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Abstract: For cooperative multicast systems using nonorthogonal multiple access, we propose optimal power allocation to maximize the achievable rate, and present its
performance analysis in terms of average achievable rate and
outage probability assuming Rayleigh fading channels. To
perform the optimal power allocation, the source requires
instantaneous channel information for a subset of the links.
In the performance analysis, we provide approximate expressions for the average achievable rate and outage probability of
the optimal power allocation using high signal-to-noise ratio
(SNR) approximation. From the high SNR performance analysis, we show that the performances for the optimal power
allocation are not affected by the number of destinations,
while those for the fixed power allocation become worse as
the number of destinations increases, which can be a remarkable finding although the optimal power allocation requires
the overhead for the channel information feedback and the
complexity for computing the power allocation coefficients.
Keywords: Cooperative multicast system, non-orthogonal
multiple access, decode-and-forward relaying, power allocation, Rayleigh fading channels.

INTRODUCTION
Multimedia broadcast and multicast service has attracted
great attention in cellular systems [1]. Recently, cooperative multicast transmission with the help of relays has been

focused to cope with fading, shadowing, and path loss effects
in wireless channels [2], [3]. In [2], the outage probability and
power allocation of cooperative multicast systems (CMSs)
with amplify-and-forward relaying have been investigated
for Rayleigh fading channels, and in [3] the outage probability of decoded-and-forward based CMSs using the best relay
selection has been studied for Rayleigh fading channels.
Non-orthogonal multiple access (NOMA) allowing the
simultaneous transmission of multiple data signals [4] has
been recently introduced into cooperative communication
systems to improve their spectral efficiency, e.g., coordinated
multi-point systems using NOMA [5], cooperative NOMA
systems using maximum ratio combining (MRC) [6], and
cooperative relaying systems using NOMA [7], [8].
In this paper, we introduce the NOMA scheme into CMSs,
which may be a natural extension to enhance the spectral efficiency, and propose optimal power allocation to maximize the
achievable rate of the CMSs using NOMA. We also present its
performance analysis in terms of average achievable rate and
outage probability for independent Rayleigh fading channels,
where the source requires instantaneous channel information
for a subset of the links (i.e., the source-to-relay and relayto-destination links) to perform the optimal power allocation.
In the performance analysis, we provide approximate expressions for the average achievable rate and outage probability
of optimal power allocation using high signal-to-noise ratio
(SNR) approximation. From the high SNR performance analysis, it is shown that the performances for optimal power
allocation are the functions of only SNR and the average channel power for the source-to-relay link and are not affected by
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slot, where Pt denotes the total transmit power, si denotes
the i-th multicast data symbol with a unit average power,
and ai represents the power allocation coefficient for symbol
si . We assume that a1 + a2 = 1 and a1 > a2 . Then, the
relay decodes and cancels symbol s1 with SIC, and hence can
decode symbol s2 . On the other hand, the destinations decode
symbol s1 regarding symbol s2 as noise. For the second time
slot, then only the relay sends the decoded symbol s2 with
power Pt to the K destinations.

Figure 1. A cooperative multicast system using NOMA, where
the solid and dashed lines represent signal transmissions for the
first and the second time slots, respectively.

The channel coefficients of S-to-R, S-to-Dk , and R-to-Dk
links are denoted as hSR , hSk , and hRk , respectively, and
assumed to be independent complex Gaussian random variables with mean zero, i.e., their magnitudes are independent
Rayleigh random variables. Then, the received signals at the
relay and the k-th destination during the first time slot are
respectively given as


rSR = hSR ( Pt a1 s1 + Pt a2 s2 ) + nSR ,
(1)
and

the number of destinations. Further, through numerical investigation, the average rate and outage probability of CMS using
NOMA with optimal power allocation are compared to those
of CMS using NOMA with fixed power allocation as well as
the conventional CMS, respectively.



rSk = hSk ( Pt a1 s1 + Pt a2 s2 ) + nSk ,

(2)

where nSR and nSk represent additive white Gaussian noise
with variance σ 2 at the relay and the k-th destination, respectively. Using (1), the received SNRs of symbol s1 and s2 at
the relay are respectively
s1
=
γSR

SYSTEM MODEL

|hSR |2 ρa1
,
|hSR |2 ρa2 + 1

(3)

and
We consider the CMS with K destinations (D1 , D2 , · · · , DK ),
as shown in Fig. 1, where a source (S) transmits multicast
signals to the K destinations directly and through a relay
(R). In the CMS, the NOMA protocol [4] is employed to
enhance the spectral efficiency. In the CMS using NOMA,
the K destinations receive two independent multicast data
symbols during two time slots and achieve the sum rate for
the two data symbols, whereas in the conventional CMS, the
destinations obtain only a single multicast data symbol during
two time slots. It is noted that, in CMS using NOMA, all the
destinations desire the same multicast data, and the multicast
data transmissions succeed only when every destination successfully decodes the received signals from the source and
the relay. In this paper, we assume that all the destinations
are simple receivers that do not require complicated processing for decoding such as MRC and successive interference
cancellation (SIC).
√
In the CMS using NOMA, the source sends Pt a1 s1 +
√
Pt a2 s2 to the relay and the K destinations for the first time

s2
= |hSR |2 ρa2 ,
γSR

(4)

s2
where ρ = Pt /σ 2 , and γSR
in (4) is obtained after cancellation of symbol s1 . Using (2), the received SNR of symbol s1
at destination k is
s1
=
γSk

|hSk |2 ρa1
.
|hSk |2 ρa2 + 1

(5)

For the second time slot, the signal received by destination k
from the relay is given as

rRk = hRk Pt s2 + nRk ,
(6)
where nRk is additive white Gaussian noise with variance σ 2
at the destination, and thus the received SNR for symbol s2
is
s2
γRk
= |hRk |2 ρ.
(7)
The achievable rate of multicast transmission is dominated
by the worst link to minimize outage and retransmission [9].
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Using (3) and (5), the achievable rate for symbol s1 in the
CMS using NOMA is thus obtained as [7, eq. (8)]
1
s1
=
CM
2

min



s1
s1
s1 
log2 (1+γSR
), log2 (1+γS1
),· · ·, log2 (1+γSK
),

(8)
where it is noted that the relay should decode symbol s1 for
SIC. As the achievable rate for decode-and-forward relaying
is determined by the weakest link between S-to-R and R-toDk links [10], using (4) and (7), the achievable rate for symbol
s2 in the CMS using NOMA is obtained as [7, eq. (9)]

Optimal Power Allocation

In this section, we derive an optimal power allocation coefficient, a2∗ , in order to maximize the achievable sum rate in
s2
(12). If λSR a2 ≤ Y , then CM
= 21 log2 (1 + λSR ρa2 ). Thus,
pro
when λSR a2 ≤ Y , the derivative of CM in (12) with respect
to a2 is obtained as
pro

dCM
da2




Xρ
λSR ρ
1
+
1 + Xρa2
2 ln 2 1 + λSR ρa2
(λSR − X)ρ
.
(13)
=
2 ln 2(1 + Xρa2 )(1 + λSR ρa2 )
1
=−
2 ln 2




1
s2
s2
s2 
min log2 (1+γSR
), log2 (1+γR1
),· · ·, log2 (1+γRK
),
2
pro
(9)
dCM
where the achievable rate of multicast transmission between As λSR ≥ X, da2 ≥ 0 when λSR a2 ≤ Y . If λSR a2 > Y ,
s2
1
the relay and the destinations is determined by the worst link. then CM = 2 log2 (1 + Yρ). Hence, when λSR a2 > Y , the
pro
Using (8) and (9), the achievable sum rate in the CMS using derivative of CM in (12) with respect to a2 is obtained as
NOMA is obtained as


pro
dCM
Xρ
1
=
−
.
(14)
pro
s1
s2
CM = CM
+ CM
.
(10)
2 ln 2 1 + Xρa2
da2
s2
=
CM

dC

POWER ALLOCATION AND
PERFORMANCE ANALYSIS
Let the average power of hSR be denoted as βSR , and the
average powers of hSk and hRk be denoted as βSk and βRk
for k = 1, 2, · · · , K, respectively. Mostly, the relay is located
between the source and the destinations, and thus the S-toR link may be better than the S-to-Dk link in terms of path
loss and shadowing effects. In this paper, hence, it is reasonably assumed that βSk < βSR for all k. Hereafter, let
λSR  |hSR |2 , λSk  |hSk |2 , and λRk  |hRk |2 .
pro

Using (3)-(5) and (7), CM in (10) is expressed as
pro
CM



min{λSR , λS1 , · · · , λSK }ρa1
1
= log2 1 +
2
min{λSR , λS1 , · · · , λSK }ρa2 + 1


1
+ log2 1 + min {λSR a2 , λR1 , · · · , λRK } ρ (11)
.
2

pro

pro

Thus, daM2 < 0 when λSR a2 > Y . It means that CM is
an increasing function of a2 for a2 ≤ λYSR but a decreasing
function of a2 for a2 > λYSR . Therefore, an optimal power
allocation coefficient can be obtained as a2∗ = λYSR . However,
pro
a2∗ = 0.5 when λYSR ≥ 0.5 because 0 < a2 ≤ 0.5 and CM
increases with a2 for a2 ≤ λYSR . Thus, the optimal power
allocation coefficient for the CMS using NOMA is obtained
as
⎧
⎨ λY for λY < 0.5
SR
SR
∗
a2 =
.
(15)
⎩ 0.5 for Y ≥ 0.5
λSR
From (15), it is noteworthy that the instantaneous channel
information for the S-to-R and R-to-Dk links, except for the
S-to-Dk link, for all k are required at the source for the optimal
power allocation.

Performance Analysis for Optimal Power Allocation

Letting X  min{λSR , λS1 , · · · , λSK } and Y
pro
min{λR1 , · · · , λRK }, CM in (11) is rewritten as
pro

CM

=

1
1
log2 (1 + Xρ) − log2 (1 + Xρa2 )
2
2


1
+ log2 1 + min {λSR a2 , Y } ρ ,
2


As the statistical analysis of (12) with the optimal power
allocation in (15) may be intractable, using high SNR
approximation, (12) is approximated as follows:
(12)

pro

CM

∼
ρ→∞

1
log2
2

 AC .

where we use that a1 = 1 − a2 .
4493



1
a2


+



1
log2 min {λSR a2 , Y } ρ
2
(16)
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Inserting (15) into (16), the approximate sum rate for the
optimal power allocation is obtained as
⎧
 
⎪
⎨ 21 log2 λYSR + 21 log2 (Yρ) for λYSR < 0.5
A∗C =


⎪
⎩ 1 log2 (2) + 1 log2 λSR ρ
for λYSR ≥ 0.5
2
2
2
1
1
(17)
log2 (λSR ) + log2 (ρ).
2
2
From (17), it is noted that the sum rate for the optimal power
allocation is dependent on only the channel for the S-to-R
link and the transmit SNR, ρ. Using the probability density
1 −x/βSR
function (PDF) of λSR , fλSR (x) = βSR
e
, and [11, eq.
(4.331.1)], the approximate average sum rate for the optimal
power allocation is obtained as

where [11, eq. (4.331.1)] is used. Using (16) and the PDF of Z,
the approximate outage probability with the outage threshold
Rt for the fixed power allocation is obtained as

22Rt a2
AO = Pr {AC < Rt } = Pr Z <
ρ

=

∞ 1
1
log2 (x)fλSR (x)dx
log2 (ρ) +
2
2
0


log2 e
1
1
EC + ln
, (18)
= log2 (ρ) −
2
2
βSR

Ā∗C =

where EC denotes the Euler constant. In addition, letting Rt
be a rate threshold of the outage, and using the PDF of λSR ,
the approximate outage probability for the optimal power
allocation is derived as

2Rt

 ∗
22Rt
−2
∗
= 1 − e ρβSR .
AO = Pr AC < Rt = Pr λSR <
ρ
(19)
From (18) and (19), it is noted that in the high SNR
regime, the performances for the optimal power allocation
are dependent upon only ρ and βSR , and become better as
those increase.
Performance Analysis for Fixed Power Allocation

= 1−e

2Rt

−2 ρ



1
βSR

+a2

K

1
k=1 βRk



.

(21)

From (20) and (21), it is noted that in the high SNR regime,
the performances for the fixed power allocation rely on ρ, K,
a2 , βSR , βRk for all k, and become better as ρ, βSR , and
βRk ’s increase but worse as K and a2 rise. Hence, the optimal power allocation achieves more performance gain over
the fixed power allocation as K and a2 (used for the fixed
power allocation) increase and βRk ’s decrease since the performances for the optimal power allocation depend on only
ρ and βSR , as seen in (18) and (19).
Performance Gain Analysis of Optimal Power Allocation

Theorem 1. In high SNR regime, when K increases, the rate
gain achieved by optimal power allocation over fixed power
allocation increases with the scaling of 21 log2 K.
Proof. From (18) and (20), the rate gain becomes


K

1
1
∗
ĀC − ĀC = log2 1 + βSR a2
2
β
k=1 Rk


β a
(a) 1
= log2 1 + K SR 2
2
βRD
1
∼ log2 K,
2

(22)

In order to compare with the average rate and outage performance for the optimal power allocation, we derive the approx- where (a) follows from the assumption that βRk = βRD for all
imate average sum rate and outage probability for the fixed k, that is, the second hop channels are identically distributed.
power allocation. Letting Z  min{λSR a2 , Y } and using the

PDF of λRk , fλRk (x) = β1Rk e−x/βRk , the PDF of Z is given as

 −x  1 +K 1 
K
Theorem 2. Let a target average rate be given as TC , and
1
1
k=1 βRk
βSR a2
. Using
fZ (x) = βSR a2 + k=1 βRk e
the SNR to achieve the target average rate be µO for optimal
the approximate expression in (16) and the PDF of fZ (x), the power allocation and µ for fixed power allocation. Then, in
F
approximate average sum rate for the fixed power allocation high SNR regime, the SNR gain achieved by optimal power
is then obtained as
allocation over fixed power allocation is obtained as µµOF =
 
∞


1
1
1
1

1
log2 (x)fZ (x)dx
+ log2 (ρ) +
ĀC = log2
1 + βSR a2 K
k=1 βRk .
2
a2
2
2
0



K

log2 e
1
1
1
EC + ln
+ a2
, Proof. (18) and (20) are respectively rewritten as
= log2 (ρ) −
2
2
βSR
βRk


k=1
1
Ā∗C = log2 ρ e−EC βSR ,
(23)
(20)
2
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⎛

−1 ⎞
K

1
1
1
⎠ . (24)
ĀC = log2 ⎝ρ e−EC
+ a2
2
βSR
βRk
k=1

Using (23) and (24), the SNRs, µO and µF , to achieve a given
target average rate, TC , are respectively obtained as
µO =

µF = 22TC eEC

22TC eEC
,
βSR

(25)

 1
1
+ a2
βRk
βSR
K


(26)

.

k=1

Using (25) and (26), the SNR gain is then obtained as
 1
µF
= 1 + βSR a2
.
βRk
µO
K

(27)

k=1

Figure 2. Average rates of N-CMS with OPA and FPA when
βSR = 2, where a1 = 0.9 and a2 = 0.1 for FPA.


Theorem 3. Let a target outage probability be given as TO ,
and the SNR to achieve the target outage probability be νO for
optimal power allocation and νF for fixed power allocation.
Then, in high SNR regime, the SNR gain achieved by optimal
powerallocation over fixed power
allocation is obtained as

K
νF
1
k=1 βRk .
νO = 1 + βSR a2
Proof. Using (19) and (21), the SNRs, νO and νF , to achieve
a given outage probability, TO , are respectively obtained as
νO = −

νF = −2

2Rt

−1
22Rt 
,
ln(1 − TO )
βSR

 1
1
+ a2
βSR
βRk
K





(28)
−1

ln(1 − TO )

. (29)
Figure 3. Average rates of N-CMS with OPA and C-CMS
when βSR =1, 2.

k=1

Using (28) and (29), the SNR gain is then obtained as

NUMERICAL RESULTS
νF
νO

K

1
= 1 + βSR a2
.
βRk

(30)

k=1


The results of Theorem 2 and Theorem 3 consistently show
that, for high SNR, the SNR gain of optimal power allocation
in comparison with fixed power allocation increases as βSR ,
K, and a2 (used for the fixed power allocation) increase and
βRk decreases.

From [12, eq. (15)] and [3, eq. (2)], the achievable rate for
the conventional CMS (C-CMS) with decode-and-forward
relaying is given as


1
con
CM
= log2 1+min{λSR , λS1 +λR1 , · · · , λSK +λRK }ρ .
2
(31)
To compare with the NOMA-based CMS (N-CMS), the average rate and outage probability of C-CMS are obtained by (31)
through Monte Carlo simulation. For simulations, the values
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FPA well match their simulated ones for high SNR, respectively. As seen in (18), the approximate results for OPA are
not affected by K. Also, the simulated results for OPA with
K = 5 and 15 become closer as SNR increases although OPA
with K =5 has better rate performance than that with K =15
for low SNR. OPA provides better average rate compared
with FPA as SNR rises. The rate gain achieved by OPA over
FPA increases with K at high SNR. Fig. 3 compares the average rates of N-CMS with OPA and C-CMS when βSR =1
and 2. The figure illustrates that the rate gain achieved by
N-CMS with OPA over C-CMS increases as βSR goes up for
high SNR, but C-CMS attains better rate performance than
N-CMS with OPA for low SNR. For large K, N-CMS with
OPA achieves considerably better rate compared with C-CMS
when SNR is high.
Figure 4. Outage probabilities of N-CMS with OPA and FPA
when βSR = 2, where a1 = 0.9 and a2 = 0.1 for FPA.

Fig. 4 shows the outage probabilities of N-CMS with OPA
and FPA with a1 = 0.9 and a2 = 0.1 when βSR = 2. In
the figure, the approximate and simulated results are in good
agreement for high SNR.Analogous to the average rate results
in Fig. 2, when Rt =3, the outage performances for OPA
with K =5 and 15 become similar for high SNR. However,
the outage performance for FPA diminishes as K increases.
Thus, OPA attains higher performance gain than FPA when K
is large. In addition, OPA has better outage performance than
FPA as Rt rises. Fig. 5 compares the outage probabilities of
N-CMS with OPA and C-CMS when βSR = 2. In the figure,
it is observed that when K = 5 and Rt = 3, N-CMS with
OPA achieves better outage performance in comparison with
C-CMS at low SNR, but has similar performance to C-CMS
at high SNR. For Rt = 3, when K is large, N-CMS with
OPA has similar performance to C-CMS for all SNR regime.
However, as Rt goes up, N-CMS with OPA works better than
C-CMS.
It is noted that N-CMS with OPA requires instantaneous
channel state information (CSI) for the S-to-R and R-to-Dk
links for all k at the source, whereas N-CMS with FPA and CCMS require no CSI at the source. Therefore, OPA achieves
the performance gain at the cost of CSI feedback overhead.

Figure 5. Outage probabilities of N-CMS with OPA and
C-CMS when βSR = 2.

of βSk and βRk for all k are uniformly generated between 0.1
and 0.2, and between 1.0 and 1.1, respectively.
Fig. 2 shows the average rates of N-CMS with optimal
power allocation (OPA) and fixed power allocation (FPA)
with a1 = 0.9 and a2 = 0.1 when βSR = 2. The figure demonstrates that the approximate results for OPA and

CONCLUSIONS
In this paper, we present OPA for CMS using NOMA to
maximize the achievable rate, and investigate its average rate
and outage probability assuming independent Rayleigh fading channels, where the source should know instantaneous
CSI for a subset of the links for OPA. Numerical results show
that for high SNR, the rate and outage performances for the
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OPA are not affected by the number of destinations, whereas
those for the FPA are degraded as the number of destinations
increases, which is a remarkable finding. On the other hand,
as compared to the conventional CMS, CMS using NOMA
with OPA attains better outage performance as the outage
threshold increases, and achieves better rate performance for
high SNR as the number of destinations. However, the performance gains of OPA are achieved at the expense of CSI
feedback overhead. Therefore, we may determine whether
to adopt the OPA or not, by considering the CSI feedback
overhead and the computational complexity at the source in
addition to the achievable performance gain.
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