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Abstract 

 

This paper deals with the problem of the maintenance scheduling in a multi-

component system for which a required reliability level has to be warranted 

until the next planned stop for maintenance. Particularly, the tackled problem 

concerns both the determination of the elements set on which to perform 

preventive maintenance and the optimal number of maintenance crews in 

order to warranty the required reliability level at the minimum maintenance 

cost. The problem is formulated as a mathematical programming model that 

becomes very hard to solve for large practical systems. For such reason, a new 

effective approach based on a constrained genetic algorithmis herein proposed 

and tested with reference to a naval diesel propulsion unit. 

 

Keywords: Maintenance scheduling optimization; series–parallel systems; 

constrained genetic algorithm; mathematical programming model. 

 

 

1.Introduction 

Modern production systems are ever more complex and capital intensive than in the 

past, thus they must be daily operative for more than a shift per day. This result can be 

obtained by a proper plant design and realizing a proper maintenance policy in order 

to maintain over the time the system performance. The most used measure in 

evaluating the system performance is its stationary availability, defined as the 

probability that the system is working at a generic time t or also as the expected 

percentage of time in which the system is working. For some continuous operating 

systems (chemical processing facilities, power plants, aircrafts, ships, etc.) the failure 
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event can be dangerous, too expensive or even disastrous. For these reasons, a high 

level of reliability is required. The reliability is another meaningful parameter to 

assess the system performance and it expresses the probability that the system 

operates without failure for a fixed period of time under stated conditions. The 

evolution of the system reliability depends on the system structure as well as on the 

reliability function of its own elements. System reliability is strongly affected by 

maintenance activities and, in order to reach the related requiredvalue by the 

minimum maintenance cost, proper maintenance policies must be applied. 

Maintenance policies are usually classified into two fundamental categories: 

corrective and preventive maintenance. The latter consists of actions that improve the 

condition of the system elements before they fail. The growing importance of 

preventive maintenance has been leading an increase in studies concerning with the 

optimal maintenance models. Basically, they can be classified into two fundamental 

classes: single-unit and multi-unit systems models (Certa et al 2013).This paper deals 

with a multi-unit system and therefore a short review of the literature on multi-

component preventive maintenance optimization models is hereafter reported. 

Cho and Parlar(1991) gave the following definition of multi-unit maintenance 

models: “Multi-component maintenance models are concerned with optimal 

maintenance policies for a system consisting of several units of machines or many 

pieces of equipment, which may or may not depend on each other 

(economically/stochastically/structurally). The Authors presented a wide overview 

about the multi-unit system maintenance models developed up to 1991 while Dekker 

et Nicolai (1997) gave an overview of the literature on multi-component maintenance 

optimization models published after 1991. Wang (2002) made a survey on 

maintenance policies of deterioration systems that summarizes, classifies and 

compares various existing maintenance policies for both single-unit and multi-unit 

systems. A comprehensive literature study on maintenance policies of deterioration 

systems are reported in Lupo (2014a). 

One of the most critical problems in preventive maintenance optimization is to 

set the optimal maintenance frequency and/or to establish the optimal grouping of 

elements on which perform the maintenance actions. 

Tam et al. (2006), proposed simple models to assist managers of small to 

medium production plants to determine the optimal maintenance intervals with 

different managerial requirements, namely minimum reliability requirement, 

maintenance budget and minimum total cost.For systems constituted by many 

components, the grouping problem is a complicated combinatorial optimization 

problem. For this reason heuristic search algorithms are needed in order to find a good 

solution. Among them, genetic algorithms (GAs) have been proven to be effective 

optimization tools (Lupo, 2014a). 

Muñoz et al. (1997) were probably the first ones that proposed the use of the 

GA as an optimization tool for maintenance scheduling activities. Marseguerra and 

Zio (2000) proposed an approach to the optimal maintenance and repair strategies of 

an industrial plant based on the coupling of GAs and Monte Carlo techniques. The 

Authors showed that the search procedure by GAs allows to efficiently perform the 

analysis of a realistic system in reasonable computing time. Lapa et al. 
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(2006)developed a model to find preventive maintenance policies which provide a 

high level of reliability with low cost and they proposed the GA as tool to search the 

optimum maintenance policy. Levitin and Lisnianski(2000) generalized a preventive 

maintenance optimization problem to a multi-state systems with a range of 

performance levels. The possible preventive maintenance actions are characterized by 

their ability to affecton effective age of component. A universal generating function 

technique and a GAis used to solve the problem of the respect of the system 

performance by the minimum maintenance cost. Recently, also suitable statistical 

tools based on for attributes (Inghilleri, 2015; Lupo, 2015) or for variables (Lupo, 

2014b) control charts are considered to support the choice of maintenance actions to 

be performed on a multi-component system. 

 

 

2. Problem formulation 

The system herein considered consists of components, some of which constituted by 

parallel-series sub-systems. It is supposed that the maintenance actions, also on the 

elements in parallel, must be carried out within the planned system downtime. As well 

known, for some continuous operating systems the stop for failure implies high 

production loss and maintenance costs as well as risks for the workers. Furthermore, 

the downtime is required as short as possible and in any case smaller than the planned 

interval. In fact, out of this interval, the cost of system unavailability and the cost of 

the maintenance crews increase considerably. For these reasons, the failure 

probability must be lower that an accepted value, that is the reliability of the system 

between the restart and the next planned stop must be higher than a fixed value. 

The maintenance actions on the elements are carried out by maintenance crews 

that can not overcome a fixed number. The maximum number of crews arises from 

the maximum resources availability or from a constraint on the number of resources 

that can operate simultaneously on the system to be maintained. Crews must be 

reserved for the planned maintenance period, within which the maintenance actions 

should be performed, unless exceptional cases. Therefore the unit cost of such 

resources is time dependent and in particular it presents three values: the first occurs 

for the period in which the resource is actually employed, the second, lower than the 

first, for the time within the planned interval in which the resource eventually is not 

employed and the third, higher than the first, for the employment over the planned 

interval if it occurs. A maintenance action on a specific element implies a cost of 

spare parts and it makes the element as good as new. The system downtime, which 

implies an unavailability cost, is calculated as the ratio between the sum of time to 

perform all maintenance actions and the number of all employed crews. 

The tackled problem concerns the determination of both the set of elements on 

which to perform preventive maintenance and the optimal number of maintenance 

crews warranting the required reliability level at the minimum maintenance cost. The 

problem can be formulated as: 

 

 min C         (1) 
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Subject to: 

 

n nmax         (3) 

 

Rs Rs*         (4) 

 

where: 

Ci = cost of spare parts for the element i; 

n = integer variable representing the number of the maintenance crews; 

I = set of components on which to perform the maintenance actions; 

ti = time to perform the maintenance actions on the component i; 

tp = planned maintenance interval; 

cs = cost for unit time for system unavailability within the planned interval; 

cs
′
 = cost for unit time forsystem unavailability out of the planned interval; 

cc = crew cost for unit time for the period in which the resource is actually employed 

within the plannedinterval; 

cc
'
= crew cost for unit time for the time within the planned interval in which the 

resource is not employed; 

cc
″
= cost for unit time of a crew out of the planned interval; 

y = binary variable that takes value 1 if the time to perform maintenance actions is 

greater than tpand0otherwise; 

nmax = maximum number of crews that may work on the system simultaneously; 

Rs* = minimum accepted value of reliability. 

 

As mentioned before, the system considered consists of several components in 

series, some of them constituted by parallel-series sub-systems. System reliability can 

be expressed in terms of reliability of the K components, by: 

 

 
1

K

S j

j

R R

        (5) 

 

The reliability of each sub-system is calculated on the base of the reliability Ri 

of each element and on the base of the reliability relations among them. Given the 

reliability functions of each element and called Ti the starting time of the maintenance 

planned interval, it is possible to calculate the reliability of the elements at time Ti+1, 

known the instant of the last action on the element and the information about the state 
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of the element (operating or not) at time Ti. Therefore it is possible to calculate the 

system reliability at time Ti+1. If, as it is to be expected, the value is lower than the 

level required, the elements on which to perform the maintenance actions must be 

determined. The actions will imply an increase of each element reliability and thus of 

the system reliability. 

 

 

3 Mathematical programming model 

The tackled problem can be formulated as a mathematical programming model. Eq. 

(2), to be minimized, becomes: 
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subject to constraints expressed by Eqs. (3) and (4). 

In Eq. 6, the variables xi are Boolean variables equal to 1 if the component i 

belongs to the maintenance group I and 0 otherwise. Furthermore, the Boolean 

variable y is subject to the two following constraints: 
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In order to simplify the model, the constraint (4) can be linearly expressed by: 

 

       (8) 

 

The reliability Rj of the component j at time Ti+1 depends on the maintenance 

actions on the elements belonging to it. The logarithmic increase of each element 

reliability due to a maintenance action does not imply the same increase of the 

parallel-series components reliability. In order to maintain the linearity of the 

constraint, the following procedure, described by a simple example, has been 

implemented. Suppose to have a component constituted by two elements A and B in 

parallel. The maintenance actions on this component may involve the element A only, 

the element B only or both. This last condition is expressed by introducing a further 

Boolean variable xAB. The logarithm of the component reliability turns into: 

*
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where R’j is the component reliability with no actions and lnR(j,i) is the reliability 

increase of the component j due to the action on i (i = A,B,AB). To express that only 

one of the three conditions can be realized, the following constraint is introduced: 

 

 1A B ABx x x         (10) 

 

It is clear that, by increasing the number of elements it implies a greater 

number of variables to treat and therefore the problem becomes rapidly intractable 

(Certa et al., 2012a). In order to overcome the limits of the mathematical 

programming approach, the GA described in the following section is proposed. 

 

 

4 Genetic algorithm and optimal number of crews calculation 

A chromosome binary-coding is used to encode a generic solution. According to this 

encoding methodology, the chromosome size is N, that is the number of the system 

elements, and the generic site i is equal to 1 if the maintenance action on element i is 

performed, 0 otherwise. 

The choice of parents is randomly determined by using the roulette wheel 

method and the employed crossover operator is a classical two point crossover. The 

mutation operator simply exchanges two randomly selected genes of the chromosome. 

The fitness function is the inverse of the cost function expressed by Eq. (2). 

Since the considered model is constrained, during the evolutionary process it is 

possible to produce infeasible solutions. There are three possible approaches to the 

management of infeasible solutions: (a) repair the infeasible solutions to force it to be 

feasible through some repair procedure; (b) discard infeasible solutions and continue 

the evolutionary process until a feasible solution is produced; and (c) penalize 

infeasible solutions by using a specific penalty function. It was shown that the GA 

optimization can be more effective when action (a) or (c) are carried out (Certa et al., 

2012b). 

In this work the first approach is utilized, by adding to the evolution operators 

a deterministic repair procedure. The repair operator changes some genes 0 into 1 

until the reliability constraint is respected. The choice of the repair sites is randomly 

determined assigning to each gene 0 a probability to be selected, proportional to the 

ratio between the system reliability increment, due to the action on the gene, and the 

related cost. The values of the GA parameters are: crossover and mutation 

probabilities 1 and 0.15 respectively; population dimension 50; number of generations 

60. 

For sake of simplicity, the variable n, i.e. the number of the maintenance 

crews, is not considered in the chromosome encoding and therefore, in order to 

calculate the fitness value, the number of crews must be determined. Known the 

elements on which to perform the maintenance actions and calculated the related 
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maintenance time, the optimal number of crews can be calculated by the following 

procedure. 

If, employing the maximum number of crews, the real maintenance time 

overcomes the planned interval, nmax represents the optimal value, since the cost 

function (Eq. 2) decreases by increasing the value of n. Otherwise, the number of 

crews that minimizes the cost can be calculated by fixing the derivative of the cost 

function (Eq. 2) equal to 0, with y = 0: 
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Because n must be an integer value, the cost function must be calculated for 

int
+
[n] and int

-
[n] and the value that implies the minimum cost will be chosen. 

Moreover, the following equation must be satisfied, as well: 
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Therefore, the optimal value of n is the maximum between the two values 

previously calculated if it is lower than nmax, otherwise it is nmax. 

 

 

5. Case study 

The GApreviously developed is applied and tested with referenced to the optimal 

maintenance scheduling in a naval diesel propulsion unit. The latter represents a 

critical system for the ship availability, thus a very high reliability level is required. 

The considered diesel propulsion unit is a medium-size system, thus both the 

mathematical programming approach and the GA previously developedcan be 

adopted to optimize itsmaintenance scheduling. In such a way, the effectiveness of the 

proposed GA approach can be tested by comparing the obtained results.The 

considered diesel propulsion unit is composed by 34 components, some of them 

constituted by l branches in parallel with m elements in series for each branch. Such a 

component is indicated in Table 1 as (l,m) and the corresponding elements are listed 

reading the branches from the top to the bottom and from the left to the right. The 

table also shows the data that characterize each element. In particular, Ri is the 

element reliability without maintenance action and Ri is the increment of reliability 
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due to maintenance action. Assumed cc as cost unit, all other cost parameters are 

referred to it. The system reliability at time Ti+1, without maintenance actions at time 

Ti, results equal to 0,9109. 

 

Table 1: Input data 

 

Comp. Elem. Ci ti Ri Ri Comp. Elemmmmm. Ci ti Ri Ri 
1(2,1) 1 50 11 0.98504 0.01495 11(2,1) 26 20 5 0.98684 0.01209 

2 60 7 0.98679 0.01320 27 20 5 0.98684 0.01209 

2 (2,1) 3 50 11 0.98544 0.01455 12 28 50 12 0.99703 0.00296 

4 60 7 0.98601 0.01239 13 29 30 6,67 0.99768 0.00231 

3 (2,1) 5 50 11 0.84745 0.15254 14 30 55 8,33 0.99785 0.00214 

6 60 7 0.94715 0.05125 15 31 41 8,33 0.99782 0.00216 

4 (2,1) 7 50 11 0.98543 0.01456 16 32 41 13,33 0.99784 0.00215 

8 60 7 0.98679 0.01161 17 33 100 10 0.99706 0.00293 

5(2,2) 9 40 8 0.91724 0.06957 18 34 41 13 0.99797 0.00202 

10 50 9 0.91943 0.06941 19 35 30 8 0.99789 0.00210 

11 40 8 0.88733 0.09948 20 56 30 9 0.99768 0.00231 

12 50 9 0.90827 0.08057 21 37 40 7 0.99778 0.00221 

6 (2,2) 13 13 12 0.98677 0.01321 22 38 30 10 0.99781 0.00218 

14 97 10 0.98405 0.01276 23 39 40 12 0.99767 0.00232 

15 13 12 0.98679 0.01320 24 40 20 8,33 0.99782 0.00217 

16 97 10 0.98407 0.01274 25 41 50 10 0.99778 0.00221 

7 (2,1) 17 20 8 0.99541 0.00439 26 42 30 12 0.99785 0.00215 

18 20 8 0.99541 0.00439 27 43 20 13 0.99778 0.00221 

8 (2,1) 19 50 11 0.98104 0.01242 28 44 10 14 0.99784 0.00214 

20 50 11 0.98107 0.01239 29 45 15 10 0.99785 0.00205 

9 (2,1) 21 30 5 0.99596 0.00368 30 46 30 5 0.99767 0.00232 

22 30 5 0.98660 0.00980 31 47 35 6 0.99784 0.00214 

10 

(3,1) 

23 10 10 0.98662 0.00979 32 48 40 7 0.99767 0.00232 

24 10 10 0.98660 0.00980 33 49 50 8 0.99767 0.00232 

25 10 10 0.98659 0.00981 34 50 44 13 0.99789 0.00210 

 

 

In order to test the effectiveness of the GA, two values are considered for each 

of the principal parameters that characterize the problem (tp, RS
*
, nmax and cs) and a 

full experimental design has been carried out, as shown in Table 3. In the same Table, 

the results obtained by the GA are compared with those obtained by mathematical 

programming approach. The latter has been performed by means of the commercial 

software LINGO 10. The other parameters that characterize the problem are reported 

in table 2. 

 

 

 

Table 2: Other parameters 

 

cs
′
 cc

'
 cc

″
 

2∙cs 0.7 1.5 
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Table 3: Solutions obtained 

 
tp RS* nmax cs Genetic algorithm Mathematical programming C% 

cost n elements elements 

30 0.97 5 10 936.2 5 5,11,12,29,35,38,40,42,48 5,9,10,29,35,38,40,42,48 0.00% 

50 1976.90 5 6,9,11,29,31,35,38,40,45,49 6,11,12,28,29,31,33,35,37,40,45,48 0.57% 

10 10 891.20 8 5,9,10,29,35,38,40,42,48 5,11,12,29,35,38,40,42,48 0.00% 

50 1454.30 10 6,9,11,29,35,38,40,44,49 5,11,12,28,29,36,40,45,49 0.73% 

0.99 5 10 1858.94 5 6,9,12,21,28,32,35,49 5,9,12,28,32,35,49 1.95% 

50 4262.69 5 6,9,12, 28,31,33,35,49 6,9,12,28,31,33,35,49 0.00% 

10 10 1429.89 10 5,9,12,28-32,35,49 5,9,11,28,29,31,32,34,50 0.61% 

50 2362.85 10 6,9,12,28,32,34,49 5,9,12,28,32,35,49 0.04% 

100 0.97 5 10 1182.00 4 5,9,11,29,35,38,40,41,48 6,9,11,12,29,35,38,40,43,48 0.10% 

50 2221.90 5 6,9,11,29,31,35,38,40,45,49 6,11,12,28,29,31,33,35,37,40,45,48 0.51% 

10 10 1181.20 4 5,11,12,35,38,40,42,48 6,9,11,12,29,35,38,40,43,48 0.03% 

50 1944.30 10 6,9,11,29,35,38,40,44,49 5,11,12,28,29,36,40,45,49 0.55% 

0.99 5 10 1834.12 5 5,11,12,15,28,29,31,49 5,9,12,28,29,31,32,35,50 1.75% 

50 3696.90 5 6,9,12,28,38,40,42,49 6,9,12,28,31,33,35,49 1.00% 

10 10 1792.26 6 5,9,12,28,29,31,32,34,50 5,9,12, 28,29,31,32,34,50 0.00% 

50 2928.00 10 6,9,11,12,28,32,34,49 5,9,12,28-32,35,49 0.04% 

 

 

The crews number obtained by LINGO is the same as the one obtained by the 

GA. The results show the effectiveness of the GA developed. Just in two cases the 

difference between the costs obtained by the two methods exceeds 1%. In four cases 

the GA finds the optimum value: while in three cases the solutions of the two 

approaches are identical, in one case (the first row in table 3) the GA singles out a 

solution having the same cost and a greater reliability. In fact the two solutions differ 

for the branch of the component n.5 on which the maintenance actions are performed. 

The cost is equal because the elements of the two branches are identical but, having a 

different history, they have different reliability. The GA selects the branch with lower 

reliability and then maximizes the component reliability. 

 

 

6. Conclusions 

The paper deals with a maintenance optimization problem for a multi-component 

system for which the goal is to respect a fixed level of reliability at minimum 

maintenance cost. The tackled problem is formulated as a non-linear integer 

programming model and solved by a commercial software. Nevertheless, the presence 

of parallel-series components makes hard or even impossible to solve it for large real 

systems. In order to overcome the limits of the mathematical programming, a 

constrained genetic algorithm is developed and its effectiveness is proved by the 

comparison of the results obtained by the two approaches with reference to a case 

study of medium dimension. Future development can regard the employ of a penalty 

function to manage the infeasible solutions of the genetic algorithm. In fact, the 
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penalty function approach could lead to better results in the cases more constrained in 

which the considered repair procedure implies several actions on the genes. 
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