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1. Introduction
Ideals of hemirings have a significant role to play in the structure theory and they are
instrumental in fulfilling scores of purposes. But the specific issue is that, they do not, in
general, coincide with the usual ring ideals. Many results in rings apparently have no
analogues in hemi rings using only ideals. Informal applications, hemirings have their
utilitarian importance in automation and formal languages. It is universally only known
that the set of regular languages does form the “star, semirings”. The introduction of
fuzzy sets by L.A.Zadeh™triggered an academic revolution and the fuzzy set theory has
become, over the years, the heart and soul of several applications in the royal domains of
mathematics and other relevant fields. The idea of’Intuitionistic Fuzzy Set” was first
published by K.T.Atanassov! as a generalization of the notion of fuzzy set. Jun and Lee
8went a little further and applied the concept of fuzzy sets to the theory of T-rings. The
notion of I'-semiring was introduced by Raowhich, in course of time, gained momentum
and included ternary semirings to provide algebraic home to non-positive cones of totally
ordered rings. Henriksen®, Lizuka ® and La Torre °dwelled deep in the study of h-ideals
and k-ideals in hemirings to amend the gap between ring ideals and semiring ideals.
These concepts have been extended to I'-semiring by Rao', Dutta and Sardar®.Jun et al’
to study the ideals in hemirings in terms of fuzzy subsets. A characterization of an
h-hemiregular hemiring in terms of a fuzzy h-ideal had been discussed in detail by Zhan
et al 1°. Some salient properties of fuzzy h-ideals in I'-hemirings had been studied by Sujit
Kumar et al®.The notion of intuitionistic fuzzy h-ideals in I'-hemirings had been
discussed Ezhilmaran et al “in the light of the previous findings. In this Paper different
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structural characteristic properties of intuitionistfuzzy h- ideals in I'-hemiring have been
discussed and debated verbally.

2.Preliminaries
Definition 2.1
A hemiring (respectively semiring) is a nonemptyset S on which operations addition and
multiplication have been defined such that (S, +) is a commutative monoid with identity 0,
(S, .) is a semigroup (respectively monoid with identity 1s) Multiplication distributes over
addition from either side, 1sz0and 0, =0 =S, forall s € S.

Definition 2.2
Let S and ' be two additive commutative semigroupswithzero. Then S is called a
I'-hemiring if there exists a mapping S XI'x S - S((a, a,b) - aab) satisfying the
following conditions:

1. (a+ b)ac = aac + bac ,

2. aa(b+ c) = aab + aac,

3. a(a+p)b =aob +apb,

4. aa(bpc) = (aab)pc,

5. 0Ogoa = 05 = a0,

6. arb =0, =b0ra,

for all a,b,c € S and for all a, B € I". For simplification we write 0 instead of Osand
0.
Example 2.3
Let S be the set of all m x n matrices over z, (the set of all non-positive integers) and
I' be the set of all n X m matrices over z, then S forms a I'-hemiring with usual
addition and multiplication of matrices.

Definition 2.4
A left ideal A of a I'-hemi ring S is called a left h-ideal if for any x,z € Sand a,b € 4,
x+a+z=b+z = x € A. Aright h-ideal is defined analogously.

Definition 2.5
Let S be a I"-hemi ring. A proper h-ideal | of S is said to be prime if for any two h-ideals H
and K of S, HI'K < I implies that either H S I or K € I.

Definition 2.6 [13]
If I is an h- ideal of a I'-hemi ring S then the following condition are equivalent:
I. [ is a prime h- ideal of S.
ii. If al'STh C Ithen either a € I or b € I where a,b € S.

Definition 2.7
Let p and 6 be two fuzzy sets of a I'-hemi ring S define a generalized h-product of p and 6

by
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o 0(x) X .
sup{min[u(a) A p(e)], lu(b) A p@I}ifx+ ) ambi+z= ) cdd;+2

i=1 i=1
0 if x cannot be expressed as above

Where x,z,a;,b;,c;,d; €S and y,0i € fori=123,......n.
Definition 2.8 Let p be a non-empty fuzzy subset of a I'-hemiring S (i.e.p(x) # 0 for some x
€S).Then p is called a fuzzy left ideal (fuzzy right ideal) of S if

i ulx +y) =min[u(x), u(y)] and

ii.  uCxyy) = p(y) (respectively u(xyy) = u(x)) forallx,y € S,y € I.

A fuzzy ideal of a I'-hemiring S is a non-empty fuzzy subset of S which is a fuzzy left
ideal as well as fuzzy right ideal of S. Note that if p is a fuzzy left or right ideal of a
I'-hemiring S, thenu(0) = u(x) forall x € S.

3. Structures of Intuitionistic Fuzzy h- Ideals in I'- Hemiring
Definition 3.1
Let A =(u,,va) and B = (ug,vg) be two intuitionistic fuzzy subsets of a I' ~hemiring
S.Then the intuitionistic sum of A and B is defined to be the intuitionistic fuzzy set
A @ B = (pa@s Vaes) In S given by

{fua@ Apg(b)}ifx+a+z=b+z
Maes(X) =

x+a+z=b+z
0 otherwise
{fva(@ vvg(b)}ifx+a+z=b+z
VaeB (X) = x+a+z=b+z
1 otherwise
Definition 3.2

Let A = (ua,va) and B = (ug,vg) be an two intuitionistic fuzzy sets of al’-hemiring S.
Define h-product of A and B by
_ (Vima(ay) A palaz)up(by) Apg(by)} if x + agyby +z = a,8b, +2
Har,B x) = {O ,if x cannot be expressed as above
Ve (x) = {/\{VA(al) Vva(az),ve(by) Vvg(by)}ifx + a;yby +z = a,8b, +z
AT'nB 0 ,if X cannot be expressed as above

Wherex, z,a,, a,, by, b, € Sand v;,8; € I'fori =1,2,3,.....n.

Definition 3.3
HthB(X)
n n
V{ln, @) Ay (@), [ng (by) A pg (b)) if x + Z ajy; by +z = z ¢;6;d; + z
=1

i=1
0 ,if x cannot be expressed as above
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\’thB(X)
n n
{Alv, (a) V va@)], [vg(b) V va(b)]} if x + Z agy, by +7 = 2 ¢;3:d; + 2
i=1 i=1
0 ,if X cannot be expressed as above

Where x,z,a;,b;,c;,d; €S and v,,8; € T.

Lemma 3.4
Let A, B be two intuitionistic fuzzy h-ideal of a I'-hemiring S. Then
AlBS Ao, BS ANBCA,B

Proof

Hao,8(X) =V H{MA(ai) A pa(c)} A {ug(bp) A UA(Ci)}}]

n

x+2 ajy; b; +Z—2C5d +z

i=1

Where xzal,bl,cl,d € Sand Yir 6 € I'fori=1,23,.

= V[{{.UA(CH) A a(az)} {up(by) A g (bz)}}], x+ayby +z = a25b2 +z
Where x,z,a;,b;,¢;,d; €S and v,,6; € I fori=123,....n

= a0

There fore  p,. z(X) € p,, (X —- (1)

Vao,B(X) = A H{VA (a) Vvu(e)} v {vg(bp) v vA(ci)}u

n

n
x+Zaiyibi +Z=Zciéidi+z

i=1 i=1

Where x,z,a; b;,c;,d; €S and yi,Si € lfori=123,...n

M(valay) Vva(ay)), ((va(by) Vvg(by))}, x+ayyby +2z = a,8b, +2
Where x,z,a; b;,c;,d; €S and v, 0; € I'fori=123,....n.

= \’Ath(X)
There fore var, g(X) € Vag,g(X)----n----r=rnnmmmmreenna )

Mpo,s (0 =V U{“A(ai) Ay (e} A {ng (b A “A(Ci)}u

n

x+z ajy; by +Z—Zc6d +z

i=1

Where xzal,bl,cl,d €S and v, € I' fori =123, ..

<V [¢ {na@) A uA(Ci)}]
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n

n
,X+2&iyibi +z= Zciéidi + z
i=1

=V [( A ia(@)) A (A HA(ai))]

< [{HA (Z ajy, bi) Apy (Z Ci5idi)]
i=1 i=1 i=1

<y (X)) mmmmmmmmmm s 3)

Vao,s() =A H{VA (@) Vvu(c)} M {ve(b) Vvy (Ci)}“

n

n
x+23iyibi +Z=2Ci€)idi+Z

i=1 i=1

Where x,z,a;,b;,¢c;,d; €S and v,,6;, € T fori=123,....n

> A [\i/ (va(ay) V"A(Ci))]

n

= Alfyva@) v (v
X+2&iyibi +z= ZCiBidi"‘Z

n n
= [{\’A (Z aiyi bl) Vv (2 Cigidi)}
i=1 i=1 i=1 i=1

B G T a—— 4)

Since this is true for every representation of x, “thB(X) €y VaoB(X) Eva
Similarly, We Can Prove that

Mpop () S Mg i€y, () Sp, forall x€S - 5)
& Vpo,8(X) Evgievy, g(x) Svg forall X€S -----------mem- )

Combining (3) and (5), we get,
uAOhB(X) < {},LA(X) uB(X)} forall x€ S

= HanB (X) """ T (7)

Vao,B(X) = {va(x) Vvg(x)} forall x €S
= Vang(X) -mmmmmmmmmmmemeeeeee e (8)
Therefore combining 1,2,3,4,5,6,7&
AT',BS Ao, BS ANBCAB
Hence the lemma.

Theorem 3.5
If A and B be two intuitionistic fuzzy left h-ideal of S then uAOhBand Vao,B IS aN

intuitionistic fuzzy left h-ideal of S.
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Proof

Mpo, s K+ Y) = V{{[uA(ai) A (@] A [ug (b A HB(di)]}]

n

n
(x+y)+Zaiyibi +Z=ZciSidi+z

i=1 i=1

Fora; b;,c;,di,x,y,z € Sandy,d € T.

>V {[ua (ai) A ma(e)] 2 [ (0) A g (@) [ig (a0) A mp ()] 2 [ (57) A g ()]}

n

n
G+y)+ (Z aiyb; + Z ajyb ) T+ +2) = (2 cisidi+ ). cg'ag'd;) (2 +2)
i=1 i=1
For x,y,a;,b;,c;,dj,zy,a], by, cf,di,z, €S andog, B, v, &, of, B, v;,8; €.
2Vl a0) i ()] g () A 18 (0D] Dty () A 18y ()] 2 L (50) 18 ()]
n n n n
x + Z a;y;b; +z, = Z c;did; + 2.,y + z ajyb; +z, = Z c/8;d; + z,
i=1 i=1 i=1 , , . i=1 B
XYy ai,bi » Ci» di»Zlfai»bifCi'di:ZZ € S and ay, ['))i ,Yi, 6i’ ai,Bi,"{i,éi er

> [V{lia (@) Ay )]y [ (59) Ay ()]
AV la (@) Ay ()] [ (07 2 uB<df'>]}]

x+z ay;b; +Z1—zc5d +Zly+2 ajyb; +z, = 2c5!df+zz

= Hao,B ) A l“LthB () and
Vi e+ ) = Af[vaa) v vae)l v [va(b) v v (@)1}
a; by ¢, dy,x,y,z € Sandy, 6 €.
n

(x+y)+ 2 ajy,bi +z = 2 c;6;d; + z
< A{[va(@) vva(e)] v [a(0) v va(@)] v [vaa) via(e)]y [va(or) v va(a)]}

n n
(x+y) + (Z ayib; + ). a;'y;'b;') @+ )
i=1 i=1
n n
= (2 cidid; + ) c;'es;'d;') +( +22)
i=1

i1
For x,y,a;b;,c;, d;, zq,a;,b;, ¢, dj,z, €S and «;, B;, Vi 8y &, Bi, Vi, 8; €T

< AfIva(a) vea(e)] v s ) vV sa@)] v [sa@) v vae)] v i) Vs



Some Striking Characterizations of Structural Properties of Intuitionistic Fuzzy

h-ideals in T-hemiring. 17607
n n n n
x + 2 a;Y;b; +z, = Z ;& +z.y + 2 a'i'y'i'b'i' +z, = Z c/8;d; +z,
o1 o1 im1 i

1=1
! ! ! ! " " " " 14 ! ! ! 1 1 11 "
Xy, a;,b;,c,d;, 21,5, b, ¢,d;,2, €S and «;, Bi,v;, 8, o, Bi, i, 6 €T

< {/\{[vm;) VUADT Y [a(b) v vB<d;)]}}

v j/\ {[VA(ai’) Vva(c)] v [vg(bi") v vB(d{’)]}}

x + XL ajyibi + zg = XL ¢i8idi + 24,y + Tl  a'vi'bi' + 22 = XL, ¢f'8{'di’ + 2,
= Vao,B(X) V Vao,8(Y)

Mao,B(XYY) = VI{[HA(pi) A pa (vl A [us(qi) A HB(Si)]}]

n n
xyy + Z pi%iqg; +z = ZYiBiSi +z
=1 =1

>V E{[HA(XYai) A pa(xycy)] A [ug(a) A ug (di)]}}

n

n

Xyy + 2 xXyapyib; + xyz,; = 2 xyc;8;d; + xyz{
i=1 i=1

Where y + XiL; ajyib; +z; = XL, ¢;6id; + 24

> V[{[HA(ai) A pa(cy)] A [ug (b)) A HB(di)]}]

Where y + XL, ayyib; +z; = XL ¢i8id; + 74
= Hao,e(Y)

Vaoys (V) = /\[{wpi) VoAl [a(@) v vB<si>]}}

n n
xyy + Z pi%iq; +z = ZYiBiSi +z
=1 =1

< /\[{[VA (xyaj) V va(xyc;)] v [ve(a)) Vvg (di)]}}
Xyy + Z xYa;y;b; + xyz, = Z xyc;8;id; + xXyz,

i=1

1=1
Where y + XL, a;yib; + 24 = XL, ¢i8id; + Z4
A 1{[VA<ai> Vva(@]y (o) v vﬂd»]}]

Where y + il=1 aiyibi +z; = il=1 Cisidi +z4
= VthB(Y)
Therefore A and B are intuitionistic fuzzy left ideal.

IA
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Now for h-ideal, suppose x + a+z = b + z where x,a,b,z € S. Then
(ha @) A a0} A {1 (b)) A (o)

n

n
x+Z ajy; by +z=2c-8-d-+z

i=1

Where x,z,a; b;,c;,d; €S and yl,8 E F

>V {{um) At} A {1a(e) A uB<el>}] x+ 2 avif, +2 = 2 byifi + 7
Where X [yi, fil is right unity of S.
(144 @ A ka(b)] 5 [uB<el)]}}

= wa(a@) A pa(b){Since pg(f;) = pg(t) forallte Sand for all i (like semirings)}
Va3 () = A (@) V va (e }y (v (00 Vv ()]

n

x+Z a;jY; b; +z—208d +z

i=1

Where x, z, a;, bl,cl,d € S and v;, §; E r
A|a@ v va®)y vale) v VB(el)}] X+ Z avif, +2= Z byf; + 2
Where),iL [y, fi] is right unity of S.
- /\I{[VA@ RO [vB(ei)]}}

= vu(a) Vv (b){Since yg(f;) =vyg(t) for all t € S and for all i (like semirings)
Similarly, if we take i ,[e;, 8;] be the left unity of S, we get
Hao,B(X) = pg(@) A pg(b) and va,, g(x) < vg(a) v vg(b)

quhB (X) = V

=V

A e

Therefore we have

Mao,8(X) = [Ma(@) A pa(b)] A [ug(@) A ug(b)] = ang(@) A pans(b)

= Haoy,B @A HthB(b)
Since the lemma 3.4, we have pa,, g SANB
Vao,B(X) < [va(@) Vva(b)]V [vg(a) V vg(b)] =vang(a) V vang(b)
< VthB(a) VVthB(b)
Since the lemma 3.4, we have vp,, g € AN B.
If we take the representatlon ofxas x+ XL ayifi +z= XL, byifi+z or
x+ 2L, e 6a +z =2 byfi+z then the calculations changes but the result

becomes true. Therefore, in any case pa,, g and va,, g is a intuitionistic fuzzy left
h-ideal of S.If x cannot be expressed asx + XiL;ay;f; +z = XL, a;8;b; +z where
a;, b,c,x,y,zeS and v;,8; € I' for i =1,23,....,n then the proof is obvious.
Therefore in any case pa,, g and yao, g IS an intuitionistic fuzzy left h-ideal of S.
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Remark 3.6
For any two intuitionistic fuzzy left h-ideal A and B of S.Then par, g and var, gis not
an intuitionistic fuzzy h-ideal of S.

Proposition 3.7
Let A = (ua,va), B=(ug,vg), C = (uc,vc) be three intuitionistic fuzzy left h-ideal of
S then AT'yB € C ifand only if Ao,B € C.

Proof

Since par,B & Mao,s (See lemma 3.4) and puo,g & C it follows that par g S K¢
&VAFhB 2 VAOhBand VAFhB 2 Ve.

Let X€ES be such that x + Z{lzl a;Yi bi +2z= {1:1 CiSidi +z ... (1)
Wherea;, b;, c;,d;,z€ S and v;,6; € T, fori =1,2,3,....,n.Then

pe(x) = {uc (Z aiYibi) Alc (2 Cisidi)}

> {{(uc(ambd) A oA (peCan¥ab)) I A {(1e(ci81d)) A e (Mc(cnﬁndn))}}
{( HAth)(a1Y1b1) A ( MAth)(azYzbz) A A ( llAth)(anann)}

>
{/\ {( llAth)(C151d1) A ( uAFhB)(CZ(SZdZ) N A ( uAI‘hB>(C118ndn)}}
= {ua(@p) A paled} A {pug(by) A pg(d;)}Since this true for every representation of x,

We have

o) vf{[umi) Aa(@)] 2 [ha(b) A uB<di)]}},

n

n
x+Zaiyibi +Z=Zai81di+z

i=1 i=1
= l'lAOhB (X)

ve(x) < {Vc (Z aiYibi) V Ve (Z ciSidi)}

< {(ve(@ry:bD) V oV (ve(an¥nb))}V {(ve(e:8:dD) V ..V (velen8udi)}}
< {{( VAth) (ary;by) v ( VAth) (azy2b2) V ... ... \% ( VAth)(anann)} V}
B {( VAth)(C151d1) \% ( VAFhB)(CZSZdZ) V...V (VAth)(C11511d11)}

= [{VA(ai) valcp}v {vg(b;) vg (di)}}Since this true for every representation of x,
We have

ve(®) < /\g{[VA(ai)VVA(Ci)]\i/ [va(b) v VB(di)]}]

n

n
x+Zaiyibi +Z=2Ci81di+z

i=1 i=1
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= Vao,B(X)
Since x € S s arbitrary pa,,g S C andvy, g 2 C
If x cannot be expressed as (1) then the proof is trivial.

Proposition 3.8
Let A,B,C be three intuitionistic fuzzy h-ideals of S.Then p, € pg implies that

Haopc S HBoyC

Proof
Let A, B, C be three intuitionistic fuzzy h-ideals of S, Such thatp, € pg andx € S be
arbitrary

Haopc () = v{{[um) Ata (@] A Te(b) A uc<di>]}}

n

n
x+Zaiyibi +Z=Zci51di+z

i=1 i=1

Where a;, b;,c;,d;,x,z€ S and vy;,6; € T ,fori =1,23,....,n
< VI{[HB(ai) A pg(ci)] A [uc (b)) A Hc(di)]}l = MBo,c(X)
Thus pag,c S Mpo,c and

Vao,c(X) = /\{{[VA(ai) Vva(c] v [ve(bi) v ve (di)]}}

n

x+z ajy; by +z—2c8d +z

i=1

Where a;, bl,cl, d;,x,z€ S andandy;,8; € T ,fori =1,2,3,.
> /\i{[\’s(ai) Vv vg(cp] M [ve (b)) v ve (di)]}} = VBo,c (%)

Thus VAOhC c VBOhC .

Proposition 3.9
Let A, B be two intuitionistic fuzzy left ( resp.right ) h-ideal of S. Then pygg and
vaggare intuitionistic fuzzy left (resp.right) h-ideal of S.
Proof
Supposex,y € S andy € I".'Then
taosxvy) = V{[ua(p) Aup(q)] forp,q € S}ifx+y=p+q.
> V{[uaCu+s) Apg(v+t)] whereu,v,s,t € S}ifx=u+v,y=s+t
> V{[ua () A pa (W] [1p(s) i@} ifx =u+v,y=s+t
= {VIa@) A ps DBV A Dus OB} ifx =u+v,y = s+t
= M@ (X A Haer(Y)
Vaarxyy) = Mva(p) vvg(q)] forp,q € S}, ifx+y=p+q
< A{[va(u+5s) vvg(v+t)] whereu,v,s,t € S},ifx=u+v,y=s+t
< /\{{[VA(u) Vva(W)]V [vg(s) VVB(t)]}}, ifx=u+vy=s+t
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= A{lva@) VvgW] V [vo(s) Vvg®]}} ifx=u+vy=s+t
= {{Alva@) Vv M}V {A[va(s) Vve(O}} if x =u+ vy =s+t
= Vaer(X) VVaer(Y) -
Again
Haws(xyy) = V{[ua(p) Aug(q)]} ifxyy =p+q
= V{[ma(xyw) A pg(xyv)]}, [since xyy = xy(u +v) = xyu + xyv ]
y=u+v
> pa () A pg(v) = paege(y) and
vaes(yy) = A{[va(p) v ve(@)]},ifxyy = p +q
= A{[va(xyu) Vv vg(xyv)]}, [since xyy = xy(u +v) = xyu + xyv] ,
y=u+v
< va(u) vvg(v)
=Vage ()
Now for h-ideal suppose w+p+z=q+z........(1) where w,p,q,z € S.
Then
Maee(W) = V{[ua () A pp(W ]} if w = x +y, and
Vagr(W) = A{[va(x) Vvg®M]}, if w =x+y.
Now (1) can be writtenas (x +y) +p = q+ zi.e x and y have an expression of the
foom x+4+p,+z=q,+z;andy+p,+2z=q,+2z, respectively, for some
P1,P2 91, 92, Z1, 2o € S. Hence equation (1) reduced to an expression

X+ +@i+p)+ @ +2)=(q+q)+ (@ +22) e 2)

Therefore comparing (1) and (2) we have
taoe(W) = V{{{ua(p1) A pa(@)] A [up(p2) A pe(q)H}ifw = x4y, p = py + pa,
q=4; +qz,
= V{{lua(p1) A ue(2)] A [ma(as) A pg(a)1}}ifp=py +p2.d =qs + 92

= {VIra(p) A ua()1} A {VIalas) A pe(g)1}}

= Haes(P) A Haes(Q)

Vaoe(W) < A{{lva(ps) Vva(a)]V [ve(py) vV ve(g)}ifw = x+y,

P=p1+tP29=9; +q;

= AM{{[va(p1) V va(p)1V [va(qs) V ve(@)13}ifp = p1 + P2,d = g1 + g2
= {{Alva(p1) vV va(p )1}V {Alva(qy) V ve(q)1}}

= Vaes(P) VVaer(q)
Therefore A @ B is an intuitionistic fuzzy left h-ideal of S.
Similarly we can prove the result for intuitionistic fuzzy right h-ideal.

Proposition 3.10
Let A, B, C be three intuitionistic fuzzy left h-ideals of S.Then

Q) Hao,B®C) = (MthB) @ (Mthc)& VAo, (BOC) = (VthB) @ (Vthc)
(iDr@@cyna = (Heepa) @ (Haoyc)&VE@C)mA = (VBoya) @ (Vau,c)

Proof
We know thatB € B @ C = pa., g € Hae,BaC)
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Similarly, pa..c € Hao,BoC)-

Thus (Mao,e) @ (Haoyc) € [(Maoy@ac) @ (Maoyeoc)] = Hao,@ac)
To prove the reverse inclusion let x,u,v,z aj, b, c; d;, b, bi’, did{’,z;,z, €S,y;,8; €T

[Mth(B@c)](X) =V {{UA(ai) A HA(Ci)}/i\ {H(B@C)(bi) A H(B@C)(di)}}

x+zaiyibi+z =Zc181di+z
= vg{[mm AuaCed] A [V (a0 A (me®))] A [V (el A (ue (d;')))]}}

b=b{+b/'d=d;+d
x+ ) m(b' ) 7= ) o8 +d)) +2

= x+ 2 a;y;bj +Z ajy;b +(Z1+Zz) = (EciSid{ + ZciSid{’)+z1+zz

>V {v{[mai)mA(q)M [1p(5) A uB(d£)]}}
. [v{[mi) Ata(e)] A [ie (B} A ke <d;'>]}]
>V [{[m(ai) Ata(e)] i (5) A uB<d;>]}]

. [v{[mai) Aia@] A e () A <d;')]}}

V{tao,B(W A Hao,c(M} u + Z ajyibj +z, = Z ¢ 8;di + 74
V+ZaiY1b£' tz; = 2015161{' +z,ifx=u+v
= ((UthB) ® (Mthc)) (u+v)

= ((“‘AOhB) @ (“‘AOhC)) (X)
Therefore pao,ac) S (Haoys) @ (Haosc)
B2 B @ C = Vpo,B 2 Vao,BaC)
Similarly vao, ¢ 2 Vao,@ac). Thus
(Vaoys) @ (Vaose) 2 [(Vaoumec) @ (Vaou@ec)] = Vao,@ec)
To prove the reverse inclusion letx, u,v, z, a;, by, ¢; d;, b, b{’, di d{’,z;,z, € Sy;, 8; €T,
then

[Vao, o)) = /\[{[VA(ai) Vva(c)] v [Veac (b)) v V(B@C)(di)]}]

x+zaiYibi+Z:ZCi6idi+Z
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_ /\{{[/\(VA(ai) vvae))]v [A(va®) v (ve®i))] v [A(ve@p v (vc(d;')))]}]
b=bl+b'd=d +d/
x4 ) ayi(b+b) + 2= ) ¢ 8(df+d)) + 7

>x+ (Z a;Yib; + Z aiyib{’) +(z;, +2,) = (Z c; 8;d; + Z Ci (Sid{’) + (z; + z,)

<A f/\ {[VA(ai) Vva(cy)] v [vg(b)) Vv VB(dD]}}

orfia v ety ) voc(a)

= MVao,e(W Vvao,c(W}u+ Z ajyibi + 2z, = Z ci 8idi + 74
v+ Zaiyib{’ +7z, = ZciSid{’ ifx=u+v
= ((Vao) @ (Vaoyc)) @+ v)
= ((Vaops) ® (Vaoyc)) ®)

Therefore VAOh(B(-BC) 2 (VthB) @ (VthC)
Hence the proof
Similarly, we can prove (ii).
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