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In practice, this would mean that we have a detector of
substandard grains, whose false positive and false negative
errors kind are zero.

Abstract
This article provides the analysis of the statistical properties
of a random grain quality assessment for the best case. In
addition, the distribution of the true unknown grain quality
value is derived under the condition of a fixed sample and its
main characteristics. The work is designed to select a sample
size that can theoretically provide the required quality of the
assessment, as well as to set algorithms for assessing grain
quality and comparing their experimentally measured quality
of work with theoretically the maximum achievable
performance.

Let us pass directly to the analysis of the greatest possible
accuracy.

MATHEMATICAL MODEL
In this case, the general total of grains is a batch of grain, in
which it is required to estimate the proportion of poor-quality
grains. We will model an unknown fraction of poor-quality
grains by a random variable 𝑃 having an a priori distribution
density 𝑓𝑝 (𝑝) with support [0,1]: 𝑃~𝑓𝑝 (𝑝), 𝑓𝑝 (𝑝) = 0 for
𝑝 ∉ [0,1]. In the absence of a priori representations of P, a
uniform a priori distribution should be used 𝑓𝑝 (𝑝) =
1[0,1] (𝑝).

Keywords: precision agriculture, grain quality, statistical
training.

INTRODUCTION
The work of agricultural enterprises can’t be imagined
without grain quality assessment technologies. The quality of
grain is a multidimensional concept, which includes various
characteristics. For example, in the paper [1] the problem of
screening out dead, chalky, cracked and immature grains of
rice is considered. The paper [2] provides an overview of
sensors that provide information on moisture content and
straw yield. And the paper [3] describes a system that
estimates the fraction of cracked grain and impurities based
on the photographic image of the grain. Evaluation of the
above parameters of grain quality is made both automatically
and manually by sorting grains into quality and substandard.

To assess the quality of grain from the batch, a random
sample is taken in the amount of n of grains. Such a grain
sample will be considered a representative sample from the
general total of grains. Let us introduce Bernoulli random
variables 𝑋𝑖 , such that 𝑋𝑖 = 0, if i grain turns out to be
qualitative, 𝑋𝑖 = 1 - otherwise.
Since the sample from the general total was taken randomly,
the quantities 𝑋𝑖 , are conditionally independent for each P
and are equally distributed as follows
ℙ[𝑋𝑖 = 1|𝑃 = 𝑝] = 1 − 𝑝
ℙ[𝑋𝑖 = 1|𝑃 = 𝑝] = 𝑝 = 𝔼[𝑋𝑖 |𝑃 = 𝑝]

In all the cases, not the whole batch of grain is analyzed, but
some small sample [4]. It is obvious that the estimation of the
fraction of substandard grains in the batch, made on the basis
of a random sample, is also random, and therefore limited in
precision. In this paper, a quantitative analysis of the
maximum possible accuracy of such an estimate is made.
This will make it possible to compare the practically
measured accuracy of the methods of estimating the fraction
of poor-quality grain with the greatest possible accuracy [5].

Let us introduce the conditional probability function for each
sample element
𝑓𝑋𝑖|𝑃 (𝑥𝑖 |𝑝) = ℙ[𝑋𝑖 = 𝑥𝑖 |𝑃 = 𝑝]
Then otherwise it can be written as follows
𝑓𝑋𝑖|𝑃 (𝑥𝑖 |𝑝) = (1 − 𝑝)1−𝑥𝑖 𝑝 𝑥𝑖
Due to the conditional independence of 𝑋𝑖 , the conditional
probability function of the entire sample will look like this

In order to maximize the accuracy studied by us, first of all
we need to make the assumption that we have a way to
accurately determine whether the grain is qualitative or not.
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𝑓𝑋|𝑃 (𝑥𝑖 |𝑝) = П𝑛𝑖=1 𝑓𝑖 (𝑥𝑖 |𝑝) = П𝑛𝑖=1 ((1 − 𝑝)1−𝑥𝑖 𝑝 𝑥𝑖 )
= (П𝑛𝑖=1 (1 − 𝑝)1−𝑥1 )(П𝑛𝑖=1 𝑝 𝑥1 )
𝑇

estimate is unbiassed and, in addition, has the smallest
variance among all the unbiassed estimates, i.e. is optimal.

𝑇𝑥

= (1 − 𝑝)𝑛−1 𝑥 𝑝1
where 1𝑇 = |1 1 … 1|.

Analysis of the accuracy of the estimate. Evaluation
distribution

Now we find the density of the conditional distribution of the
proportion of poor-quality grains under the condition of
sampling

So, the optimal estimate looks like this
𝑛

1
𝑃̂ = ∑ 𝑋𝑖
𝑛

𝑓𝑃|𝑋 (𝑝|𝑥) = 𝑓𝑋,𝑃 (𝑥, 𝑝)⁄𝑓𝑋 (𝑥) = 𝑓𝑋,𝑃 (𝑥, 𝑝)⁄∫ℝ 𝑓𝑋,𝑃 (𝑥, 𝑡)𝑑
= 𝑓𝑋,𝑃 (𝑥|𝑝)𝑓𝑃 (𝑝)⁄∫ℝ 𝑓𝑋|𝑃 (𝑥|𝑡)𝑓𝑃 (𝑡)𝑑𝑡

𝑖=1

Let's find out how it is distributed if the fraction of poorquality grains in the general total P is actually equal to the
true fraction p. First, we find the error mean square 𝑋𝑖 for a
fixed P = p

1

= 𝑓𝑋,𝑃 (𝑥|𝑝)𝑓𝑃 (𝑝)⁄∫ 𝑓𝑋|𝑃 (𝑥|𝑡)𝑓𝑃 (𝑡)𝑑𝑡
0

𝔻[𝑋𝑖 |𝑃 = 𝑝] = 𝔼[(𝑋𝑖 − 𝔼[𝑋𝑖 |𝑃 = 𝑝])2 |𝑃 = 𝑝]
= 𝔼[𝑋𝑖2 |𝑃 = 𝑝] − (𝔼[𝑋𝑖 |𝑃 = 𝑝])2
= 𝔼[𝑋𝑖2 |𝑃 = 𝑝] − 𝑝2 = 𝔼[𝑋𝑖 |𝑃 = 𝑝] − 𝑝2
= 𝑝 − 𝑝2 = 𝑝(1 − 𝑝)

MAXIMUM LIKELIHOOD METHOD
Let us apply the maximum likelihood method
𝑃̂ = arg max [𝑓𝑃|𝑋 (𝑝|𝑋)]
𝑝∈[0,1]

1

The sum of identically distributed independent Bernoulli
quantities 𝑌 = 𝑛𝑃̂ = ∑𝑛𝑖=1 𝑋𝑖 is distributed binomially, so we
can find the following

= arg max [𝑓𝑋|𝑃 (𝑋|𝑝)𝑓𝑝 (𝑝)⁄∫ 𝑓𝑋|𝑃 (𝑋|𝑡)𝑓𝑃 (𝑡)𝑑𝑡 ]
𝑝∈[0,1]

0

As an example, take 𝑓𝑃 (𝑝) = 1[0,1] (𝑝). Then

The distribution density [𝑌|𝑃 = 𝑝]

𝑃̂ = arg max [𝑓𝑃|𝑋 (𝑝|𝑋)]
𝑝∈[0,1]

𝑦

𝑓𝑌|𝑃 (𝑦|𝑝) = ℙ[𝑌 = 𝑦|𝑃 = 𝑝] = 𝐶𝑛 𝑝 𝑦 (1 − 𝑝)𝑛−𝑦 .

1

= arg max 𝑓𝑋|𝑃 (𝑋|𝑝)𝑓𝑝 (𝑝)⁄∫ 𝑓𝑋|𝑃 (𝑋|𝑡)𝑓𝑃 (𝑡)𝑑𝑡
𝑝∈[0,1]

Mode [𝑌|𝑃 = 𝑝]

0

1

= arg max [𝑓𝑋|𝑃 (𝑋|𝑝)⁄∫ 𝑓𝑋|𝑃 (𝑋|𝑡)𝑑𝑡 ]
𝑝∈[0,1]

𝑚𝑜𝑑𝑒[𝑌|𝑃 = 𝑝] = 𝑎𝑟𝑔

0

𝑇 𝑋 1𝑇 𝑋
𝑝

= arg max [𝑓𝑋|𝑃 (𝑋|𝑝)] = arg max [(1 − 𝑝)𝑛−1
𝑝∈[0,1]

= arg max [𝑒

𝑝∈[0,1]
(𝑛−1𝑇 𝑋) log(1−𝑝) 1𝑇 𝑋 log 𝑝

𝑒

𝑝∈[0,1]

max

[𝑓𝑌|𝑃 (𝑦|𝑃 = 𝑝)]

𝑦∈[0,1,2,…,𝑛]

= (𝑛 + 1)𝑝

]
Average [𝑌|𝑃 = 𝑝]

]

𝔼[𝑌|𝑃 = 𝑝] = 𝔼[∑𝑛𝑖=1𝑋𝑖 |𝑃 = 𝑝] = ∑𝑛𝑖=1 𝔼[𝑋𝑖 |𝑃 = 𝑝] =
∑𝑛𝑖=1 𝑝 = 𝑛𝑝.

= arg max [(𝑛 − 1𝑇 𝑋) log(1 − 𝑝) + 1𝑇 log 𝑝]
𝑝∈[0,1]

Variance [𝑌|𝑃 = 𝑝]
To solve this optimization problem, we find the zero
derivative of the optimized function

𝑛

𝑖=1
𝑛

𝑑
[(𝑛 − 1𝑇 𝑋) log(1 − 𝑃̂ ) + 1𝑇 log 𝑃̂ ] = 0
𝑑𝑃

=∑

𝑖=1

𝔻[𝑋𝑖 |𝑃 = 𝑝]

𝑝(1 − 𝑝) = 𝑛𝑝(1 − 𝑝)

𝑖=1

Finally, on this basis, we clarify the distribution properties of
the maximum likelihood estimate [𝑃̂|𝑃 = 𝑝]

𝑛 − 1 𝑇 𝑋 1𝑇 𝑋
=
1 − 𝑃̂
𝑃̂

Density of distribution [𝑃̂ |𝑃 = 𝑝]

𝑛𝑃̂ − 1𝑇 𝑋𝑃̂ = 1𝑇 𝑋 − 1𝑇 𝑋𝑃̂

1
𝑓𝑃̂|𝑃 (𝜏|𝑝) = ℙ[𝑃̂ = 𝜏|𝑃 = 𝑝] = ℙ [ 𝑌 = 𝜏|𝑃 = 𝑝]
𝑛
= ℙ[𝑌 = 𝑛𝜏|𝑃 = 𝑝] = 𝑓𝑌|𝑃 (𝑛𝜏|𝑝)
= 𝐶𝑛𝑛𝜏 𝑝𝑛𝜏 (1 − 𝑝)𝑛−𝑛𝜏
= 𝐶𝑛𝑛𝜏 (𝑝𝜏 (1 − 𝑝)1−𝜏 )𝑛

𝑛𝑃̂ = 1𝑇 𝑋
1
𝑃̂ = 1𝑇 𝑋
𝑛

𝑃̂ =

𝑛

𝑋𝑖 |𝑃 = 𝑝] = ∑

𝔻[𝑌|𝑃 = 𝑝] = 𝔻 [∑

𝑛
1
∑ 𝑋𝑖
𝑛
𝑖=1

Mode [𝑃̂ |𝑃 = 𝑝]

Thus, the maximum likelihood estimate for the fraction of
poor-quality grain in the general total is the fraction of poorquality grain in the sample. As it will be shown below, this
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𝑚𝑜𝑑𝑒[𝑃̂ |𝑃 = 𝑝] = 𝑎𝑟𝑔

max

[𝑓𝑃̂|𝑃 (𝜏|𝑃 = 𝑝)]

The distribution of the unknow true fraction

12
𝜏∈[0, , …,1]
𝑛𝑛

In the previous section, the statistical properties of the best
estimate of the fraction of poor-quality grains were derived
for a fixed true value of the fraction of poor-quality grains.
This result is important for the theory, but it is not applicable
in practice, since in practice the value of the fraction of poorquality grains is unknown. Therefore, in this section, based on
the previous section, we will elucidate the statistical
properties of the true unknown fraction of poor-quality grains
with the value of the estimate obtained. In other words, we
will study the properties of a posteriori distribution of the true
fraction of poor-quality grains.

𝑌
1
= 𝑚𝑜𝑑𝑒 [ |𝑃 = 𝑝] = 𝑚𝑜𝑑𝑒[𝑌|𝑃 = 𝑝]
𝑛
𝑛
1
= [(𝑛 + 1)𝑝]
𝑛
Average [𝑃̂|𝑃 = 𝑝]
𝑌
1
𝑛
𝔼[𝑃̂|𝑃 = 𝑝] = 𝔼 [ |𝑃 = 𝑝] = 𝔼[𝑌|𝑃 = 𝑝] = 𝑝 = 𝑝
𝑛
𝑛
𝑛
thus, the maximum likelihood estimate is unbiased 𝔼[𝑃̂|𝑃 =
𝑝] = 𝑝.

Here we continue to work in the framework of the example,
when the a priori distribution of the true fraction is uniform

Variance 𝑃̂|𝑃 = 𝑝
𝑌
1
𝔻[𝑃̂|𝑃 = 𝑝] = 𝔻 [ |𝑃 = 𝑝] = 2 𝔻[𝑌|𝑃 = 𝑝]
𝑛
𝑛
1
𝑝(1 − 𝑝)
= 2 𝑛𝑝(1 − 𝑝) =
𝑛
𝑛

𝑓𝑃 (𝑝) = 1[0,1] (𝑝).
So, the problem is to find the a posteriori distribution of the
unknown true fraction of a poor-quality grain 𝑓𝑃|𝑃̂ (𝑝|𝜏). We
do this according to the Bayes theorem

Mean square error 𝜎𝑃̂|𝑃=𝑝
𝜎𝑃̂|𝑃=𝑝 = √𝔻[𝑃̂ |𝑃 = 𝑝] = √

𝑝(1 − 𝑝)
𝑛

𝑓𝑃|𝑃̂ (𝑝|𝜏) =
𝑓𝑃
̂ |𝑃 (𝜏|𝑝)
1
∫0 𝑓 𝑃
̂ |𝑃 (𝜏|𝑝)𝑑𝑡

The figure 1 shows the examples of the distributions
𝑓𝑃̂|𝑃 (𝜏|𝑝)

𝑓𝑃,𝑃
̂ (𝑝,𝜏)
𝑓𝑃
̂ (𝜏)

=

𝑓𝑃,𝑃
̂ (𝑝,𝜏)

=

=

∫ℝ 𝑓𝑃,𝑃
̂ (𝑡,𝜏)𝑑𝑡

𝑛
𝐶𝑛𝑛𝜏 (𝑝𝜏 (1−𝑝)1−𝜏 )
1 𝑛𝜏 𝜏
∫0 𝐶𝑛 (𝑡 (1−𝑡)1−𝜏 )𝑛 𝑑𝑡

=

𝑝𝑛𝜏 (1−𝑝)𝑛(1−𝜏)
1

∫0 𝑡 𝜏 (1−𝑡)𝑛(1−𝜏) 𝑑𝑡

𝑓𝑃
̂ |𝑃 (𝜏|𝑝)𝑓𝑃 (𝑝)
∫ℝ 𝑓 𝑃
̂ |𝑃 (𝜏|𝑡)𝑓𝑃 (𝑝)𝑑𝑡
𝑛

(𝑝𝜏 (1−𝑝)1−𝜏 )

1
∫0 (𝑡 𝜏 (1−𝑡)1−𝜏 )𝑛 𝑑𝑡

=
=

.

Let us introduce the notation 𝛼 = 1 + 𝑛𝜏, 𝛽 = 1 + 𝑛(1 − 𝜏)
𝑓𝑃|𝑃̂ (𝑝|𝜏) =
where 𝐵(𝛼, 𝛽) =

𝑝𝛼−1 (1−𝑝)𝛽−1
1
∫0 𝑡 𝛼−1 (1−𝑡)𝛽−1 𝑑𝑡

Г(𝛼)Г(𝛽)
Г(𝛼+𝛽)

=

𝑝𝛼−1 (1−𝑝)𝛽−1
𝐵(𝛼,𝛽)

,

1

= ∫0 𝑡 𝛼−1 (1 − 𝑡)𝛽−1 𝑑𝑡 - beta

function, Г(𝛼) - gamma function.
Now we have come to the conclusion that 𝑓𝑃|𝑃̂ (𝑝|𝜏) is the
beta density, i.e. a posteriori distribution of the true unknown
fraction of grains is a beta distribution
[𝑃|𝑃̂ = 𝜏]~𝐵𝑒𝑡𝑎(𝛼, 𝛽).
The most important characteristics of this distribution is
The distribution density [𝑃|𝑃̂ = 𝜏] , as already known, is
equal to
𝑓𝑃|𝑃̂ (𝑝|𝜏) =

𝑝𝛼−1 (1−𝑝)𝛽−1
𝐵(𝛼,𝛽)

,

𝛼 = 1 + 𝑛𝜏, 𝛽 = 1 + 𝑛(1 − 𝜏).

Mode [𝑃|𝑃̂ = 𝜏]
𝑚𝑜𝑑𝑒[𝑃|𝑃̂ = 𝜏] = arg max [𝑓𝑃|𝑃̂ (𝑃̂ = 𝜏)] =
𝑝∈[0,1]
𝑛𝜏

Figure 1: Maximum likelihood estimate distributions for
different n (a (n=95), b (n=495), c (n=1995))

𝑛𝜏+𝑛(1−𝜏)

13804

= 𝜏.

𝛼−1
𝛼+𝛽−2

=
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Thus, we see that the a posteriori density of the distribution of
the true fraction of poor-quality grain reaches its maximum at
the point corresponding to the estimate obtained.
Mean [𝑃|𝑃̂ = 𝜏]
𝔼[𝑃|𝑃̂ = 𝜏] =

𝛼
𝛼+𝛽

=

1+𝑛𝜏
2+𝑛

.

Variation [𝑃|𝑃̂ = 𝜏]
(1+𝑛𝜏)(1+𝑛(1−𝜏))
𝛼𝛽
𝔻[𝑃|𝑃̂ = 𝜏] = (𝛼+𝛽)2(𝛼+𝛽+1) = (2+𝑛)2(3+𝑛) .

Hence the standard deviation of 𝜎𝑃|𝑃̂=𝜏 is
(1+𝑛𝜏)(1+𝑛(1−𝜏))

𝜎𝑃|𝑃̂ =𝜏 = √𝔻[𝑃|𝑃̂ = 𝜏] = √

(2+𝑛)2 (3+𝑛)

.

Calculate the mean square deviation of the true fraction from
its estimate
2
2
𝑀𝑆𝐸(𝑃|𝑃̂ = 𝜏) = 𝔼 [(𝑃 − 𝑃̂ ) |𝑃̂ = 𝜏] = 𝔼 [(𝑃 − 𝑃̂ ) |𝑃̂ =

𝜏].
Lets use 𝜇 = 𝔼[𝑃|𝑃̂ = 𝜏] =

1+𝑛𝜏
2+𝑛

2
𝑀𝑆𝐸(𝑃|𝑃̂ = 𝜏) = 𝔼 [((𝑃 − 𝜇) − (𝜏 − 𝜇)) |𝑃̂ = 𝜏] =

= 𝔼[(𝑃 − 𝜇)2 − 2(𝑃 − 𝜇)(𝜏 − 𝜇)
+ (𝜏 − 𝜇)2 |𝑃̂ = 𝜏] =
= 𝔼[(𝑃 − 𝜇)2 |𝑃̂ = 𝜏]
− 2𝔼[(𝑃 − 𝜇)(𝜏 − 𝜇) + (𝜏 − 𝜇)2 |𝑃̂ = 𝜏] =
= 𝔻[𝑃|𝑃̂ = 𝜏]
− 2(𝜏 − 𝜇)𝔼[(𝑃 − 𝜇)|𝑃̂ = 𝜏] + (𝜏 − 𝜇)2 =
= 𝔻[𝑃|𝑃̂ = 𝜏] + (𝜏 − 𝜇)2 =
(1 + 𝑛𝜏)(1 + 𝑛(1 − 𝜏))
(2 + 𝑛)2 (3 + 𝑛)
2
1 + 𝑛𝜏
2 + 𝜏(1 − 𝜏)(𝑛 − 6)
+(
− 𝜏) =
(2 + 𝑛)2 (3 + 𝑛)
2+𝑛
=

The MSE standard deviation 𝜎𝑀𝑆𝐸𝑃|𝑃̂=𝜏 is equal to
𝜎𝑀𝑆𝐸𝑃|𝑃̂=𝜏 = √𝑀𝑆𝐸𝑃|𝑃̂ = 𝜏 = √

Figure 2. Distributions of the true unknown fraction of poorquality grain for different n (a (n=100), b (n=500), c
(n=2000))

2+𝜏(1−𝜏)(𝑛−6)
(2+𝑛)2 (3+𝑛)

.

This value that primarily characterizes the theoretically
achievable accuracy of estimating the fraction of poor-quality
grain. The figure 2 shows the examples of the distributions
𝑓𝑃|𝑃̂ (𝑝|𝜏).
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CONCLUSION
The distribution of the best selective evaluation of grain
quality and its main characteristics, depending on the true
grain quality, was derived in the paper. In addition, the
distribution parameters of the true unknown grain quality
value were obtained under the condition of a fixed sample.
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This work allows, firstly, to select a sample size that can
theoretically provide the required quality of the assessment;
secondly, it helps in setting up grain quality estimation
algorithms; and thirdly, it allows to compare their
experimental measured performance with the theoretically
maximum achievable performance.
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