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Abstract 

In this paper a thorough simulation study is performed and 

analyzed for practical control of a quadrotor. After a 

systematic construction of a control system, linear and 

nonlinear techniques are compared to see their performances 

on position control of a quadrotor. In the simulation heading-

hold and heading-varying commands are tried and the 

feedback effects of Euler angular rates and body rates are also 

examined. Finally an effective technique for long distance 

guidance is proposed. 

 

INTRODUCCTION  

Recently more and more quadrotors (or multicopters) are 

adopted to various applications. To perform safe and 

satisfactory missions a good flight controller should be 

designed. First a brief survey on quadrotor control is 

described and then quadrotor dynamics and control structure 

are discussed. After the controller is set various situations are 

simulated and analyzed. In the literature several techniques 

such as linear, nonlinear, learning-based, hybrid schemes are 

used to control quadrotors. As linear techniques PID or PD 

controller is most used and Linear Quadratic or Ὄ  schemes 

often used. Those linear techniques, in fact, are good enough 

for most of quadrotor control [1].  

Bouabdallahet al. showed that both PID and Linear Quadratic 

techniques work well on the control of indoor quadrotor under 

some disturbances[1,2]. Li  et al. used Ὄ  and Model 

Predictive Control to stabilize attitude and position control 

under weak wind[3]. Since quadrotor dynamics are inherently 

nonlinear, several nonlinear techniques are tried. Bouabdallah 

and Siegwart showed that backstepping and sliding-mode 

techniques can be used to control a quadrotor indoor under 

some disturbances[4].  Fang et al. combined backstepping 

with an adaptive controller to deal with model uncertainty and 

disturbance, reducing outputs’ overshooting, delay, and 

steady-state errors[5]. Feedback linearization techniques first 

linearize the nonlinear parts of the quadrotor dynamics and 

adopt linear control for the linearized system. Kendoul et al. 

showed that feedback linearization is able to control a 

quadrotor in several flight tests[6]. As a learning-based 

technique, Efe used neural networks to simplify PID 

controller, thus reducing computation time[7].  

As seen in the above a flight controller based-on a single-

technique such as PID does not show a good performance 

other than a given flight condition.  

In this paper thus a thorough simulation study is performed 

and analyzed for practical control of a quadrotor. After a 

systematic construction of a control system, linear and 

nonlinear techniques are compared to see their performances 

on position control of a quadrotor.  In the simulations 

heading-hold and heading-varying commands are tried and the 

feedback effects of Euler angular rates and body rates are also 

examined. Finally an effective technique for long distance 

guidance is proposed. 

 

QUADROTOR  DYNA MICS 

In this section simple quadrotor dynamics are introduced 

using conventional Euler angles [8]. First we consider 4 

frames shown in Fig. 1. By rotating the Earth-fixed 

frame(ὢȟὣȟὤ, unit vectors ȟᴆᴆ,ᾀᴆ) through yaw angle  

about ὤ -axis, one gets 1-frame (ὢȟὣȟὤ , unit vectors 

ȟᴆᴆ,ᾀᴆ), and by rotating 1-frame through pitch angle — 

about ὣ-axis, one gets 2-frame (ὢȟὣȟὤ , unit vectors 

ȟᴆᴆ,ᾀᴆ), and finally by rotating 2-frame through roll angle ‰ 

about ὢ -axis, one gets 3-frame (ὢȟὣȟὤ , unit vectors 

ȟᴆᴆ,ᾀᴆ), which is equal to the body-fixed frame (ὢȟὣȟὤ, 

unit vectors ȟᴆᴆȟᾀᴆ). 

 

Figure 1: Relationships between frames by Euler angles 
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To derive quadrotor dynamics let’s denote the forces and 

torques by each motor as Ὂȟ† as shown in Fig. 2. Then the 

forces driven by motors and gravity are gives as  

Thrust     Ὂᴆ ὊὯᴆ             (2.1) 

Gravity  ÍὫᴆ άὫὯᴆ               (2.2) 

where&  Ὂ Ὂ Ὂ ὊȢTherefore the translational 

equations of motion are given as  

Íὶᴆ ὊὯᴆ άὫὯᴆ            (2.3) 

where ὶᴆ ὼ ᴆ ώ ᴆ ᾀὯᴆ is the position vector from the 

origin of the Earth-fixed frame to the center of mass of the 

quadrotor. 

 

Figure 2: Forces and torques by motors 

 

Then the equations are resolved as follows  

Íὼ Ὂ ÓÉÎÓÉÎ‰ ÃÏÓÓÉÎ—ÃÏÓ‰  

Íώ Ὂ ÃÏÓÓÉÎ‰ ÓÉÎÓÉÎ—ÃÏÓ‰  (2.4) 

 Íᾀ άὫ ὊÃÏÓ—ÃÏÓ‰ 

 

These equations can be expressed as follows using the rotation 

between the Earth-fixed frame and 1-frame. 

Íὼ

Íώ

Íᾀ

ÃÏÓ ÓÉÎ π
ÓÉÎ ÃÏÓ π
π π ρ

ὊÓÉÎ—ÃÏÓ‰
ὊÓÉÎ‰

άὫ ὊÃÏÓ—ÃÏÓ‰

ÃÏÓ ÓÉÎ π
ÓÉÎ ÃÏÓ π
π π ρ

Íὼ
Íώ
Íᾀ

          (2.5) 

These equations can be used in giving heading commands. 

If the body-fixed frame for a quadrotor is a principal axes 

system then the rotational equations of motion are given as 

follows 

Ð ήὶ †   

ή ὶὴ †               (2.6) 

              ὶ ὴὶ †   

Where 

Rolling torque † ὰὊ Ὂ        (2.7) 

Pitching torque † ὰὊ Ὂ        (2.8) 

Yawing torque † † † † †   (2.9) 

 

And the relationship between the angular velocities in the 

body frame (ὴȟήȟὶ and the Euler rates are given as 

‰

—


ρ ÓÉÎ‰ÔÁÎ— ÃÏÓ‰ÔÁÎ—
π ÃÏÓ‰ ÓÉÎ‰
π ÓÉÎ‰ÓÅÃ— ÃÏÓ‰ÓÅÃ—

ὴ
ή
ὶ

     (2.10) 

 

NONLINEAR  CONTROL  OF  A  QUADROTOR  

For the control of a quadrotor we first consider the attitude 

control and the position control is then designed based on it. 

For the attitude control let’s assume that the Euler angles and 

their rates are small then one can assume that the following 

holds. 

‰

—


ὴ
ή
ὶ

   (2.11) 

Then the rotational equations of motion can be expressed as 

‰ — †  

— ‰ †                 (2.12) 

            ‰— † 

For the attitude control one can use a stable PD controller as 

follows 

‰ — † Ὧ ‰ Ὧ ‰ ‰   

— ‰ † Ὧ — Ὧ — —    (2.13) 


Ὅ Ὅ

Ὅ
‰—

ρ

Ὅ
† Ὧ  Ὧ    
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Since (ὴȟήȟὶ are available from the gyros one can still use 

them to eliminate the nonlinear terms as follows 

† ḳὍ Ὧ ‰ Ὧ ‰ ‰ Ὅ Ὅήὶ  

†ḳὍ Ὧ — Ὧ — — Ὅ Ὅὶὴ   (2.14) 

† ḳὍ Ὧ  Ὧ   Ὅ Ὅὴή 

Or one can easily feedback (ὴȟήȟὶ if the maneuver is not so 

big as follows 

† ḳὍ Ὧ ὴ Ὧ ‰ ‰ Ὅ Ὅήὶ 

†ḳὍ Ὧ ή Ὧ — — Ὅ Ὅὶὴ  (2.15) 

† ḳὍ Ὧ ὶ Ὧ   Ὅ Ὅὴή 

For position control we first assume that the heading is held in 

the North direction, i.e.,  π. Then the equation (2.5) is 

given as follows 

ὼ ÓÉÎ—ÃÏÓ‰    

ώ ÓÉÎ‰                    (2.16) 

 ᾀ Ç ÃÏÓ—ÃÏÓ‰ 

Now the position control is performed by PD controller as 

follows 

ὼ ÓÉÎʃÃÏÓ‰ ḳ Ὧ ὼ Ὧ ὼ ὼ ḳό  

ώ ÓÉÎ‰ḳ Ὧ ώ Ὧ ώ ώ ḳό     (2.17) 

ᾀ Ὣ
Ὂ

ά
ÃÏÓ—ÃÏÓ‰ḳ Ὧ ᾀ Ὧ ᾀ ᾀ ḳό 

That is, feedback linearization is accomplished by 

       (2.18) 

ό
 
ÔÁÎ‰        (2.19) 

ό ό ὫÔÁÎ—      (2.20) 

Thus the pitch and roll commands for position control can be 

given by 

‰ ÔÁÎ ȟ— ÔÁÎ  (2.21) 

Then the systematic controller block diagram is given as 

follows 

 

Figure 3: Structure for multicopter control 

 

In case the heading command is not held zero but varys it can 

be handled as follows. After rearranging the equation (2.4) 

ὼ

ώ
ÃÏÓ ÓÉÎ
ÓÉÎ ÃÏÓ

ÓÉÎ—ÃÏÓ‰

ÓÉÎ‰
 (2.22) 

use PD control (2.17) as follows 

ὼ

ώ
ÃÏÓ ÓÉÎ
ÓÉÎ ÃÏÓ

ÓÉÎ—ÃÏÓ‰

ÓÉÎ‰

ό
ό .(2.23) 

Or 

     
ÓÉÎ—ÃÏÓ‰

ÓÉÎ‰

ÃÏÓ ÓÉÎ
ÓÉÎ ÃÏÓ

ό
ό  

όÃÏÓ όÓÉÎ

όÓÉÎ όÃÏÓ
ḳ
όᴂ

όᴂ
  (2.24) 

Thus the pitch and roll commands can be computed as follows 

‰ ÔÁÎ ȟ— ÔÁÎ . (2.25) 

This technique can be used for arbitrary heading commands. 

 

SIMULATION  OF  ATTITUDE  CONTROL  

In order to see the performance of attitude controller we adopt  

PD controller of the equation (2.14) implementing MATLAB 

Simulink as follows (Fig. 4.). For the simulation the 

parameters in [9] are used. 

Parameter Values 

m 2.3536 [kg] 

Ὅ 0.1676 ËÇϽά  

Ὅ 0.1676 ËÇϽά  

Ὅ 0.2794 ËÇϽά  
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Figure 4: Attitude control of multicopter 

 

In the simulation two sets of control gains were tried as 

follows. 

Gains Simulation1 Simulation 2 

Ὧ , Ὧ , Ὧ  100 16 

Ὧ , Ὧ , Ὧ  16 4.8 

 

Pitch and roll responses in Fig. 5. are good enough and yaw 

response is also good though a little overshoot. With a set of 

big gains the response times are within 0.5 seconds, which 

seem fast enough for the translational maneuver of a 

quadrotor. 

 

 

Figure 5: Simulation results of attitude control 

POSITION CONTROL  WITH NONLINEAR SCHEME  

For the position control we need to implement the equations 

(2.17) and (2.21), which was done using MATLAT Simulink 

as in the following figure. 

 

 

Figure 6. Position control block-diagram for multicopter 
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In the simulation (Fig. 7.) the altitude and heading commands 

were set to zero and Ø ρ ÍȟÙ ς Í. The position 

commands were accomplished in 1 second and the heading is 

kept zero. The next simulation was done with the heading 

command of first view to the target, i.e.,  ÁÔÁÎςȟρ. 

In this case the equations (2.18), (2.24), and (2.25) are 

implemented because the heading is not held zero. The 

simulation (Fig.8.) shows that the heading catches up the 

command quickly and the pitching and rolling works together 

with the heading. 

 

LINEAR CONTROL  

In this section we try linear control techniques. First we 

linearize the quadrotor dynamics (Eqn. (2.12)) assuming that 

the heading is kept zero and the trim is held for ‰ πȟ—

π. Then the rotational dynamics are linearized as follows 

 

                Ўה †         

Ўʃ †                 (2.26)     

Ўʕ †  

 

 

Figure 7: Position control with nonlinear scheme 

 ( π, Euler rates feedback) 

 

And the translational equations of motion are linearized as 

follows 

Ўὼ ὫЎʃ  

Ўώ ὫЎ‰                 (2.27)    

               Ўᾀ
Ў

 

 

Figure 8: Position control with nonlinear scheme 

 ( ÁÔÁÎςȟρ, Euler rates feedback) 

 

Then if we use PD control as in eqn. (2.17) 

Ўὼ ὫЎʃḳ Ὧ Ўὼ Ὧ Ўὼ Ўὼ ḳЎό        

Ўώ ὫЎ‰ḳ Ὧ Ўώ Ὧ Ўώ Ўώ ḳЎό   (2.28) 

Ўᾀ
ЎὊ

ά
ḳ Ὧ Ўᾀ Ὧ Ўᾀ Ўᾀ ḳЎό 

the attitude angle and thrust commands are given as 

Ў—
Ўό

Ὣ
 

Ў‰
Ў

                         (2.29) 

ЎὊ άЎό 

In case the heading is not kept zero one may use the equation 

(2.22) assuming that the variables are small as follows 

Ўὼ

Ўώ

ÃÏÓ ÓÉÎ
ÓÉÎ ÃÏÓ

Ὂ

ά
Ў—

Ὂ

ά
Ў‰

 

   
ÃÏÓ ÓÉÎ
ÓÉÎ ÃÏÓ

ὫЎ—
ὫЎ‰

ḳ
Ўό
Ўό   (2.30) 

That is, 
 
ὫЎ—
ὫЎ‰

ÃÏÓ ÓÉÎ
ÓÉÎ ÃÏÓ

Ўό
Ўό      (2.31) 

Therefore the attitude commands are given as 

Ў— 
Ў Ў

                

Ў‰
Ў Ў

         (2.32) 

The simulation results with linear control are similar to those 
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with nonlinear one as seen in Fig. 9. 

 

 

Figure 8: Position control with linear scheme  

( ÁÔÁÎςȟρ, Euler rates feedback) 

 

The next simulation (Fig. 10) shows the effects of p,q,r 

feedback  rather than Euler rates ‰ȟ—ȟ  and some 

overshoots are shown because in this case the exact 2nd 

feedback system is not made.  

 

 

Figure 90. Position control with linear scheme 

 ( ÁÔÁÎςȟρ, Angular rates feedback) 

 

Another simulation is tried to see the effect of varying heading 

command which is given to direct the target all time (ʕ

ÁÔÁÎ ώȟὼ). With this heading command the final approach to 

the target seems unstable due to the sensitivity of the heading 

computation near the target.  

 

 

Figure 101: Position control with linear scheme 

 ( ÁÔÁÎώȟὼ, Euler rates feedback) 

 

POSITION CONTROL VIA  SPEED CONTROL 

If  we try to send the quadrotor farther away (for example,  

ὼ ςπ άȟώ σπ ά),  big overshoots results in with 

previous gains (Fig. 12.) because the closed-loop system 

works as a lightly damped system due to the limits of the 

attitude commands (our case ȿ‰ȿ ςπЈȟȿ—ȿ ςπЈ) 

If the gains are tuned again as in Fig. 13., a good tracking can 

be made. However, if the target is changed into a far distant 

position (for example,  ὼ ρππ άȟώ ςππ ά), then big 

overshoots come again even with the tuned gains. Thus 

another gain tuning should be tried. And on can see that it is 

not easy to tune a proper set of gains for each target position. 

Therefore it is necessary to find a consistent way to be applied 

to any target distance. For this purpose a position control via 

speed control is proposed. That is, a speed control is used until 

the quadrotor reaches the target within a prespecified radius 

and then the previously used PD control is applied to precisely 

send the quadrotor to the target. That is, using the equation 

(2.27), one can let the feedback keep the speed 10 m/sec, for 

example, as follows in case  π. 
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Figure 112: Position control with big overshoots 

 (( π, Euler rates feedback) 

 

 

Figure 123: Position control with gains tuned. 

 (( π, Euler rates feedback) 

 

Ўὼ

Ўώ
ὫЎ—
ὫЎ‰

ὯЎὼ ρπ

π
        (2.33) 

In case the heading is not kept zero one may use the 

coordinate transformation between the Earth frame and the 1-

frame, that is,  

ὼ

ώ
ÃÏÓ ÓÉÎ
ÓÉÎ ÃÏÓ

Ὂ

ά
ÓÉÎ—ὧέί‰

Ὂ

ά
ÓÉÎ‰

 

ÃÏÓ ÓÉÎ
ÓÉÎ ÃÏÓ

ὼ
ώ

              (2.34) 

Or using the following linearized one  

Ўὼ

Ўώ
ÃÏÓ ÓÉÎ
ÓÉÎ ÃÏÓ

ὫЎ—
ὫЎ‰

 

ÃÏÓ ÓÉÎ
ÓÉÎ ÃÏÓ

Ўὼ
Ўώ

         (2.35) 

We can use the following feedback 

Ўὼ
Ўώ

ὫЎ—
ὫЎ‰

ὯЎὼ ρπ
π

.        (2.36) 

Thus once the flying gets started the quadrotor turns the 

heading to the target line, i.e., 

  ὸὥὲ .  

and then the speed control (2.36) is operated until the 

quadrotor reaches near the target and then PD controller used. 

Fig. 14 shows this simulation results. 

 

Figure 14: Position control via speed control 

 (ʕ ÁÔÁÎ ώȟὼ) 

 

One can still use different speed command schedule according 

to the remaining distance. 

 

CONCLUSION 

In this work various situations were simulated for quadrotor 

control. First the simulations show that nonlinear and linear 

control schemes are similar in performance.  As far as the 

heading command is concerned constant heading commands, 

whether it is zero or not, are not a problem but real-time 

varying heading command to the target seems to bring the 

instability near the target due to the computational sensitivity.  

For the attitude control it seems better to feedback the Euler 

rates rather than the body rates. Finally in order to send the 

quadrotor to a target with arbitrary distance the proposed 

control strategy (position control via speed control) seems 

working well whereas the gains should be changed in the gain 

tuning method. 
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