii) If q is primitive root modulo p* , then

pz):lﬂq -1 k=1
0, k>2
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k

Proof. By lemma 2.5, the set {1,q,q2,...,q¢(g )*l,g,gq,ng, - 9q 2 ~11 is a reduced residue system (modp”) . Then;

¢(pk)_1 _ K k—1
2 p*—1 P P

I R S S
t=0 t=1,p/t t=1

If k=1,then —pP = —1.
If £ > 2,then 8P # 1, therefore
k—1

» ko
S =P ) e =D =0

For the remaining part see [3, lemma 4]. ]
Lemma 3.2 For cyclotomic cosets Q1,0 <i<n—1, AQ, = Qp' =Dy,

Proof. Since A% = 1(mod 4p™) , so the required result holds. ]

Lemma 3.3 (i) If p = 1(mod 4), then Q1 = —Q or Q\ = —§Q; according as d)(Zn) s odd or even.
(ii) If p=3(mod 4), then Q, = — ;.

Proof. Since p is an odd prime, so @ is odd if and only if p = 3(mod 4) .
(4) If p=1(mod4) and g = 3(mod 4)
Clearly, A =1+ 2p" = —l(mod 4) and q = —1(mod 4)

If ¢(p ) is odd, then ¢ 20 _ = —1(mod 4) . Also, ¢ 2D _ = —1(mod p™)

Slnce, (4,p™) =1. So, qd)(i = —1(mod 4p™) . Hence, 1 = — Oy

If ¢(Zn) is even, then qmz = 1(mod 4) and A = —1(mod 4). So, )\qd)(z) = —1(mod 4). Further, qd)(z) =
—1(mod p™) . Thus, )\q(p(i E —1(mod p™) .

Since, (4,p™) =1. So, )\q b = —1(mod 4p™) . Hence, ) = —{

(ii) If p = S(mod 4),then g = —1(mod 4) and foreven k , ¢* = 1(mod 4). So, g¢* = —1(mod 4) .

Now, qw; = 1(mod p™) . Here, %n) is odd. So, ¢¥ # —1(mod p™) for 0 < k < %n) —1.

Also the set {1,q,¢%,,q" 1, 9,94, 942 ...,

gq¢(g )*1} forms a reduced residue system modulo p" , so g¢* = —1(mod p").

Since (4,p™) = 1, therefore

ngi = = —1(mod 4p™) . Hence Q, = —y O

Notations: For 0 < 7 < n — 1, define:

Aj:ijaS,B pJZoe fpjz , Dj WZQ fp]Zoz Fj:ijozS.

sngpj SEQ seﬂzgp] SEQQPJ S€Q4gp] ssﬂ4pj
Here, AT = A;j,s0 Aj € F. Similarly, Bj, Cj, Dj, Ej and F; allarein F'.
#(p")—1 L,
Lemma 3.4 For p = 3(mod 4), A; + B;j =0 for all j. Proof. By definition, A; + B; = Z (a9P’7 4
t=0

#(p™)—1

aqut) = Z (5gqt + ﬂqt), where 3 = a” .

t=0
Since, p'q" = p’q*(mod 4p") if and only if q' = ¢*(mod 4p"~7)
if and only if t = s(mod ¢(p"~7)).

d(p™)—1 . (p"7)—1 . . ‘ $(p"7)—1 . .
Thus, Y (% +p7)= 20 N (g 4Ty =g Y (B 4+ BT,
t=0 t=0 t=0

As the set {1,q,q%, ...,q*®" =1 g.9q,9¢2, ..., gq®®" =1} forms a reduced residue system modulo 4p"=3 | therefore the
above sum is:
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o(p")-1 . . At ap™I 4p™ 7 4p™ 7
SNCEET SR DD WD S o
t=0 t=1 t=1,p/t t=1,2/t t=1,2p/t

Further, 3 is 4p"~7 " root of unity, so f # 1,87 #1,5% # 1, % # 1. Thus,

4pn—j 4pn—j 4pn7j 4pn—j

LT VT ST S
t=1 t=1,p/t t=1,2/t t=1,2p/t

Hence; A;+ B; =0forall j.

n

0, otherwise.
—p"hj=n—1
0, otherwise.

71 . .
Lemma3.5 (i) C;+ D, = { P y=n—1
(ii) B+ F) = {

Proof. Proof can be derived directly as of lemma 3.4 and using the facts that
n—j n—j .
{1,q,4%, ...,q¢(p2 )_1,g,gq,gq2, ...,gq¢(p2 )‘1} is a reduced residue system modulo (2p™~7)

and modulo (p"~7) and using lemma 3.1 O

Lemma3.6 For 0<i<n; 0<j53<n-1

i i i 0 ifi+j>n
gp's _ Agp's _ _ Agp's _ ) =™
ZO‘ = ZO‘ = ZO‘ {Z}J,AM, ifi+j<n-—1.

seQd se€dy g seQd
¢<p2*7>71 ¢(p’;*f)71
Proof. Here Z a P’ — Z Q2" o™t Z a7 = Z ad?'s
seQdy 5 t=0 t=0 seQ j

(")
Pf,l

Let B=a? " . Then, Z aP's = Z CEC

serj t=0
If i+ j>mn,then B is 4th root of unity, then
)1 .
IRCEEES MR
t=0

SEQT)]‘

Ifi+j<mn—1,then B is 4p"~*~Ith root of unity, then
399" = B99" if and only if gq' = gq" (moddp™~*~7)

if and only if | = r(modw).

2" " i W
gp's gat _ P’ gat _ 1
Therefore E e = E I3 = E I6] :—inﬂ-.
t=0 p t=0 p

SEij

Proof of following lemmas can be obtained on similar lines as of lemma 3.6 and using lemma 3.2.

Lemma3.7 For 0<i<n, 0<j<n-1

§ al's = § adP's — § aAgps: E a)\ps:_E a)\ps

se€d seQd ;i sedy i sedy i se€d

- axgpis:{ 1%, iijZz
EBiy, ifitjsa-l
sngpj

Lemma38 For 0<i<n, 0<j5j<n-1
If p=1(mod 4) then,
(" ~7)

; 2gp's _ Agpis _ ) — g ifitj=n
(4) Z a Z « { LCiJ,.j,'L’f’L"‘FjSTL—l.

serj sed,y pI

pi
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E a21’i5 = E a291’i3 = E a)\PiS = E of‘gpis = { _¢(p;7j)’ifi +ji>n
pJ

Dy ifi <n-1.
serj seﬂgpj seQ2pj sef (ark f +‘] -

2gpd
(ii4) Z alor's — Z Qdor's — Z qlap’s _ Z oAo's — 7¢(p;7j),ifi +ji2>2n
1 Bifitj<n—1.
éCQp]‘ seszj 36941)_7 seQ4p_7 p
serj SEQ2pj seﬂqu] seQ4pj seQ4pj sngpj
n=iy ... .
Z a4gpis — Z Oé)\gpis — { ¢;(p2 ),Zfl +72n
=F . if1 ) <n—1.
86y g s€8y i 7 FH‘” ifi+j<n-—1
Lemma39 For 0<i<n,0<j<n-1
If p=3(mod 4), then
Z Q29p's — _1(/5(17”_])’ ifitjz=n
Ci+j,ifi +j5<n-1.
seﬂpj
; d@"N) g s
(1) Z adP's — *IT.J.JCZTJZH
o 57 Cipgyifi+j<n—1
2p7
_ 2gp's __ ¢(p )7'Lfl+]_
(#i7) I @ = 1 IS
gpJ
n—j
Z = Y { iz
1 <mn-1.
SEQZPJ 5692571)3' p’ Z+J ’ Zfl + ‘7 =n 1
Z O[4gpis _ Z a4pis _ Qsl(pnij)fbfl +] >n
“FEiijifi+ji<n—1.
serj sngpj P
: ) ) d(P"I) o .
; dgp’s _ dgp's _ ap's _ ) Tehifitjzn
vl 6] = [0 = « = L p- .
v Z Z Z { LBy ifi+j<n—1
seﬂzpj seQ4pj seQ4pj p

wii) 3 o't = 3 atr's = { sbl(p"*j),z‘fz‘ﬂ >n

serj sngpj
(viiz) E P = E atPs = E o*? E a? E ator's
seQd, j S€Qy i seQdy j se€dy j aeQ4ng

2o ifitj>n
i, ifi+j<n—1

5€Qy i

Theorem 3.1 For p = 1(mod 4), the explicit expression for the (8n + 3) primitive idempotents in Ra,n are given by

n—1
90(1‘) = le%[éo + 61171, + 621,", + Z {épz + 62271' + 64[,1' + 6/\101‘ + 6gpi + 6291,1' + €4gpi + 6>\gpi}}

=0

n—1
epn (ﬁC) = ﬁ[QéO — 262pn — Z {262231‘ — 264231‘ + 262!]2)-; — 2649171'}]
B B 712’”—]”_1 B B B B B B B B
Oapn (2) = 77 [Co — Cpn + Capn — Y {Chi = Capi — Clygi + O + Cgpi — Cagyi — Cagyi + Crgpi}]
=0 n—1
n—j n J — J— — — J— J— —
Oaps () = 411) [¢(p ){C’ —Cpn + Copn} o7 Z {C —Capi = Clupi +Crpi +Cgpi = Cogpi — Clygpi +Crgpi } +
, e 1=n—j
ﬁ {DH-JC + FH—J CQ;D + FH-J C4p + DH—J CAp + CH-J Cgp + Ez+7c2gp‘ + EH—J C4gp1 + CH-J CAgp }]
=0
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}+¢ ) Z {C Jr0217 +C4p +C>\p JrCgp JrCf?gp’JrCﬁlgp’JFC)\!JP H

i=n—j

pn

1" — — — — — — — —
— Z {F,-+iji + FH_jCsz‘ + Fi+j04pi + FiHC')\pi + EiHC’gpi + EiHC’Qgpi + Ei+j04gpi + Ei_l,.jO)\gpi}]

Orgps (7) = £ [222{C — Cpn + Copn } — 282 >~ (€ —Cips — Capi + Crs + Cgpi — Cagi — Cuagp + Coagpi } +

1=n—j

1 J
E Z {CH-JC + EH‘]CQP + E1+]C4p + CH-JCAp + DH-JCgp‘ + FH']CQgp‘ + Fl+]C4gp‘ + DH-JC)\gp }]

94gpj(l’) = 4;n,[¢(p2 J){CO—FCpn +C2pn}+7¢(p2 2 Z {sz‘ +02pi +C4pi +CApi +Cgpi +02gpi +C4gpi +C)\gpi}+

i=n—j
n—j—1
% 2 {Ei+j6pi + Ei+j62pz‘ + Ei+j64pi + Ei+j6)\pi + Fi+j6gpi + FiJ’,jéQgpi + Fi+j64gpi + Fi+j6)\gpi}]
fOl’ —ij = ij
n—1 n—j—1
0, () = 4’%[@{@ — g} — 2220 > {Capi — Cuapi + Cagyr — Cugyi} + pl > {Bit;jCpi + DiyjCoy +
i=n—j i=0
FiyjCapr = Big;Cxpt + AijCopt + CigCogp J:?”J'szgpi — Ai; Cogpi}] 1
. e n—j-
0/\17‘7‘ (:v) = 411)" [-@{60 — 621)”}—'_@ Z {égpi — 641,7', —+ 629171‘, — 6491,7:}—]% Z {Bi+j6p7? +Di+j62pi+
i=n—j =0
Fi+j€4pi — Bi_;’_jé)\pi + Ai_;’_jégpi + Ci+j€2gpi —|;E‘]i+j04gpi — Ai_;’_jé)\gpi}} i
n— i
ngf (l‘) — 4’%[‘17(?;73') {60 _ agpn} _ ¢(P’;7j) Z {52171 - 64pi + éggpi - €4gpi} + E Z {Ai_},.jépi + Ci+j62pi +
i=n—j =0
EiyjCap = AigjCopi + Big;Copi + DitjCogpi +]€i+jC4gpi — Bit;Cagpi}] -
) . n— n—j—
9/\gp_7‘ (:,C) = 411)" [— ¢(p;ﬂ) {6{) — 62;971 }—‘rw Z {62171‘ — 64p1: + 62gpi — 64gp71 }—]% Z {Ai+j6pi +Ci+j62pi+
i=n—j =0
Ei+j€4pi — Ai+j€Api + Bi_;’_jégpi + Di_;’_jéQgpi + Fj+j64gpi - Bi_i_jé)\gpi”
and for —1,; = Qyp;
n—1 n—j—1
By () = 72w [~ 22T — O} + 220 3™ [Ty — Ty + Oy — agpi}_]% > {BiyjCpi+ Dy ;0o +
i=n =0
Fi+j64p Biy; C/\p + Alﬂcqp + Clﬂ C2qp + élﬂ Clagp — AHJé/\qP 1] 1
n—j—
9)\pj (x) = 4,%[ ]) {CO - CV2 ”} Z {021) - C4p + CQgp C’4gp }"_; Z {BlJrJC +DZ+]021)
i=n—j
Fi+j€4pi — Bi_;’_jé)\pi + Ai_i_jégpi + Oi+]€2gpi + E1+J64gp' — Ai_’.jé)\gpi}} .
ngj (x) = 41.%[ C, n}+ ¢(p J) Z {Czp 64pi +629pi — €4gpi}—1% Z {Ai_i_jépi +Oz’+j€2pi +
i=n 1=0
Ei+j64pi A1+J6>\p' + BZ+J€9p‘ + DZ+J€29171' + ];Zﬂéﬁlgp' BHJU/\QPN 1
n—j—
9)\gpj (,’E) = 411) [¢(p" J){CO 02 } <15(p" 7y Z {Cgp- — C4p + CQgp — C4gp }+]7 Z {A1+‘]C +Cl+j02p
i=n—j =0

Ei+j€4pi — Ai+j6)\pi + Bi_i_jégpi + Di+j62gpi + Fi+j64gpi - Bi_’.jé)\gpi}}
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where A, Biyj, Citj, Diyj, Eiyj and Fii; are given by:
Cnfl = %pn_l(\/ﬁ"_ ]-); anl = %pn_l(l - \/ﬁ) .
Eno1=3p""(yP—1), Foo1=3p""'(—yD—1).

fOI" —ij = Qp]‘ .
Anfl =V p2n71 , Bno1=0
for 7ng‘ = Q,\pJ .

An—l = [\/ *3p2”71} , Bn—l =0
and forall j <n—2,

Proof. By definition,

n—1

05(x) = r1e5C0 + e5nCpn + 5,0 Copn + D {e5:Cpi + €54 Capi + €5 Cpi + E3pi Ot + €5 Cgpt + €5 Cagpr +
i=0

gigpi C4gpi + gf\gpi C)\gpi }}

To evaluate (), take s =0, then &) = Z a’ =1 forall 0 <k < 4p" — 1. Therefore,

seQd
J— J— J— n_l p— 07 J— J— p— p— J— p—
0o(z) = 757 [Co + Cpn + Capn + > {Chi + Capi + Cpi + Crpi + Cpi + Cagpi + Cagyi + Crgpi}]
i=0

For the evaluation of 6, (x),take s = p™ . so we have to compute &:Zn for k= 0,p",2p", 3p™, p', 2p’, 4p°,
A, gp', 2gp", 4gp*, Agp' .

n T
Here, &) = E a % =aq Pk = o3"%  Therefore,
s5€Q2,m
p" _ _p" _ _p" _ " _ _p" _ Pt
€0 Eopn = ~Eopi = €y = “Eoi = Eygni = 2.
p" _ p" _ _p" _ p" _ p" _
Epn = Epi Eapi = Egpi = Engpi 0.

n—1
_ _ n—j _ _ _ _
Opr (z) = 552 [Co — Capn — 2220 N (Topi — Cyr + Cag — Cagpi}]
i=n—j
Similarly @a,n(2) can be obtained.
Further to evaluate 0, (z), take s = p’ so we have to compute €£J for k = 0,p", 2p™, 3p™, p', 2p%, 4p*, \p',
gp',29p", 4gp", Agp" .

J —
EZZE ask:§ aks'

SGQPJ' Serj
Therefore, using lemma 3.6 — 3.8.
P p (")
€0 = "y = T g -
p
epn = 0.
0 ifi+j>n
aP's — aP's = ’ T
Z Z ﬁAva ifi+j5<n-—1.
sngpj seQAgpj
i i 0 ifi+j3>n
D DAL U N L
LBy, ifitj<n—L
serj seQApj

Z a:ﬂisf —¢(p;_1),ifi+j2n
) ECipifitj<n—1
seQ) pi it J= !

2gpJ
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Y 't = —2ELifitj >0
z+jvzfz+.7<n_]—

seQQPJ
s p zﬂ,zfz—&—jgn—l.
gp:
n=iy .
Y = e ifi+j>n
) LFELifiti<n—1
5eQ pItAtg J > .

4pd

. _j n-1 _ . — —
So, ij(x) = ﬁ[%{co — Cgpn} — % Z {Cgpi — C4pi + ngpi — C4gpi} +
i=n—j
1 n—j—1
_ Z {CiJerpi + Fi+j02pi + Hi+jC4pi - CiJer/\pi + Ai+ngp7; + Ei+j029pi + Gi+jC4gp1‘, — AHJ-C,\gpi}}
=0

pi

Similarly using lemma 3.6 — 3.8, we can evaluate 0, (), i (), Orpi (2), Ogpi (), Oogpi (), Oagps (z) and GAQPJ( x).
Further, the relations for A;, B;, C;, D;, E; and F; can be obtained by using the relation 6,; (a?’) =1, 8,;(a%’) =0,
09,5 (") =1 and 0,,;(a*”’) =1 and lemma 3.4 — 3.9.

Similarly we can find €, () when €, = —€,; . U

Expressions in the following theorem 3.11 — 3.12 can be obtained on similar lines as in theorem 3.10 and using
lemma 3.4 — 3.9.

Theorem 3.2 For p = 3(mod 4) the explicit expression for the (6n + 3) primitive idempotents in Rypn are given by

n—1

90(,%) = ﬁ[éo + épn + égpn + Z {épz + 621)1' + €4pi + 6gpi + 62gpi + 64gpi}]

=0
n—1
Opn (z) = 2 [2C0 — 202pn — > _ {203y — 2C 4 + 2C3gp: — 2C 4 }]
=0
n—1
92pn( ) 4 ry [CO - 6pn +62p71 - Z {apt - 621)1‘ - 64111‘ +6gpl — 62g[)i — €4gpz‘ }]
=0
n—j—1
apj (1’) = 4171[ ( ki J){CO _CQP"} ¢ e J Z {02;7 €4pi +629p C(ﬁlgp }+ Z {A7,+]C +202+]02pl+
p
1=n—7
2Ei+jc4pi + Bi+jcgpi + 2Di+jCng77 + 2Fi+jc4qp }]
Oops () = zg%n[(ﬁ(p;ﬂ){éo_i " +C2p"} - J) Z {C - O2p - O4p + Cgp - 02917 - C4gp} +
n—j—1 R
pj Z {CH-JC +El+302p +E1+]C4p +Dz+JCgp +F1+Jc2gp1 +F1+JC4QP }]
1=0
n—1
Oipi(x) = 7 [29{Co+ Cpn + Copn} + Y270 3" (T + Typi + Capi + Cgpi + Cagyi + Cagy} +
: i i=n—j
p7 Z {E2+jcpz + E’i+jc2pi + Ei+j04pi + F’LJr]Cgpl + Fi+j02gpi + Fi+jc4gpi }]
=0
n—1 1 n—j—1
0,5 (x) = L[(;5( nij){é -C n b—o( nij) {6 i —Capi +Coppi —C it+— {B; C 42D, :Coi+
gpi 1pm PP 0 2p p 2p 4p 2gp Agpt ST i+iCp i+jC2p
i=n—j i=0
2Fi+jC4pi + Ai+jcgpi + 2Ci+j02gpi + 2Ei+j04gpi}}
n—1
n—jy — — — n—j — — _ _ — _
029pj(13) = 4’%[(#(172 ){Cofcpn+02pn} - % Z {Opz — CQPi - C4pi + Cgpi — ngpz' - C4gpi} +
1=n—7
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1 n—j—1 o o o o o o
]; Z {Di—&-iji + Fi+j02pi + Fi+jC4pi + C’iHC'gpi + Ei_;’_jCQgpi + Ei+jC4gpi}]
=0
n—1
n—j
Oagps (¥) = 4117n[¢(p ){C 4+ Cpo 4 Copn} + ¢(P Z {C + 02p + C’4p + Cgpl + ngpz + C4gp} +
i=n—j
1 n—j—1 _ _
i > AFi1jCp + FiyjCopi + FiyjCupi + EijCopi + Eit jCagyi + EiyjCagpi}]
=0
An,1:0, Bn 1—0, Cnflz%(l'i_\/_p); anlzp; (1_\/—]9),
-1
E_1:p (\/7 71), Fn_lipr(\/fp+].).

Cll’ldf()}’ ll]ﬁn—? Aj:Bj:Cj:Dj:Ej:FjZO.

4. Dimension and Generating Polynomials

If « is primitive 4p™th root of unity in some extension field of F', then mg(x) = H (z—a?) denote the minimal polynomial
seQdg

for a®.

If ms(x) denote the minimal polynomial for o, se€);, then the generating polynomial for cyclic code M of length 4p™

corresponding to the cyclotomic coset ) is ””;p‘ (;)1 and the dimension of minimal cyclic code M is equal to the cardinality

of the class Qg [11].
Thus the dimensions of the codes Mo, Myn, Maopn, Mpi, Moyi, My, Mypi,

Mg}j ,Mzglpi,M%lgpi and J\{)\gpi are 1,2,1, ¢(’2’ /), ¢(121 /), ¢>(127 '), ¢(’2’ ),
d’%’ ), qb(g ), ¢(’2’ ) and ¢(’2’ ) respectively.

Theorem 4.1 (i) The generating polynomial for the codes My, Myn and Mapn are (1 + x + 2% + ... + %" 71),
(2 = 1)1 42 4 ... + 2*@" D) and (22 + 1)(x — 1)(1 + 2* + ... + 22 P" D) respectively.

(i) The generating polynomial for My,: ® Moy, and My, ® My, are O +1)(2? P 1) (2P

Y g @ D@ D@ (142 4 ea® ) especively
(iii) For p = 1(mod 4), the generating polynomial for My: ® My @ My © Mygp: is (22"
R ...x4pn_i(p1_1)) .

n—1

F1) (14"

n—i—1 n—i

(iv) For p = 3(mod4), the generating polynomial for M, &M is (xP +1)(2?P —1)(1—|—x4p”71—|—...x4p"7'i(ptl)).

Proof. (i) The minimal polynomial for a°, o?" and a®" are (x —1), (22 = p?), (x+1) and (z + p) respectively.
The corresponding generating polynomials are (1 + 2 + 22 + ... + 24" ~1), (22 — 1)(1 + 2* + ... + 2*®" 1) and
(22 + 1)z — D1 +a* + .. 422",

(i7) The product of minimal polynomial satisfied by a2’ and o297 is S

Ipnfi—l

L 11. Therefore, the generating polynomial

i—1 n—i n—1

for Moy & My, is (2P + 1)(aP" " — 1)(a?

7 i . Pn_7'_ . . .
p d9p" s %,111 Therefore, the generating polynomial for My, & My, is
p -

+ 1)1+ 2% 4 ") The product of minimal
polynomial satisfied by « and «
({L‘pnfi—l . 1)(xpn7i + 1)(w2pn—z

i % i i,
by of , a9 | o™’ and a?P" s

+ 1)(1 + :U4”"H + ...x4p"7i(pul)). Also the product of minimal polynomial satisfied

2p

peRTE 1 . Therefore, the generating polynomial for My & My, & Mgy & My gy is

n—i—1

@27 D)@ S )t ) O

5. Minimum Distance Bounds

Lemma 5.1 If [ is a cyclic code of length m generated by g(x) and its minimum distance is d, then the code I of length
mk generated by g(x)(1+ 2™ + %™ + ... + :c(kfl)m) is a repetition code of | repeated k times and its minimum distance
is dk . [2]
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Here, we find the minimum distance of the minimal cyclic code M of length 4p™ , generated by the primitive idempotent 6 .

Theorem 5.1 The minimum distance of the codes My, M,n and Ma,n are 4p™,2p™, 4p™ respectively. For 0 < i < n—1,the
minimum distance of the cyclic codes Myyi, Mygyi, Myyi and M,y are greater than equal to 8p' and for the codes
My, Mgy, My and Mgy, are greater than equal to 4p" .

Proof. Since generating polynomial for the code My is (1 + x + 22 + ... + %" 1), which is itself a polynomial of length
4p™ , hence its minimum distance is 4p™ .

The minimum distance of the cyclic code M, with generating polynomial (z? —1)(1 + o4+ x4(pn*1)) is 2p™ asitis
repetition code of length 4 with generating polynomial (22 — 1), whose minimum distance is 2 repeated p" times.

The minimum distance of the cyclic code My,n with generating polynomial (2% — 22 + 2 — 1)(1 + 2% + ... + 2*®" V) is
4p™ as it is repetition of the cyclic code of length 4 with generating polynomial (2® — 22 + 2 — 1) whose minimum distance
is 4, repeated p" times. ‘

Since the product of generating polynomial for the cyclic codes My, and Moy, is (x”n_z_l + 1), then the minimum
distance of this code say C is 2. Now consider the cyclic code C; of length 2p"~* generated by the polynomial
(a:pnﬂf1 +1)(zP""" — 1) ,and then minimum distance of this code is 4, as it is 2 time repetition of the code C'. Further,
the minimum distance of the code Cy of length 4p™~* generated by the polynomial (27" + 1)(z"  — 1)(2?" " +1)

is 8, as it is again 2 time repetition of the code (7. Since the cyclic code of length 4p™ generated by the polynomial
@ DT = D)@+ 1) (142" + 2% 7T s arepetition code of the code Cs , repeated pi times.
Hence its minimum distance is 8p’, by lemma 5.1. The codes corresponding to Qgpi and (g, are the sub codes of above
code so, by [3, 5.4] their minimum distance are greater than or equal to 8p° .

The product of generating polynomial for the cyclic codes My,: and 4gp" is (2P" T = 1)@ + 1) (2P

—i n—i

n—1

] + (1 +
" 4 o 71)) . Hence, similarly as above minimum distance of cyclic codes M,,: and 4gp® are greater than or
equal to 8p*. _ ,
Now the product of generating polynomial for the cyclic codes M, Mypi and M), is (22" 1) (22" 1) (1+
n—i—1 +1>($2p
; D@ -+
e R A _1)) is a repetition code of the code C', repeated p’ times. Hence its minimum distance is 4p®. The
codes corresponding to Qpi s Qgpi , Q Ap¢ and Q Agp¢ are the sub codes of above codes so, their minimum distances are greater

gp*
n—1i

g4 T AT ), therefore, if we take a code C' of length 4p™~¢ generated by the polynomial (x?P
1), then the minimum distance of this code C; of length 4p™ generated by the polynomial (m2p"ﬂf

than or equal to 4p®. O
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