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Abstract

The concept of vague prime ideals of I'-semiring with membership and non-
membership functions taking values in the unit interval [0, 1] of real numbers
is introduced. All vague prime ideals of a I'-semiring are determined by
establishing a one-to-one correspondence between vague prime ideals and the
pair (P, ), where P is a prime ideal of a I'-semiring and o is a prime element
in [0, 1].
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Introduction

In 1965, Zadeh.L.A[15] introduced the study of fuzzy sets. Mathematically a fuzzy set
on a set X is a mapping W into [0, 1] of real numbers; for x in X, p(x) is called the
membership of x belonging to X. The membership function gives only an
approximation for belonging but it does not give any information of not belonging. To
avoid this, Gau.W.L. and Buehrer.D.J.[6] introduced the concept of vague sets. A
vague set A of a set X is a pair of functions (ta, fa), where ta and fa are fuzzy sets on
X satisfying ta(x) + fa(x) < 1, for all x in X. A fuzzy set ta of X can be identified with
the pair (ta, 1 - ta). Thus the theory of vague sets is a generalization of fuzzy sets.
Ranjit Biswas[13] initiated the study of vague Algebra by studying the properties
related to vague groups and vague normal groups. Further Ramakrishna.N[12] and
Eswarlal. T[5,15] continued the study of vague Algebra by studying the
characterization of cyclic groups in terms of vague groups, vague normal groups,
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vague normalizer, vague centralizer, vague ideals, normal vague ideals, vague fields,
vague vector spaces etc.

Swamy.K.L.N and Swamy.U.M[14] introduced and studied the notions of fuzzy
ideals and fuzzy prime ideals of a ring with truth values in a complete lattice
satisfying the infinite meet distributive law which generalizes the existing notions
with truth values in the unit interval of real numbers. They proved that all fuzzy
prime(maximal) ideals of a given ring are determined by establishing a one-to-one
correspondence between fuzzy prime(maximal) ideals and the pair (P, o), where P is a
prime(maximal) ideal of a ring and a is a prime element(dual atom) in the complete
lattice. In fact Ramakrishna.N and Eswarlal. T[12] studied Boolean vague sets where
the vague set of the universe X is defined by the pair of functions (ta, fa), where ta
and fa are mappings from a set X into a Boolean Algebra satisfying the condition
ta(X) < (fa(x))', for all x in X, (fa(x))' is the complement of fo(x) in the Boolean
algebra. Moreover Eswarlal. T[5] introduced Boolean vague ideals, Boolean vague
prime ideals, Boolean vague maximal ideals of a ring. Further M.K.Rao[10]
introduced the concept of I'-semiring as a generalization of T-ring by
Nobusawa.N[11] as well as semiring. The concepts of I'-semirings and its sub I'-
semirings with a left(right) unity was studied by Luh.J[9] and M.K.Rao[10], further
the ideals, prime ideals, semiprime ideals, k-ideals and h-ideals of a I'-semiring,
regular I'-semiring were extensively studied by Kyuno.S[8] and M.K.Rao[10]. The
properties of an ideal in semirings and I"-semirngs were some what different from the
properties of the usual ring ideals. Moreover the notion of I'-semiring not only
generalizes the notions of semiring and I"-ring but also the notion of ternary semiring.

The authors in this paper are introduce and study vague prime ideals and vague
maximal ideals of a I'-semiring and established a one-to-one correspondence between
vague prime ideals of a I'-semiring and the pair (P, o), where P is a prime ideal of a
I'-semiring and o is a prime element in [0, 1]. If one confines only to the case [0, 1],
no ['-semiring possesses any vague maximal ideals, if [0, 1] has dual atoms, then I'-
semiring will possesses vague maximal ideals if and only if it possesses maximal
ideals. Since [0, 1] does not contains dual atoms, instead of [0, 1] we consider a
complete lattice L satisfying the infinite meet distributive law and hence we
established a one-to-one correspondence between vague maximal ideals of a I'-
semiring and the pair (M, o), where M is a maximal ideal of a I"-semiring and o is a
dual atom in L.

Throughout this paper, R stands for I'-semiring with zero. That is Let R and T" be
two additive commutative semigroups. Then R is called a I"-semiring if there exists a
mapping R X I' x R — R image to be denoted by aab fora, b €e Rand a € T
satisfying the following conditions.

1. ao(b+c)=aab +aac

2. (a+b)ac=aac + bac

3. a(a+ P)c =aoc + afc

4. aa (bpc)=(aab)Bc,Va,b,ceR;a, pel.

A T'-semiring R is said to have a zero element if there exists an element 0 € R such
that 0 +x=x=x+0and Oyx=0=xy0, VX €ER, y €I
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Preliminaries
In this section we recall some of the fundamental concepts and definitions, which are
necessary for this paper.

Definition 2.1
An ideal P of R is said to be prime ideal of R, if for any two ideals A, B of R such that
AI'B c P that implies Ac PorB c P.

Definition 2.2
An ideal M of R is said to be maximal ideal of a I"-semiring R, if there exists an ideal

N of R such that M < N c R that implies either M = N or N = R.

Definition 2.3
Let X be any non-empty set. A mapping p : X — [0,1] is called a fuzzy subset of R.

Definition 2.4

A vague set A in the universe of discourse U is a pair (ta, fa), where ta : U — [0, 1],
fa : U —[0, 1] are mappings such that ta(u) + fa(u) <1, ¥ u € U. The functions ta and
fa are called true membership function and false membership function respectively.

Definition 2.5
The interval [ta(u), 1 — fa(u)] is called the vague value of u in A and it is denoted by

Va(u) i.e., Va(u) = [ta(u), 1 — fa(u)].

Definition 2.6
A vague set A is contained in the other vague set B, A < B if and only if Va(u) <
Vg(u) i.e., ta(u) <tg(u) and 1 — fa(u) <1 —fg(u), Vu e U.

Definition 2.7
Two vague sets A and B are equal writtenas A=B, ifand onlyif Ac Band Bc A
i.e., Va(u) < Vg(u) and Vg(u) < Va(u), Vu e U.

Definition 2.8

The union of two vague sets A and B with respective truth membership and
membership functions ta, fa ; tg, fz Is a vague set C, written as C = A UB, whose
truth membership and false membership functions are related to those of A and B by
tc= max{tA, tB} and 1 — fc = max{l —fa, 1- fB} =1- min{fA, fB}.

Definition 2.9

The intersection of two vague sets A and B with respective truth membership and
membership functions ta, fa : tg, fz Is a vague set C, written as C = A n B, whose
truth membership and false membership functions are related to those of A and B by
tc= min{tA, tB} and 1 — fc = min{l - fA, 1- fB} =1- max{fA, fB}
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Definition 2.10
A vague set A of a set U with ta(u) =0 and fa(u) =1, V u € U is called zero vague set
of U.

Definition 2.11
A vague set A of a set U with ta(u) =1 and fa(u) = 0, V u € U is called unit vague set
of U.

Definition 2.12
A vague set A of R is called a constant vague set if Va(X) = Va(y), V X, ¥ € R.

Definition 2.13
Let y = (t,, ;) be a vague set of R. For any subset S of R, the characteristic function
of S taking values in [0, 1] of a vague set y, = (t f ) by

Xs!' Xs
111 if x € S
v, (="
: [0,0] if x ¢ S
lifx € S Oifx € S
e, t, (x)={ and f, (x)=1
° Oifx ¢ S * lifx ¢ S

Then ys is called the vague characteristic set of S in [0, 1].

Definition 2.14 [3]
A vague set A = (ta, fa) of R is said to be left(right) vague ideal of R if the following
conditions are true:

Forallx,yeR;yeT,

Va(X +Yy) = min{Va(X), Va(y)} and Va(xyy) = Va(y) (= Va(X))

i.e., (i). ta(X + y) > min{ta(x), ta(y)},

1—fa(X+y)>min{l — fa(x), 1 — fa(y)} and

(ii). ta(xyy) = ta(y) (= ta(x)),

1—fa(xyy) = 1= fa(y) = 1 = fa(x)).

Definition 2.15
A vague set A = (ta, fa) of R is both left vague ideal and right vague ideal of R then A
is called a vague ideal of R.

Definition 2.16
Let A and B are two vague sets of R Then the product of A and B, denoted by AI'B is
defined by

Vars(X) = sup{min{Va(y), Ve(2)}/ x = yyz, wherey,z e R;y e I'}, VX e R.

I.e., targ(X) = sup{min{ta(y), ts(z2)}/ x = yyz, wherey,z e R; y € '}

1 - farg(X) = sup{min{1- fa(y), 1- fg(z2)}/ x = yyz, where y,z e R; y e T'}.
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Notation

Let I[0, 1] denote the family of all closed sub intervals of [0, 1]. I1= [a1, b1] and I,=
[a2, by] are two elements of 1[0, 1]. We call 13 > I, if a; > a, and by > b, with the order
in 1[0, 1] is a lattice with the operations min. or inf and max. or sup given by min{l,,
I,} = [min{ay, a;,}, min{by, b2}] and max{ly, I,} = [max{a;, ao}, max{b;, b,}]. Also
we denote I; + I, = [a; + a2, by + by].

Vague Prime Ideals of '-Semirings

In this section we introduce the concept of vague prime ideals of R and we proved, if
A=(ta, fa) is a vague prime ideal of R, then Va(0)=[1, 1] and A takes only two values.
Further we established a one-to-one correspondence between vague prime ideals of R
and prime ideals of R.

Definition 3.1
A non constant vague ideal A of R is called a vague prime ideal of R if for any two
vague ideals B, C of R such that BTC — A impliesB c Aor C c A.

Example 3.2
Let R be the set of natural numbers with zero and let I be the set of positive even
integers. Then R, I" are commutative semi groups.

Define the mapping R X I' x R — R by aab usual product of a, o, b Va, b € R; a
erl.

Then R is a I"-semiring.

Let A = (ta, fa), where ta : R — [0,1] and fa : R — [0,1] defined by

09 if xisevenor O 0.1if xisevenor O
and f,(x)=

t.(X)=
) 0.6 if x is odd

0.3 if x is odd

Clearly A is a vague ideal of R.
Now we consider two vague ideals B= (tg, fg) and C= (tc, fc) of R as

06ifx =0 04ifx =0
ts(x)=10.5 if x is even : fy(x)=140.3 if x is even

0.4 if x is odd 0.6 if x is odd
and

0.7ifx =0 01ifx =0
t.(x)=40.6 if x is even : f.(x)=10.2 if x is even

0.1if x is odd 0.5 if x is odd

It was shown that BI'C c A.
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Further it was verified that B ¢ A but C < A.
It gives that BTC c A= C C A.
Hence by definition:3.1, A is a vague prime ideal of R.

Lemma 3.3
Let | be an ideal of R. If the vague set A = (ta, fa) of R is defined as

V. ()= {[1,1] if X e |

[c, B] otherwise
Then A is a left(right) vague ideal of R.

,0<a<pB<l,xeR.

Proof

Letx,yeR;yeT.
Ifx,y e l, thenx +y, xyy € I.
So, Va(x +y) =[1, 1] = min{Va(x), Va(y)} and
Va(xyy) = [1, 1] = Va(y) (= Va(X)).
Ifx,y ¢ I, then Va(x) = [0, 0] and Va(y) =[O, 0].
So, Va(x +y) > [0, 0] = min{Va(x), Va(y)} and
Va(xyy) 2 [0, 0] = Va(y) (= Va(X)).
Hence A is a left(right) vague ideal of R.

Theorem 3.4

Y. Bhargavi

Let | be an ideal of a R. Then the characteristic function y, of | is a vague prime ideal

of R if and only if I is a prime ideal of R.

Proof
Suppose y; is a vague prime ideal of R.
Let G, H be two ideals of R such that GTH c I.
We provethat Gc lorH c .
Suppose if possible G z land H & I.

That implies there exists a € G such thata ¢ 1 and b € H such that b ¢ 1, for some

a,beR.
Define two vague sets A = (ta, fa) and B = (tg, fg) of R as

v.(0)= {[1,1] if. X e G g V. ()= {[1,1] if. X e H
[00]ifx ¢ G [0,0] if x ¢ H

Clearly A and B are vague ideals of R.
Letx € R.

Now, Varg(X) = sup{min{Va(y), Ve(z)}/ x =yyz, wherey,z e R; y e T'}

= either [0, 0] or [1, 1]

<V, (x).

Then AI'B < .

This implies Ac y,0r B < ;.
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If A<y, then[1, 1]=Va(a) =V, (a) = [0, O]

This is impossible.

Therefore G lorHc L.

Similarly if Bc y;,wegetGc lorH .

Hence | is a prime ideal of R.

Conversely suppose that | is a prime ideal of R.

Let A and B be two vague ideals of R such that AT'B c I.
Suppose if possible that A <y, and B & ;.

That implies Va(x) >V, (x) and Ve(y) >V, (y), for some x,y € R.
=V, (x)=V, (y)=10,0]

=>xYyel

= xyy ¢ |, wherey e T

Now, Vars(xyy) = sup{min{Va(x), Ve(y)}}
>sup{min{V, (x),V, ()i}

=[0,0]

=V, (xyy)

SO, AI'B o X

This is a contradiction.

Hence y; is a vague prime ideal of R.

Theorem 3.5
If A is a vague prime ideal of a R, then VA(0) = [1, 1].

Proof
On the contrary suppose Va(0) <[1, 1].
Since A is non constant, there exists a € R such that Va(a) < Va(0).
Define vague sets B and C on R as

v, (X):{[l,l] if V,(x) = V,(0)
[0,0] otherwise

Since B is a characteristic function of Ra = {x € R/ Va(X) = Va(0)}, we have B is
a vague ideal of R.

Also, C is a constant function, it is a vague ideal of R.

Now, Vg(0) = [1, 1] > Va(0) that implies B ¢ A and

Vc(a) = Va(0) > Va(a) that implies C « A.

Letx e R.

Varc(x) = sup{min{Vs(y), Vc(2)}¥ x = yyz, where y, z e R; y e T'}.

We have two cases

Case(i). If Vg(y) = [0, 0]

Then Va(y) < Va(0)

So, min{Va(y), Vc(2)} = min{[0, 0], Va(0)} = [0, 0] < Va(X).

Case(ii). If V(y) =[1, 1]

and Vc(x) =Va(0), V x e R.
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Then Va(y) = Va(0)

So, min{V(y), Vc(2)} = min{[1, 1], Va(0)} = Va(0) = Va(y) < Va(yyz) = Va(X).
From two cases BI'C — A.

Since A is vague prime ideal of R, we have Bc Aor C c A.

This is a contradiction.

Hence Va(0) =[1, 1].

Theorem 3.6
If A is a vague prime ideal of R, then A takes only two values.

Proof
Suppose A is a vague prime ideal of R.
From theorem-3.4, Va(0) = [1, 1].
Leta, b € R such that Va(a) < [1, 1] and Va(b) < [1, 1].
We prove that Va(a) = Va(b).
Part(i). Define two vague sets B = (tg, fg) and C = (tc, fc) on R as

11] if xe(a

LA
[0,0] otherwise

Now B and C are vague ideals of R.

We have Vg(a) = [1, 1] > Vc(X) = Va(a), that implies B « A.

Letx € R.

Vire(X) = sup{min{Vg(y), Vc(2)}¥ x = yyz, wherey,z e R; y e T'}..

Ify ¢ (a), then Vg(y) = [0, 0].

So, min{ Ve(y), Vc(2)} = min{0, Vc(2)} = 0 < Va(yyz) = Va(x).

Ify e (a), then Vg(y) = [1, 1].

So, min{ Vg(y), Vc(2)} = min{1, Va(@)} = Va(@) < Va(y) < Va(yyz) = Va(x).

From these two cases BI'C < A.

Since A is vague prime ideal of R, we have Bc Aor C c A.

ButB < A.

We have C c A.

Now, Va(b) > Vc(b) = Va(a).

i.e., Va(b) > Va(a).

Part(ii). Define two vague sets G = (ig, fg) and H = (ty, f4) on R as

Ve (x)= {[1,1] if x e (b)
[0,0] otherwise

As similarly in part(i), we get Va(a) > Va(b).
From part(i) and part(ii), Va(a) = Va(b).
Hence A takes only two values.

and Vc(X) =Va(a), V X € R.

and Vy(x) = Va(b), VX € R.
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Theorem 3.7
If A is a vague prime ideal of R, then Ra = { X € R/ Va(X) = Va(0)} is a prime ideal
of R.

Proof
Suppose A is a vague prime ideal of R.
We have Ra is an ideal of R [3].
Let P and Q be two ideals of R such that PI'Q < Ra.
Suppose if possible P z Raand Q  Ra
= there exists a € P such that a ¢ Ra and be Q such that bg Ra, for some a, b e
Ra.
Define two vague sets B = (tg, fg) and C = (¢, fc) on R as
VB(X):{VA(O) if xeP and Ve (X):{VA(O) if xeQ
[0,0] otherwise [0,0] otherwise
So, B and C are vague ideals of R.
Letx € R.
Now, Vgrc(X) = sup{min{Vs(y), Vc(2)}/ x = yyz, wherey,z € R; y e T'}.
We consider the case where min{Vg(y), Vc(2)} > 0.
Then Vg(y) = Vc(z) = Va(0).
That impliesy e Pand z € Q.
Now X =yyz € PI'Q < Ra
That implies Va(x) = Va(0).
There fore Vrc(X) < Va(0) = Va(X).
So, we get BI'C c A.
Since A is a vague prime ideal of R, we have B c A or C C A.
Suppose B c A.
Now, a ¢ Ra = Va(a) # Va(0).
i.e., Va(a) < Va(0).
Also Vg(a) = Va(0) > Va(a)
That implies B « A.
This is a contradiction.
There fore P < Ra.
Similarly if C c A, we get Q < Ra.
Hence Ra is a prime ideal of R.

Theorem 3.8
Let A = (ta, fa) be a vague set of R. Suppose that
1. Va(0) =11, 1]
2. Atakes only two values say [1, 1] and [a, B], 0 < a < B <1.
3. Ra={x e RIVa(X) =Va(0) is a prime ideal of R,
then A is a vague prime ideal of R.
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Proof
Let A = (ta, fa) be a vague set of R.
Letx,y € R.

Suppose X, Y € Ra.

Thenx+y,xyy € Ra, vy eT.

So, Va(x +y) =[1, 1] = min{Va(x), Va(y)} and
Va(xyy) =[1,1] = Valy) (FVa(x))

Suppose X, ¥ ¢ Ra.

Thenx+y,xyy ¢ Ra, vy €T

So, Va(x +y) = [a, B] = min{Va(x), Va(y)} and
Va(xvy) = [o, Bl = Valy) (FVa(X))

If at least one of X, y is not in Ra.

Then Va(x +y) 2 min{Va(x), Va(y)} and
Va(xyy) 2Valy) & Valx), y eI

Hence A is a vague ideal of R

Let B = (tg, fg) and C = (tc, fc) be two vague ideals of R such that BI'C < A.
Suppose if possible B¢ A and C ¢ A.

= Va(X) > Va(x) and Vc(y) > Va(y), for some x, y € R.
=X VY ¢ Ra.

= Xyy ¢ Ra, vy eT.

Now, Varc(xyy) = sup{min{Va(x), Vc(y)}

> min{Ve(x), Vc(y)}

> min{Va(x), Va(y)}

= [o, B]

= Va(xyy)

This is a contradiction.

So, eitherBc Aor C c A.

Hence A is a vague prime ideal of R.

Theorem 3.9
let A = (ta, fa) be a vague set of R Then A is a vague prime ideal of R if and only if

1. Va(0) =11, 1]
2. Atakes only two values say [1, 1] and [a, B], 0 < a < B <1.
3. Ra={x e R/ Va(X) =Va(0) is a prime ideal of R.

Proof
Proof is clear from theorems 3.5, 3.6, 3.7, 3.8.

Definition 3.10
Anelement 1 = a € [0, 1] is called prime element if for any two elements a, b € [0, 1]
such that min{a, b} < a impliessa<a orb < a.
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The following theorem determines all vague prime ideals of R by establishing a
one-to-one correspondence between vague prime ideals of R and the pair (P, o),
where P is a prime ideal of R and o is a prime element in [0, 1].

Theorem 3.11
Let | be a prime ideal of R and o be a prime element in [0, 1]. Let P = (tp, fp) be a
vague set of R defined by

v.(4)= {[1,1] if xel

[, B] otherwise

where B € {a, 1}. Then P is a vague prime ideal of R.

Conversely for any vague prime ideal P of R there exists a prime ideal | and a prime
element a of [0, 1] such that

" [e, B] otherwise

{[1,1] if xel

where B is a prime element of [0, 1] or f = 1.

Proof
Let I be a prime ideal of R and o be a prime element in [0, 1].
Clearly P is a vague ideal of R.
Also P is non constant vague ideal of R because o = 1.
Let A and B be two vague ideals of R such that AT'B < P.
Suppose if possible Az P and B ¢ P.
= Va(x) > Vp(x) and Vg(y) > Vp(y), for some x, y € R.
S0, Ve(X) = Ve(y) = [a, BI.
=>XVyel
=>xyyel,yel.
Case(q). If f=a
Then Vars(xyy) = sup{min{Va(x), Va(y)}}
= min{Va(x), Va(y)}
> min{Vp(x), Ve(y)}
= [a, a]
= Ve(xyy)
This is a contradiction.
Therefore AcPorB cP.
Hence P is a vague prime ideal of R.
Case(il). If =1
Then Vars(xyy) = sup{min{Va(x), Ve(y)}}
> min{Va(x), Ve(y)}
>min{Ve(X), Ve(y)}
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= [o, 1]

= Ve(xyy)

This is a contradiction.

Therefore AcPorBcP.

Hence P is a vague prime ideal of R.

Conversely suppose that P is a vague prime ideal of R.

From theorem:3.9, Vp(0) = [1, 1] and P takes only two values.

Let I ={x € R/ Vp(x) =[1, 1]}.

Then | is an ideal of R.

We prove that a, B are prime elements, where = 1 and | is a prime ideal of R.
Suppose min{a, b} < a, where a, b € [0, 1].

Define vague sets A and B as Va(x) =[a, a] and Vg(x) = [b, b], V X € R.
Now, Vars(X) = sup{min{Va(y), Ve(z)}/ x =yyz, wherey,z € R;y e I'}.
= sup{min{[a, a], [b, b]}}

= [min{a, b}, min{a, b}]

<[a, o]

< [(X, B]

< Vp(X)

That implies AT'B c P.

Since P is vague prime ideal, either Ac Por B c P.

That impliesa<a orb < o.

Therefore o is prime element.

Suppose min{c, d}< .

Define vague sets C and D as V¢(x) = [a,, max{c, B}] and Vp(X) = [a, max{d, B}],
v x € R.

Now, Verp(X) = sup{min{Vc(y), Vbo(2)}/ x = yyz, wherey,z e R;y € T'}.
= sup{min{[o, max {c, B}], [a, max{d, B}]}}

= [a,, max{min{c, d}, B}]

< [o, B

< Vp(X)

That implies CI'D c P.

Since P is vague prime ideal, either Cc Por D c P.

That implies max{c, B} < or max{d, B} <.

Implies c < B ord < p.

Therefore 3 # 1 is a prime element.

Now we will show that I = {x € R/ Vp(x) = [1, 1]} is a prime ideal of R.
Let A and B be ideals of R such that ATB c |.

= XArB < Xl
Also, y < P.

So, YArB S P.

Now we will show that yal'ys < yars.

V, (x) = sup{min{VlA(y), v, (z}/ x=yyz, wherey,z € R;y € T'}.
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Ifx € ATB, then V, _(x) =[1,1].
Wehave V, ., (x) <[1,1]=V, (x)
Ifx ¢ AT'B, then V, _(x) =10, 0].

Since x ¢ AI'B, we havey ¢ A or z ¢ B, whenever x = yyz, wherey,z e R; y e T.
Thus V, ., (x) =[0,0]=V, _(x).

Therefore yal'xs < Y ars.

That implies yal'ys < P.

Since P is vague prime ideal of R, we have yac P or yg < P.
Ifyac P,then AclorifyscP,thenB c I

Hence | is a prime ideal of R.

Corollary 3.12
Let I be a prime ideal of R, a, B € [0, 1] and a < . Define

V. ()= {[1,1] if xel
[e, B] otherwise

Then P is a vague prime ideal of R if and only if B is either o or 1.

Proof
Suppose B is either a or 1.
Since every element in [0, 1] is prime element, we have P is a vague prime ideal of
R by theorem 3.11.
Conversely suppose that f ¢ {a, 1}.
So,a<B<1.
Then there exists y, 6 € [0, 1] such that a <y < <34.
Define vague sets A = (ta, fa) and B = (tg, fg) as

v.(0)= {[1,1] if xel Vo (X)= {[1,1] if xel

[er, 6] otherwise [v, B] otherwise

Clearly A and B are vague ideals of R.
Also Az Pand B ¢ P.

We have to show that V arg(X) < Vp(X)
Case(i): If x € I, then Vp(X) = [1, 1].

Hence VAFB(X) < VP(X).

Case(ii): Ifx ¢ I, theny ¢ I and z ¢ |, whenever X = ynz, wheren € I'.
Therefore Va(y) = [a, 8] and Vg(z) = [y, B].
Now, Varp(X) = sup {min{Va(y), Ve(2)}}
= sup {min{[a, 8], [v, B1} }

= sup{[min{o, v}, min{3, B}]}

= [a, B].

From case(i) and case(ii), Vars(X) < Vp(X).
We have AI'B c P.
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This is a contradiction to P is a vague prime ideal of R.
Hence B is either o or 1.

Vague Maximal Ideals of I'- Semirings

We can observe [0, 1] does not have dual atoms and then R cannot have any vague
maximal ideals, even though R may have plenty of maximal ideals. In this regard, we
are replacing [0, 1] by a complete lattice L satisfying infinite meet distributive law.
Throughout this section, L stands for a non-trivial complete lattice in which the
infinite meet distributive law holds i.e., there is a partial order < on L such that, for

any S € L, infimum of S and supremum of S exist and these will be denoted by S/\SS

and A S respectively. In particular, for any elements a, b € L, inf{a, b} and sup{a, b}

will be denoted by asb and avb, respectively, L is a distributive lattice with a least
element 0 and a greatest element 1 and
v(ans).

anivs ):
eS seS

We determine all vague maximal ideals of R by establishing a one-to-one

correspondence between vague maximal ideals of R and the pair (M, o), where M is a

maximal ideal of R and o is a dual atom of L.

Definition 4.1
A vague maximal ideal of R is a maximal element in the set of all non constant vague
ideals of R under inclusion.

Definition 4.2
An element a # 1 in L is called a dual atom, if there is no 3 in L such thata < <1.
Clearly o is a dual atom if and only if a is a maximal element of L-{1}.

Example 4.3
Let M be an ideal of R and a € L. Then

v.(4)= {[1,1] if xe M

- ,VXxeR.
[cr, ] otherwise

is not a vague maximal ideal of R.

Solution:
Let M be an ideal of R.
Then we have A is a vague ideal of R.
Ifa =1, then A is not a vague maximal ideal of R.
Ifa#1,thena<1.
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[L1] if xe M

Consider the vague set B = (tg, fz) as Vs (X) ={ , VXeR.
[ 1] otherwise

Then B is a non constant vague ideal of R.

Also, AcBand A #B.

Hence A is not a vague maximal ideal of R.

Lemma 4.4
If A is a vague maximal ideal of R, then VA(0) = [1, 1].

Proof
Define a vague set B = (tg, fg) as

V.= {[1,1] if V,(x) = Vv, (0)

VvV XeR.
V,(0) otherwise

Clearly B is a vague ideal of R and A ¢ B.
Since A is vague maximal ideal of R, we have A = B or B is constant.
Hence VA(0) = [1, 1].

Lemma 4.5
Let A = (ta, fa) be a vague ideal and B = (tg, fg) be a constant vague ideal of R. Then
A U B is a vague ideal of R.

Proof
Letx,yeR;yeT.
1 tase(X +Y) = V{ta(X +y), ts(X + y)}
2 v{r{ta(x), ta(V)} AMte(X), ta(¥)}}
= v{r{ta(X), ta(y)}, ta(X)}
= AM{Mta(x), ta(X)}, V{ta(y), ta(x)}}
= ~A{vAta(X), te()} vita(y), ta(y)}}
= AMtacs(X), taue(y)}
Similarly 1 - faus(X +y) > A{1 - fas(X), 1 - faus(Y)}
2. taus(Xyy) = V{ta(xyy), ta(xyy)}
2 v{ta(y), te(V)} (= V{ta(x), ta(x)})
= taus(Y) (= tas(X))
Slmllarly 1- fAuB(ny) >1- fAuB(y) (Z 1- fAuB(X))
Hence A U B is a vague ideal of R.

Theorem 4.6
Let A = (ta ,fa) be a vague set of R. Then A is vague maximal ideal of R if and only if
there exists a maximal ideal M of R and a dual atom o in L such that
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A ,VXeR.

{[1,1] if xe M

[ 1] otherwise

Proof
Suppose M is a maximal ideal of R and a is a dual atom in L.
We will prove that A is a vague maximal ideal of R.
Clearly A is a non constant vague ideal of R.
Let B be a non constant vague ideal of R such that A — B.
Since Ac B,wehave M c {x e R/Vg(x) =[1, 1]} # R.
That implies M = {x € R/ Vg(x) =[1, 1]}.
Letx ¢ M.
Then [a, 1] = Va(X) < V(X) <[1, 1].
That implies Va(X) = Vg(X) because a is a dual atom.
Hence A is a vague maximal ideal of R.
Conversely suppose that A is a vague maximal ideal of R.
By lemma 4.4, VA(0) = [1, 1].
First we prove that A takes only two values.
Let X, y € R such that Va(x) <[1, 1] and Va(x) < [1, 1].
Consider B = (ta(x), fa(x)), then B is a constant vague set of R.
Moreover Ac AUB c (1,0).
By lemma 4.5, A U B is a vague ideal of R.
Since A U B is a vague ideal of R and A is a vague maximal ideal of R, we have
A=AuBorAuB=(10).
Suppose A U B = (1, 0).
This implies Vaus(z) =[1,1], Vz e R.
In particular if we put z = x, we will get Va(x) = [1, 1].
This is a contradiction.
Therefore A=A U B.
VA(Z) =Vau B(Z) = V{VA(Z), VB(Z)}, zeR.
In particular if we put z =y, then we get Va(y) = v{Va(y), Vs(y)}.
i.e., Va(y) = v{Va(y), Va(x)}.
That implies Va(y) = Va(X).
By symmetry Va(X) > Va(y).
Therefore Va(x) = Va(y).
Thus A takes only one value other than [1, 1] say [a., B].
LetM={x e R/Va(x)=Va(0)}.
Then M is a ideal of R.
Since A is non constant, we have M is properly contained in R.
Therefore M is a proper ideal of R.
Thus for any x € R,
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V. ()= {[1,1] if xe M
[e, B] otherwise

We will prove that M is a maximal ideal of R, o is a dual atom and 3 = 1.
Ifa=1,thenp =1

This implies A is constant.

This is a contradiction.

Suppose a < 1.

Leta e L such that o < a.

[11] if xe M

Define a vague set C = (ta, fa) on R as V¢ (X) = { .
[a,1] otherwise

Clearly C is a vague ideal of R.

Also, Va(X) <V¢(X), X € R.

Since a < a, we have A is properly contained in C.

Since A is vague maximal ideal of R, we have C is constant.

So, wegeta=1.

Therefore o is a dual atom.

Suppose B < 1.

[L1] if xe M

[, 1] otherwise

Since B < 1, we have A is properly contained in C.
So, A is not a vague maximal ideal of R.

This is a contradiction.

Therefore B = 1.

Now we will show that M is a maximal ideal of R.
Let N be an ideal of R suchthat M c Nc R, N#R.

[11] if xe N

[.,1] otherwise

Consider V¢ (X)= {

Define a vague set D = (tp, fp) on R as Vp (X):{

Clearly N is non constant.

Since M < N, we have Va(X) < Vp(X) < [1, 1].

So, AcD.

Since A is vague maximal ideal of R, we have A=D.
That implies M = N.

Hence M is a maximal ideal of R.

In distributive lattices every dual atom is a prime element. So we have the
following corollary.
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Corollary 4.7
In R each maximal ideal is prime ideal. Then each vague maximal ideal of R is a
vague prime ideal of R.

Proof

Let P be a vague maximal ideal of R.

Then by theorem 4.6, there exists a maximal ideal M of R and a dual atom a in L
such that

{[Ll] if xeM
VP(X =
[ 1] otherwise

Since every maximal ideal is a prime ideal and every dual atom is a prime element,
we have P is a vague prime ideal of R.

Now we state the converse of the above corollary.

Corollary 4.8
In R each vague maximal ideal of R is a vague prime ideal of R. If L has a dual atom
then each maximal ideal of R is prime ideal of R.

Proof
Let M be a maximal ideal of R and a be a dual atom in L.
Then by theorem 4.6, there exists a vague maximal ideal A of R such that

v.(4)= {[1,1] if xeM
[e,1] otherwise

Since each vague maximal ideal is a vague prime ideal of R, we have A is a vague
prime ideal of R.
Hence M is prime ideal of R.
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