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Abstract
In this paper, K denotes a complete, non-trivially valued, non-
archimedean field. The entries of sequences, series and

infinite matrices are in K. Here, we have defined B — core

or Banach core and proved a few theorems on the & — core
in such fields.
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Introduction
Let K be a complete, non-trivially valued, non-archimedean
field. Let

o0
Ax = (Ax), = Z Qs X »

k=0
it being assumed that the series on the right converge and
(Ax), is called the A-transform of x = {x;}. The infinite

matrix 4 = (@), mk = 0,1,2, ... is said to be regular if
(Ax), converges whenever x = {x;} converges and have
the same limit.

Let x={x, )2, EK,k=012.., we denote by
C.(x), n=012.. the smallest closed convex set
containing X Xp+1.---and call

Hix) = ﬁ C,(x)
n=0

the core of .
For the infinite matrix B = (b ) .1,k = 0,1,2, ... similarly
we define,

a5
Bx = (Bx), = Z BowXe
k=0

Matrix B = (b, ),n,k = 0,1,2, ... is called normal if it is a
lower semi-triangular matrix with non-zero diagonal entries.

Whenever B is normal, B has a reciprocal. Denote its
reciprocal by

B~l= {bnk_l}'

n=012..,

n=1012,...

Definition 1. 1.
Let K be a complete, non-trivially valued, non-archimedean
field. For every bounded sequence x = {x1.}, we define the

% — core or Banach core as

B, (u) = {WEH: |lw—u| =lim sup ka—ul}.

PP pziranty

Theorem 1. 1.
An infinite matrix 4 = {a,) mk =012,.. is such

that 2 (Ax) € B(x) if and only if A is regular and satisfies
limn—hc:mpkal}lﬂnkl =1

Proof : Necessary part:
Assume A is regular and lim . supp=gla| = 1. (1)

To prove K (Ax) = Blx)
Let v € H(Ax). By definition, we have that

(==}
|v—u| = lim sup E g X — U
n—10 n
k=0
(==}
= lim sup E (X —u)| (since A isregular)
n—m 7
k=0

= lim sup supla; | |2, — ul
nUR n k=0

= sup|x, —ul using (1)
T

=lim sup |x,—ul
PP nakantp

lv—u| =lim sup |x;—ul
PP nakantp

=y e Blx).
Therefore, K(Ax) < B(x).

Sufficient Part:

Assume K (Ax) = Blx).

To prove that (1) holds.

But by definition, B{x) © H(x).

Therefore, H(Ax) < K(x) 2)

In view of (2), we have A is regular and that
limn—:v:cmpkaﬂlﬂnkl =1
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This completes the proof of the theorem.

Definition 1. 2.
The infinite matrix 4 = (@), m,k = 0,1,2, ... is said to be
f-regular if A is conservative and lim Ax = f(lim x).

(ie) AI_I;I:ICZ QX = (1) where J1{1_13:.(3 X = L
k=0

Theorem 1. 2.
An infinite matrix 4 = {a,) nk =012, .. is such
that B{Ax) © B(x) if and only if A is f-regular and satisfies

lim sup |a,l = 1.
n—roo k=0

Proof: Necessary part:

Let x = {x ) be a bounded sequence. Let u be a limit point
of x.ie,, lim x, = u.
k—m

If y is any point in B(Ax), then by the definition,

Z @iy — (1)

k=0
Let us assume A is f-regular and satisfies
lim sup|a,;|=1. (3)

noes =g

To prove B4dx) © B(x).

Let v € B(Ax), Also Alis f-reqular implies lim Ax = f ( lim
x) = f(u)

ie., lim Z g Xy = 1)
=0
k=0

ly— flu)] =lim sup

PO nakantp

ly— flu)] =lim sup

PO nakantp

= lim sup
PP nakantp

k=0 k=0
(==}
(sincelim Z Qi = flu))
=0
k=0
[=.=}
= lim sup Z g (X — 1)
POz kantp =

=lim sup suplayllx —ul
PP pzkantp k=0

=lim sup |x,—ul
PO pzksntp

|lv— flu)| =lim sup |x, —ul (4)

PP pzkantp
Now consider that,
ly —ul =y — flu) + flu) —ul
= max{|y — flu)l, |f(z) — ul}

= |y — flu)| (sincef(u) 2uasn — x)

using (3)

lv—u| =lim sup |x,—u|l from(4)

PP pakantp
=v € Blx)
= B(Ax)  Blx).

Sufficient Part:

Assume B(Ax)  Blx).

To prove that (3) holds.

Let x = {x} be a bounded sequence that converges to a limit
u.

limx, = u or 11m(xk —u)=0.
k=

Since B(Ax) c FB(X}, A-transform of {x) also converges
to a limit.

= lim g (X — U) = Z lim g (X, — u) = 0
="
k=l}

= lim QpacXy = 11n1 E (s ST
n—0

= lim.f-'ﬁx = f{hmx} = f(u}
= Ais f —regular.
To prove lim sup|ﬂnk| =1

fi—*oo k
Since A is f-regular, llm.f":x = f{limzx)
= =) ==
, lim T X = lim e 1
n—? nkik = earend nk
k=0 k=0
= =)
lim Zank(xk —u)| =
F =00
k=0
But,
==
5 QX — U)
k=0

= max{lano(xo — )l lany(xy
=W, e | Bz oz — 1), 0.3
lim suplankl =1 (asx,—=lask = o).

fn—oo

This completes the proof of the theorem.
Before giving the main results we state the following Lemma

[9].

Lemmal. 1.
Let A = (@,;) and B = (bj) be infinite matrices, where
Qp by EK, njik=012..

For any bounded sequence x={x,} there exists Ax

whenever Bx is bounded if and only if the following
conditions are satisfied for a fixed n.
a0

(1) cppe = Z ap; by T, k=012,..,
=k
(2) sup lcpel < o,

n.k
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an
(3)lim sup Z @pj b}-k_l =0.
J-m pzg=y =71
Theorem 1. 3.

Let B be a normal matrix and A be any matrix. For any
bounded sequence X = {x} there exists Ax whenever BX is
bounded and that F(Ax) = B(Bx) it is necessary and
sufficient that the following conditions are satisfied.

(i) C = AB™? exists,

(ii) C isregular,

a0
(iii) for a fixed n,lim sup E an; by T =0,
o= osks) | £
}_

(iv) lim sup|c,| = 1.
nos e

Proof: Necessary Part:
Assume K (Ax)  B(Bx).
For any bounded sequence ¥ = {x}}, Bx is bounded and we
write y = BX.
By lemma 1. 1, conditions (i) and (iii) hold.
Since K (Ax) © B(Bx), we have
H(AB™'y) c B(Bx)
= K (Cy) = Bly), using (i)
Hence the conditions (ii) and (iv) hold, in view of Theorem 1.
1.
Sufficient Part:
Assume that the conditions (i) to (iv) hold.
Since Cisregularand lim sup |cp.] =1,
nes el
We have,
HK(Cy) = B(y), by theorem 1

= K(AB™'y) c B(Bx), from (i)
= H(Ax) c B(Bx).
This completes the proof of the theorem.

Theorem 1. 4.
Let B be a normal matrix and A be any matrix. For any
bounded sequence X = {x1.} there exists Ax whenever Bx is

bounded and that B(Ax) < B(Bx) it is necessary and
sufficient that the following conditions are satisfied.

(i) C = AB™? exists,

(ii) € is f — regular,

a0
(iii) for a fixed n,lim sup Z Apj b}-k_l
I=2 pep=g ey
-:l—

=0,

(iv) lim supl|e,;| = 1.
f—oo k=0

Proof: Necessary Part:
Assume B(4x) © B(Bx),

For any bounded sequence x = {xJ, Bx is bounded and we
write y = BX.
By lemma 1. 1, conditions (i) and (iii) hold.
Since B(Ax) = B(Bx), we have
B(AB'y) c B(Bx)
= B(Cy) c Bly), using (i)
Hence the conditions (ii) and (iv) hold, in view of Theorem 1.
2.

Sufficient Part:

Assume that the conditions (i) to (iv) hold.

Since C is f-regular and 11_1}11 SUPr=olCnxl = 1,
—+oo

We have,
B(Cy) c B(y), by Theorem 1.2

= B(AB Yyv) c B(Bx), from (i)
= B(Ax) c B(Bx).
This completes the proof of the theorem.
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