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Abstract

In this work we consider numerical positive solutions of the equatid =
A f(u) with Dirichlet boundary condition in a bounded dom& whereA > 0
and f (u) is a superlinear function af. We study the behavior of the branches of
numerical positive solutions for varying
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1. Introduction
We are interested in the positive solutions of the problem

—Au(x) = A f(x,u(x)) xeQ 1
{u(x)zo Xe 0Q, (1)

whereQ is a bounded domain iRN (N > 3) with boundarydQ, and f (u) = u—u?+

au® —but, 0 < a << b << 1where<< means very less than.

The problems involving Laplace equation arise quite frequently in the biological, social
and physical sciences. For example solutions-aiu = A f(u) correspond to steady
states for time motion, with corresponding to extermal driving forces. The Laplace
equation also plays an important role in field theories in which a field (e.g. electric,
magnetic gravitation forces, or fluid velocity field) is given as the gradient of a potential
functionu ([8]).

On the other hand the Dirichlet boundary value condition has important physical signif-
icance. In electrostatics, for example, this condition specified the value of the potential
functionu on dQ which induces the electric fiel€ = —Ouin Q. If we can show the
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equation—Au = A f(u) with Dirichlet condition is well-posed, this means that the elec-
tric field is completely determined by the charge distribution in§¥ddegether with the
value of the potential function on 0Q.

In this paper we study numerical solutions of the equation (1) that arises in wide fields of
physics, and so it has been studied by several authors. Among others it describes prob-
lems of thermal self-ignition [3], diffusion phenomena induced by nonlinear sources [5]
or a ball of isothermal gas in garvitational equilibrium as proposed by Lord Kelvin [1].
We also refer to [4,9] where different models and further references may be found. In
this paper we concentrate on the numerical positive solutions of temperature distribution
in an object heated by the application of a uniform electric current suggested in [6]. In
fact we show that the first eigenvalue of the problem

—Au(x) =Au(x) xeQ
{uuy:o X € 9Q. 2)

is a bifurcation point of the branch of numerical solutions that all of these solutions are
less than 1, also there is a positwé > A; that for anyA > A* we have two different
numerical positive solutions.

The outline of the paper is following.

In the next section we present a useful numerical method and introduce the framework
of the procedure to find numerical solutions. Section 3 contains some numerical results
of the problem (1) for varyind anda, b.

2. Finite difference method

Numerical techniques based on finite difference schemes can lead us to obtain approx-
imate solutions for any PFEs ([2,7,10]). In particular for an Elliptic partial differntial
equation of second order such as

d2u du
Lu=S S (—aj5 )+ Y bis_+cu=f(A
u (—ai dxidxj) by X cu (A,u),

we can use this technique. In fact the main idea is finding a numerical solution for (1)
in bounded domaif that in special points aR is adapted with exact solution, i.e., we
seek a solution array that in any points of a discrete gmC Q , u(x) = u(x) where
u is the exact solution of (1). It is often advantageous to study derivatives using the
limit of difference quotients, for this reason we define "forward difference quotient” as
follows:
u(x+ha) —u(x)

h
whereh # 0, g denotes the unit vector in the-direction,h is small enough thad <
|h| < dist(x,0Q).

A u(x) =
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Moreover we can define ” backward difference quotient”:

Au(x) = u(x) — ur(]x— ha)'

If we put together these quotients, we find a better approximatioﬁ;—‘f(ié?r as follows:

x+ha) —u(x—ha)
2h

Su = U .
It is proved in [8] that if we considan € C}(Q) then

du(x) — ‘9“(7‘) ash—0.
We can continue this procedure to gain higher derivatives such as

Siu(x) = u(x-+ha) —2u(x) +u(x—ha)

h2
and
5U(x) — u(x+heg +kej) — u(x+hg —ke; )4;;J(X— he +kej) + u(x— he — kej)
that tends to

%u(x)  d%u(x)
ox2 ' 0% 0X;

ash — 0 and|(h,k)| — O respectively.

Now by replacing these approximations in any elliptic equation of second order we ar-
rive at a finite system of equations that after solving we can obtain desireduarray

The method of differences is especially suitable for the solution of boundary value prob-
lems, for instance, the problem of determining a function that satisfies the Laplace equa-
tion in the interior of a given field and possesses given values at the boundary of the
field; such problems arise in the exploration of stationary temperature distribution when
the temperature at the boundary of the field is known, in investigating the tension in a
twisted rod of prismetic section, etc. In this cases the procedure is as above.

It is remained that how we can choose the points of grid2 I§ a regular domain for
example a square in plane, i.2 = [a,b] x [c,d]. We can suppose the solution domain

of the problem is covered by a mesh of grid-lines

Xi =a-+ih i=0,12---,ny,

y]:C+Jk j:051727"'7n2

parallel to the axes and

Xo = a, Xn, = Db, Yo=C, Yn, =d.
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Approximationsu;j to u(x;,yj) are calculated at the point of intersection of these lines,
namely, (x,y;j) which is referred to as thé, j) grid-point. The constant spatial and
temporal grid-spacing are

respectively.

But a large number of physical problems have irregular boundary. For investigation a
point like P near bound of domain that does not have distance eghaktth boundary,

can be used some techniques. A precise technique, is using of interpolation. In this
section we explain it briefly.

For simplicity we limit us in two dimension space. Suppose the points olghdt has
distances equd andk with P in directionsx andy be P, andP, and the nearest point to

P on the boundary in directionandy be Q; andQ, respectively. Because of Dirichlet
boundary condition we know(Q;) = u(Qz) = 0.

Letdist(P, Q1) = d; anddist(P,Q2) = d, where0 < dy,d, < 1. We want to find3¥ (P)
andg—‘)j(P) andg—i‘é‘(P) andg—?;(P) simultaneously.
By using Taylor expansion arouritiwe get

2 32 2 2 32
Ux3) = U(P) +X( G ) (P) +( 5 )(P)+ 5 ()P 550 P+ % (S P+

Without loss of generality we can suppd3és (0,0) and so we can write point, P,
Q1 andQ; such as:
(_h70)7 (07 _k)> (dlhv 0)7 (07 d2k)

respectively.
After substitution last formulas in Taylor expansion and omissigt) ando(k3), we
arrive at:

dokuy (P) + 3 (dk)2uyy(P) = u(Qz) — u(P)

dthX(P) + %(dlh)zuxx(P) = U(Ql) - U(P)

)
—kuy(P) + 3K2Uyy(P) = Uu(P2) —u(P)
| —hu(P) + 3h?ux(P) = u(P) —u(P)
that gives

ou,_ u(Q1) diu(Py)  (1—dp)u(P)
E(( )= l[dl(l—I—dl) © (14d) di J+o(f)
2u . o u(Qi) uP)  u(P)
P =2n 2[d1(1+d1) C(1+d)  dy I+o(h)
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@( )= k? UQz)  dau(P)  (1-—dp)u(P)
ay" ' lda(l4dy)  (14dp) d
9% _ 2k_2[ U(QZ) U(Pz) u(P)

P =2 d) A & oW

If the pointsP, and P, lie irregularly, we can use this procedure for them again. To
find the value olu in the pointP we apply linear interpolation formula in directioras
follows

] +o(k?)

0 1
U(P) = (3 g U(PL) + (3¢ u(Qu)
or in directiony as follows
d> 1

UP) = (2 U(PD) + (5 u(Qa).

This technique is one of the useful methods that developed from the work of Ger-
schgarin, G and Z. Angew.

3. Numerical Results

In this section we consider problem (1) and use all of discussions in previous section to
find numerical solutions.

At first we note that to solve problem (1) we considér> 3. Let N =3 andQ =

[0,1] x [0,1] x [0,1] and the grida C Q be a division ofQ andh = %(nl =np=n3=4).

We solve numerically the problem

_<UXX+ Uyy‘|‘ uZZ) =A [U(X, Vs Z) - U(X, Ys Z)z + aU(X, Y, 2)3 - bU(X, s 2)4] <X7 Vs Z) €Q
u(x,y,z)=0 (X,y,2) € 0Q
(4)

for the constanta = 10~/ andb = 103, Dirichlet boundary condition lead us to have
Upjk=Uok=Ujo=0 V1<i jk<3

whereu j x = u(x, Yj, z)-
By using the approximation af,x anduyy andu,; we have a system of equations of this
type

C Uikt U1 kU kUi k Uikl U k-1 — Bui jk
h? N

2
A (ui,j,k—Ui,j,k+aLﬁj,k—bL¢Lk)
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. Some of the equations of this system mentioned follows:

16(Up11+ U121U112—6U111) + A (U111 — U%ll—i— aufll— blfllll) =0 fori=j=k=1

16(Up12+ U122+ U113+ U121 — 6U112) +A (Up12— U o+-all ,—buf ) =0 for i= j=1,k=2

After solving this system we can obtainin grid m that guide us to understand the
behavior of solution branches. We express just some of valuegefwijks andv;jxs
in the following tables. It is easy to see that (the first eigenvalue of the problem (2))
in this case is 26.7 with decimal accuracy alsois around 100 that before it we don’t
have any positive solution greater than 1.
Note that the first table is for the branch of solution bifurcates fAiofrand the second
and third is for another branch of solutions. We mention thera,lwy andv.

A u
U111=2.05x 1@16 U121=3.69x 1@16 U131=2.06x 1@16
1 || up11=2.89x107 10 Up1=4.89x10716  up3,=2.91x 10716
U311=1.69x10 16 u31=2.78x10°16  ug3;=1.72¢10°16
Up11=3.76x10°8  1321=5.69x10 8  U13;=3.77x10°®
26.6 | Up11=4.93x1078  upp=7.13x1078  up3;=4.96x10°8
U311=3.35x1078  U3p;=4.79x10°8  u33,=3.39x10°8
U111=0.0013 U121=0.0020 U131=0.0013
26.7 U211=0.0017 U221=0.0025 U231=0.0017
u311=0.0012 u321=0.0017 u331=0.0012
Uu;11=0.3197 U121=0.4201 U131:0.3200
50 U211=0.3986 U221=0.5065 U231=0.3992
U311:0.3099 U321:0.3964 U331:0.3111
u111=0.5964 U121=0.6953 U131=0.5964
100 U211:0.6842 U221:0.7834 U231:O.6843
U311=0.5932 U321:0.6837 U331=0.5934
U111=0.9519 U121:0.9673 U131=0.9519
1000 U211=0.9670 U221:0.9823 U231=0.9670
U311=0.9519 U321=0.9670 U331=0.9519
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w

100

W111:5.4637 W]_21=5.5374 W131=5.4637
W211=5.5367 W»21=5.6103 W»31=5.5367
W311=5.4637 W321=5.5367 Wa33;=5.4637

500

w111=4.043
Wr11=4.059
W311:4.043

Ww121=4.059
W»21=4.075
W321:4.059

w131=4.043
W»31=4.059
W331:4.043

1000

W111=3.783
W211:3.791
W311:3.783

W121=3.791
W221:3.800
W321:3.791

Ww131=3.783
W231:3.791
W331:3.783

\Y

100

V111=6.685
V211:6.754
V311:6.685

V121=6.755
V221:6.824
V321:6.754

V131=6.685
V231:6.754
V331:6.685

500

V111:7.109
V211:7.123
V311:7.109

V121:7.123
V221:7.137
V321:7.123

V131:7.109
V231:7.123
v33:=7.109

1000

V111:7.388
V211=7.395
Vv311=7.388

V121:7.395
Vo21=7.402
V321=7.395

V131:7.388
V231=7.395
V331=7.388

67

Now we compare the numerical results for constants 10~/ andb = 102 with

a= 105 andb = 102 that is mentioned in the following tables.
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A u
U111=2.06x101®  uy1=3.70x10°1®  u;3,=2.07x10°1°
1 | up11=2.90<10716  Up=4.91x10716  up3,=2.92¢10716
U311:1.70><10_16 U321:2.79><10_16 U331:1.73><10_16
Up11=3.87x 108 U121=5.87x 1078 U131=3.89% 108
26.6 Up11=5.08x10°8  up»1=7.35x10°8  uy3:=5.11x10°8
U311=3.45x1078  U321=4.94x10°8  u33;=3.50<1078
u111=0.0013 U127=0.0020 u13:=0.0013
26.7 U»11=0.0017 U221=0.0025 U»3:=0.0017
u311=0.0012 u321=0.0017 u331=0.0012
u111=0.3192 U121=0.4192 u13:=0.3194
50 U211=0.3979  u21=0.5054 U231=0.3984
U311=0.3094  u321=0.3957 u331=0.3106
u111=0.5941 Up121=0.6921 U131:0.5941
100 U211=0.6812  ux21=0.7794 U231=0.6813
U311:0.5910 U321:0.6808 U331:0.5912
U111:0.9443 U121:0.9594 U131:0.9443
1000 U211:0.9591 U221:0.9740 U231:O.9591
u311=0.9443 u321=0.9591 u33:=0.9443
A w
w111=11.907 wy21=11.922 w;3;=11.907
100 || w»11=11.922 wW»»1=11.938 w»31=11.922
W311:11.907 W321:11.922 W331:11.907
W111:9.749 W121:9.753 W131:9.749
500 W211=9.753 W»»1=9.758 wW»31=9.753
W311:9.749 W321:9.753 W331:9.749
W111:9.312 W121:9.315 W131:9.312
1000 W211=9.315 WwW»»1=9.317 WwW»3;=9.315
W311=9.312 W321=9.315 W331=9.312
A %
v111=13.356 Vv121=13.369 v;13;=13.356
100 || v211=13.369 v»»1=13.382 v»31=13.369
v311=13.356  v321=13.369 v331=13.356
V111:13.674 V121:13.677 V131:13.674
500 || v211=13.677 Vv221=13.679 V»31=13.677
V311=13.674 v321=13.677 Vv331=13.674
V111=13.965 v121=13.966 V131:13.965
1000 || v211=13.966 v221=13.967 V»31=13.966
V311:13.965 V321:13.966 V331:13.965
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So by using the results in these tables we can draw the bifurcation diagram of the solu-
tions in the planéA,||u||), where

[ul] = [lulle = sup u(x,y;2)
(%,y,2)€[0,1] x[0,1] x [0,1]

e

Figure 1: Bifurcation diagram
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