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Abstract
This paper describes the modelling and simulation of the
operating principle of a two degrees of freedom (2-DOF)
Cartesian Robot, including dynamics and kinematics
modelling, followed by the design and implementation of the
appropriate control technique that eventually will be used for
path tracking, developing a comparative analysis between
three proposed controllers: PD, PD+ and the inverse tangent
reaching law. The control system data input will be drawn
either regular and irregular closed trajectories or shapes
captured by an artificial vision system based on edge detection
and image processing.
Keywords: Dynamics, kinematics, control system, PD, PD+,
artificial vision system, image processing.

INTRODUCTION
Since the first industrial revolution with the mechanization of
the British textile industry, the progress in the design of
machines and the innovation in automation became key pillars
for economic development and modern robotics is a logical
result [1, 2]. In the last decades, different techniques in
robotics and automation, such as trajectory planning and
control have been used by industries to be more productive,
resource efficient and responsive to consumers, considering
the need to determine how well the manipulators or industrial
robots perform a given task. Once the end effector and joint
trajectories are planned, knowing the task specifications and
controller limits, different controllers can be used to make the
robot perform the task [3].
This paper aims to improve the performances of a previously
build open-loop 2-DOF Cartesian robot, by using different
control strategies and imaging processing techniques and thus
achieve the maximum tracking resolution and therefore get a
more efficient behavior for all possible industrial applications.
Figure 1 shows the Cartesian robot, which also includes an
artificial vision system that properly allowed a trajectory
detection by images as the input for the open-loop tracking
system [4], but with 10 mm of position error that must be
reduced. These robots and machine vision systems have been
widely used together in industry for accuracy and speed
demanding tasks, such as cutting [5], painting [6], gluing [7],
fail diagnosis [8], shape tracking [9] or quality control [10].

Figure 1. 2-DOF Cartesian robot.

The work is organized as follows. First kinematic and
dynamical models are developed in order to properly analyse
the robot behaviour in terms of joint variables and endeffector position [11]. These models were simulated with
Matlab Simulink to obtain the joints velocity, acceleration and
force as responses of inputs, required for controllers design.
Then, three different control techniques for path tracking were
addressed and compared in both time response and accuracy,
considering a point-to-point desired trajectory [12]. Finally,
there is a brief description of the artificial vision system and
data processing to recognize the path to track, which allowed
to performed tests and hence lead to results and concluding
remarks.

KINEMATICS
Forward kinematics is used to get the position and orientation
of the end-effector, based on joint variables. As known, the
manipulator to analyse is a Cartesian robot with two degrees
of freedom and a planar movement, i.e. 2D (x, y) work space
or a surface with a set of points that can be reached by its endeffector [13]. This forward kinematics could be made by
means of a series of homogenous transformations that relate
each link coordinate frame with its neighbours, using the four
quantities of the Denavit-Hartenberg notation for describing
the link itself and its connections [14]. As a result, the
transformation matrix that relates the end-effector with base
frame origin in terms of positions and rotations, is shown in
eq. (1):
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The matrix that specifies a mapping from velocities in joint
space to velocities in Cartesian space is called the Jacobian,
which in this case have only translation variables (no
rotations) [15]. The Jacobians of position and orientation in
eq. 2 are used for the formulation of motion equations, static
analysis of configurations and motion planning [16].
0 0
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1 0

0
𝐽𝑜 = [0
0

0
0]
0

(2)

Using the transformation matrix of forward kinematics and
the Jacobian it is possible to analyse the behaviour of the
robot, using the Inverse Differential Kinematics algorithm
shown in equation (3). This technique for inverting kinematics
(and then get joint variables based on position and orientation
of the end-effector) is independent of the solvability of the
kinematic structure, nonetheless, it is necessary that the
Jacobian be square and of full rank.
⃗
𝑞𝑛+1 = 𝑞𝑛 + 𝐽𝑝 (𝑞0 )−1 ∗ 𝑉

𝑑
|𝑉| ∗ 𝑛

DYNAMICS
Obtaining the dynamical model of a manipulator plays an
important role for simulation of motion, analysis of
manipulator structures and design of control algorithms.
Basically, forward dynamical model computes joints
acceleration with given joint forces, while inverse model does
the opposite job with link masses as parameters [17].
Simulating manipulator motion allows control strategies and
motion planning techniques to be tested without the need to
use a physically available system. Furthermore, computation
of the forces and torques required for the execution of typical
motions provides useful information for designing joints,
transmissions and actuators.
To get the dynamic model, it was used the Lagrange-Euler
formulation, as the equations of motion can be derived in a
systematic way independently of the base coordinate frame
and effectively describes the link positions of the 2-DOF
manipulator, using the mechanical system Lagrangian to
obtain the dynamics matrix, as shown in eq. (4) and eq. (5).
𝐿 =𝐾−𝑈

(3)

(4)

Where 𝑞𝑛 is the coordinates vector of a single step in a point
to point trajectory, 𝑞0 is the first step, 𝑑 is distance, 𝑛 is the
⃗ is an direction unit vector and 𝑞𝑛+1 is the
current step, 𝑉
coordinates vector of the next step in the trajectory.

Where 𝐿 is the Lagrangian matrix, and 𝑇 and 𝑈 denote the
total kinetic and potential energy, respectively [15].

The behavior of joint variables and end-effector can be
analyzed applying the inverse difference kinematics
algorithm, in every single step of a point to point movement.
See Figure 2.

Using Simulink, the dynamic model can be simulated to
obtain velocity, acceleration and joint forces as responses to
an input, and then design the appropriate control technique.
As can be seen in Figure 3, eq. 5 was driven to a block
diagram that shows the sequential derivatives of position
inputs and the final products with the links masses. Figures 4,
5 and 6 shows an example of X and Y inputs, the joints
velocities and their forces, respectively, which suggests that
dynamical model allows to analyze more variables that
kinematics model.
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a)

Figure 3. Dynamic model block diagram.

b)
c)
Figure 2. a) X and Y velocities of the end-effector in a 20 point
trajectory, during position variation in joints b) X and c) Y.

The inverse difference kinematics algorithm shows the
operating principle of the robot in a simple coordinate
movement. The joint velocities need to be proportional and
constant to achieve that movement, but due to the lack of data
used in the kinematic model, the behavior shown is still
inappropriate for control design.
Figure 4. Inputs: X and Y signals.
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Figure 5. Prismatic joints velocities.

Figure 8. Inverse tangent output.
The PD and the PD+ controllers are designed to obtain a
critical damping to minimize the error, as being efficient for
general control, despite the nonlinearity and uncertainty of the
robots dynamics [18]. In fact, one of the practical methods to
control nonlinear systems is to design linear controllers via the
linearization of the system about an operating point and the
definition of a control law as simple as shown in Eq. 6 [19].
𝑢 = 𝐾𝑝 𝑒 − 𝐾𝑑 𝑒̇

(6)

Where 𝐾𝑝 and 𝐾𝑑 are the proportional and the derivative gain
matrices; 𝑒 = 𝑞𝑑 − 𝑞 and 𝑒̇ = 𝑞̇ 𝑑 − 𝑞̇ denote the position and
velocity error vectors, defined using the following criteria:

Figure 6. Prismatic joints forces.

CONTROLLERS DESIGN
According to the dynamical and kinematic models, different
control techniques are available to this type o mechanism, this
paper addresses 3 of them:
 Inverse tangent numeric control with position
feedback.
 PD controller.
 PD+ controller.

𝐾𝑝 = 𝑤𝑛 2 , 𝐾𝑑 = 2𝑤𝑛 ,
𝑤𝑛 = √𝐾𝑝 , 2𝛿 √𝐾𝑝 = 𝐾𝑣
𝛿=1

The PD controller is a MIMO linear controller that ensures
position tracking, based on the structure shown in Figure 9:

The inverse tangent numeric control, is based in the point to
point movement, assuming constant joint velocities and
applying the following algorithm:
θ = atan2((yf-y0),(xf-x0))
Va = 1500 Hz
Vy = Va*sin θ
Vx = Va*cos θ

(7)

Figure 9. PD controller structure [20].

Using Simulink, the PD controller is simulated with the path
shown in Figure 10, acting as position inputs X and Y. Figure
11 corresponds to the block simulation developed, which uses
de joints velocities and accelerations (Figures 12 and 13) to
obtained the end-effect position as the control system output
(Figure 14).

Algorithm 1. Inverse tangent algorithm.

Figure 7 is the simulation of this first controller on Simulink,
and Figure 8 is the obtained approximate result to the input
data

Figure 7. Inverse tangent block diagram.

Figure 10. Input path.
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Figure 11. PD block diagram.

Figure 15. PD+ controller structure [15].

Using Matlab Simulink, the PD+ controller is simulated with
the same input path previously shown in Fig 10. Hence,
Figures 16, 17, 18 and 19 describes the block diagram of
simulation, joints acceleration, joints velocities and endeffector position as the system output, respectively.
Figure 12. Joints acceleration.

Figure 16. PD+ block diagram.

Figure 13. Joints velocities.

Figure 17. Joints acceleration.

Figure 14. End-effector position.
Nevertheless, the PD controller has no velocity control, so it
would have position error and will affect the end result
accuracy at considerable levels, just as it can be seen in Figure
14, where both X and Y inputs and outputs were compared.
Therefore, the next controller should be considered in order to
look for better results.
The PD+ controller is a MIMO lineal controller that involves
the dynamic model using stabilizing linear control and
nonlinear compensation, via the following structure:
Figure 18. Joint velocities.
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Figure 19. End-effector position.

Figure 19 let to conclude that PD+ controller shows and
efficient way to control position and tracking velocity, as the
output result is more accurate than the other controllers.

Figure 21. 25x17.5 cm workspace for camera calibration.

Once the camera is calibrated, a shapes detection algorithm is
applied to detect closed paths or shapes (Fig. 22) [4].

ARTIFICIAL VISION SYSTEM
The artificial vision system is based on a correspondence
method used to get the camera intrinsic and extrinsic
parameters in order to find the pixel-real world measure
correspondence, trying to accomplish the computer vision
main aim to duplicate the effect of human vision by
electronically perceiving and understanding an image [21].
A C# user interface was developed in order to find the
intrinsic and extrinsic camera parameters, via camera
calibration with the image-processing library Emgu CV,
which makes it possible for OpenCV functions to be called
from .NET programming languages, such as C# [22]. The
result is shown in Figure 20, where an automatic chessboard
detection is performed, with no information supplied
regarding the number of rows or columns, as a valuable tool
for camera calibration [23].

Figure 22. Shapes detection.

The shapes detection algorithm detects all kinds of paths,
regular and irregular. The detection resolution depends of the
camera pixel resolution, which in this case, was 640x480. To
increase the path detection it is required to increase the
camera technical features.

FINAL RESULTS
To test the entire system, two different paths were used, as
shown in Figure 23. One of them had a regular shape
(circular) and the other one was irregular. Both of them were
used to test the behavior of the artificial vision system and the
control techniques applied in section III. The results are
shown in Figure 24.
Figure 20. Camera calibration.
Once the camera is calibrated, the C# app corrects the camera
distortion and ensure the pixel-mm correspondence according
to the chessboard dimensions. In Fig 21. There is an example
of a chessboard used to show the results of the camera
calibration.
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Figure 27 shows the joint velocities with the irregular path
input for the Inverse Tangent Numeric Controller too. The
final result was painted by the robot as shown in Figure 28.

Figure 23. Regular and irregular paths.

Figure 24. Paths acquired by the artificial vision system.

Once the paths are acquired by the artificial vision system,
they are introduced as inputs of the each control technique
that were described in section II to analyze final results and
velocity behavior.

Figure 27. X-Y joint velocities with ITN Controller (irregular path)

Figure 25 shows the joint velocities for the circular path input
and the Inverse Tangent Numeric Controller. The final result
was painted by the robot as shown in Figure 26.

Figure 28. Irregular path tracked with ITN Controller.

Figures 29 to 32 show the same work performed by the PD
controller, i.e. joints velocities acquired by the C# app and the
path painted by the 2-DOF Cartesian robot for both circular
and irregular paths:

Figure 25. X-Y joint velocities with ITN Controller (circular path)

Figure 29. X-Y joint velocities with PD Controller (circular path)

Figure 26. Circular path tracked with ITN Controller.
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Figure 30. Circular path tracked with PD Controller.

Fig 33. X-Y joint velocities with PD+ Controller (circular path)

Figure 31. X-Y joint velocities with PD Controller (irregular path)
Figure 34. Circular path tracked with PD+ Controller.

Figure 32. Irregular path tracked with PD Controller.

Finally, Figures 33 to 36 show the same work performed by
the PD+ controller, i.e. joints velocities acquired by the C#
app and the path painted by the 2-DOF Cartesian robot for
both circular and irregular paths:
Figure 35. X-Y joint velocities with PD+ Controller (irregular path).
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[9]

[10]
Figure 36. Irregular path tracked with PD+ Controller.

[11]

CONCLUSSIONS
According with the final results obtained from the controllers,
it was easy to conclude that the PD+ controller had the most
complete behavior of all three. The inverse tangent controller
was the fastest to complete the path tracking, but with mayor
position error; the PD controller was the slowest of all and
also complete the path tracking with a not so good accuracy.
Finally, the PD+ controller complete the path tracking at high
speed with high accuracy. The control techniques applied
have multiple applications like: industrial mechanism, CNC
machines, 3D printers and others.
The artificial vision system was a low cost device that worked
perfectly with the given circumstances. It showed high
accuracy and efficiency with low limitations. This kind of
systems can be applied in different fields of engineering, such
as virtual reality, space recognizing, 3D reconstruction, 3D
scanner, among others.
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