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Abstract

In [1] author’s introduced the notion of fuzzy B-algebras. In this paper, we
introduce the notion of the Intuitionistic Fuzzy- structures of B-algebras, and
prove some interesting results.
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1.Introduction

In 1996, Y.Imai and Iseki [3] introduced two classes of algebras originated from the
classical and non-classical propositional logic. These algebras are known as BCK and
BCI algebras. It is known that the notion of BCI-algebra is a generalization of BCK-
algebras in the sense that the class of BCK algebras is a proper subclass of the class of
BCI —algebras [4]. In 2002, J.Neggers and H.S.Kim introduced the notion of B-
algebras, which is another generalization of BCK-algebras [7]. Also they introduced
the notion of B-algebras [ 8] where two operations are coupled in such a way as to
reflect the natural coupling, which exists, between the usual group operation and its
associated B-algebra, which is naturally defined by the group. In 2012, Young Hee
Kim and Keun Sook So, gave a new approach of B-algebras and proved some related
results [12].
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In 1965, L.A.Zadeh [13 ] introduced a new notion of fuzzy set, to evaluate the
modern concept of uncertainty in real life. The notion of fuzzy sets is a generalization
of the notion of crisp sets in which the boundaries are not crisp or sharp. The study of
fuzzy algebraic structures was initiated by A.Rosenfeld [10] .Hu and Li introduced the
notion of fuzzy subring. K.T.Atanasov introduced the notion of Intuitionistic Fuzzy
set in 1986, in which not only the membership value is considered but also we
consider non-membership values [2]. In 1991, X.Ougen [9] defined fuzzy subset in
BCK-algebras and investigated some properties. In 1963 Y.B.Jun [6] applied it to
BCl-algebras. In 2012,P.K.Sharma [11] introduced the t-Intuitionistic Fuzzy Subrings
and investigated some properties. Recently in 2013 the authors of [1], introduced the
concept of Fuzzy B-sub algebras of B-algebras.

Motivated by this, we are interested in connecting the two notions B-algebras and
Intuitionistic Fuzzy Sets. In this paper we discuss Intuitionistic Fuzzy concept of -
sub algebras of B-algebra and investigate some of their properties.

2.PRELIMINARIES

In this section we recall some basic definitions and results that are needed in the
sequel.

Definition 2.1. [3]

A BCK-algebra (X,*,0) is a non-empty set X with a constant 0 and a binary operation
* satisfying the following axioms:

L(x*y)* (x*z))* (x*z) = 0

2.(x*(x*y))*y =0

3.xxx =0

4.xxy =0andy*x =0 = x =y

5.0xx = Oforallx,yeX.

Definition 2.2. [4]

A BCl-algebra (X,*,0) is a non-empty set X with a constant 0 and a binary operation *
satisfying the following axioms:

L(x*y)* (x*2z)) * (x*2z) = 0

2.(x*(xxy))xy = 0.

3.x¥xx =0

4.x*y =0andy*x =0 = x = y forallx,yeX.

Definition 2.3.[8]

A P-algebra is a non empty set X with a constant 0 and a binary operation + and -
satisfying the following axioms:

l.x+x = 0and x—x =0

20—-x)+x =0

3.x—y)—z = x—(z+y)forallxyeX
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Example 2.4.
Let X = {0,1,2,3} be a set with constant 0 and binary operations + and - are defined
on X by the following Cayley’s tables.

+ 0 1 2 3 - 0 1 2 3
0 0 3 2 1 0 0 3 2 1
1 1 0 3 2 1 1 0 3 2
2 2 1 0 3 2 2 1 0 3
3 3 2 1 0 3 3 2 1 0

Then (X, +, —,0) is called a -algebra.

Definition 2.5.
A non empty subset A of a f-algebra (X, +,—,0) is called a - sub algebra of X, if
xty € Aand x-y € A forall x,y € A.

Example 2.6.
In the above example of the B-algebra, the subset A = {0, 2} is a - sub algebra of X.

Definition 2.7.[2].
An Intuitionistic fuzzy set (IFS) in a nonempty set X is defined by
A= {<xp,(x),0x) >/x €X}
where pa : X — [0,1] is a membership function of A and 9, : X — [0,1] is a non
membership function of A satisfying 0 < p,(x) + 95(x) < 1forallx € X.

3. Intuitionistic fuzzy p- sub algebras

Definition 3.1.

Let (X, +,—,0) be a B-algebra. Then A = { < x,p,(x),95(x) >/x € X} is called an
Intuitionistic fuzzy (IF) B-algebra of X, if following conditions are satisfied.
Lp,x+y) = minfu, (x),u,()} and 9o(x +y) < max {94(x), 92 ()}
2.u,(x—y) =min{u,(x),u,(y)} and I (x —y) < max {95 (x),94(y)} where

0 < u,(®)+95(x) < 1Lforallx€X.

Example 3.2.
For the B-algebra defined in the example 2.4. is the IF subset of X.

.8,x=0 1 ,x=0
pa(x)={.5,x =1,2 and Ia(x)=4.5,x =12
.3, x=3 A4, x=3

is an IF B-sub algebra of X.
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Definition 3.3.

Let (X,+,—,0)and (Y,+,—,0)be two B-algebras. Let A = {<x,u,(x),95(x) >
/x €X} and B = {<y,uy(y),95(y) >/y €Y} be IF subsets in X and Y. The
Cartesian product of A and B, denoted by, A x B is defined to be the set AxB = {<
(Hp Xpp)(%Y), (UaxTB)(Xy) >/x €X X Y} where (n, xpg): X X ¥V —[0,1] is
given by (prpB)(x,y) = min {,uA(x),,uB(y)} and (9, x9g):X XY —[0,1] is
given by (94 x9g) (x,y) = max {9,(x),9g(y)} forallx e X andy €Y.

Definition 3.4.

Let (X,+,—,0)and (Y,+,—,0) be two P-algebras .A mapping f: X — Y .is said to be
a pB- homomorphism, if f(x;+x;) =1f(x7)+f(x;) and f(x; — x;) = f(x1) —
f(x,) forall x4,x, € X.

Theorem 3.5.

If A and B are two IF B- sub algebras of X, then A N B is also an IF B-sub algebra of
X.

Proof:
Letx,y € X,

(BaNpp) (x+y) =min{p,x+y),pux+y)}
= min (min{ x, (x),4,(¥)} min{ py (X), pp (v)3})
= min (min {g, (), ug X}, min{u, (v),uy;
min { (x, N pg)(X), (1, N pg) ()}

(9a N 9p) (x+y) =max{dy(x+y),9p(x+y)}
< max (max {9, (x), ¥ (y)}, max {¥g (X), 95(y)})
= max (max {9, (%), 95(x)}, max{d, (y),9s(y)})
= max { (94 N Ip) (%), (Ia N Ip)(¥)}

Similarly, one can prove that
(upaNup) (x—y) 2 min{(u, N pp)(), (1, Npg)(y)} and
(94 NIp) (x—y) < max{ (Ja NIp)(x),(Pa NIp)(¥)}

The above theorem can be extended for any family of IF B-sub algebra of X as
follows.

Corollary 3.6.

Let {Ai /i € I} be an arbitrary family of IF B-sub algebra of X. Then NA; is also a
IF B- sub algebra of X.

Theorem 3.7.

Let X be a B-algebra. Let A = { < x,p (x),9 (X) >/x € X} be an IF B- subalgebra
of X. Then
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L.ux) <p(0)and 9 (x) =9 (0).
2u(x) < p(x*) <p(0)and 9 (x) = 9 (x*) = 9 (0) where x* =0 — X.

Proof :
Foranyx € X,

o) = ux—x) 2 mn{px),p®} = pE.

similarly,¥ (0) = ¥ (x—x) < max{J (x),9 (x)} =9 (x).
p(x") = w0 —x)=2min{p(0)pnx}=px).

Thatis p (x*) = p(x).
Hence ,u (x) < p(x*) < u(0).
9 (x*) = 9(0 —x) <max {9 (0),9 x)} =9I (x).

Thatis 9 (x*) < 9 (x).
Hence 9 (x) =9 (x*) =9 (0).

Theorem 3.8.
Let A be an IF-f sub algebra of a B- algebra of X. Let X, ={x€ X\ u(x) =
n(0) and 9(x) = 9(0)}. Then X, is also a B-sub algebra of X.

Proof:

Let A be an IF-f sub algebra of a B-algebra of X.

Let x, y € Xa, then p (x) = p(0) and 9(x) = 9(0)
1 (y) = n(0) and I(y) = 9(0)

For, pa(x +y) = min {pa(x), ua(y)} = min{p,(0), ns(0)} = p,(0)
ua(x+y) = uu(0)

Now, p4(0) = pa(0 + 0) = min{u,(0), s (0)} = min {us (%), ua(¥)} = malx +y)
= pax+y) = una(0).

For, 9,(x +y) < max{ds(x),9a(y)} = max{9I,(0),92(0)} =I5(0)
Ua(x+y) < 95(0)

Now, 95(0) = 95(0+0) < max {J4(0), 9(0)} = max{ I5(x), Ia(y)}=Ia(xty)

Therefore x +y € XA X,y € X.

Similarly we can prove that, x —y € Xy,
Thus X, is a B-sub algebra of X.

Theorem 3.9.
Let A be an IF B- algebra of X. Let Xp, ={x € X/ u(x) = p(0) &I (x) = 1-
9 (0)}. Then X 4 is a B-sub algebra of X.
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Proof :
Let x, y € Xa, then p (x) = p(0)and 9(x) = 1 —9(0)
u(y) = p(0)and I(y) =1 —-9(0)
ua(x +y) = min{p, (x), pa(y)}
= min{p,(0), n,(0)} = p,(0)
Ha(x+y) = pa(0)

Now, ps(0) =pa(0+0) = min{uy(0), pa(0)} = min {pus (x), ua(Y)} =
Ha(x+y) = pa(x+y) = ua(0).
Ia(x+y) < max{¥,(x),92(y)}
= max{1l — 9,(0),1 — 9,(0)}
=1—9,(0)
Now, 1 — 9,(0) =1-9,(0-0)
< 1 —max{J94(0),95(0)}
= min {1 —9,(0),1 — 94(0)}
<max {1 — 94(0),1- 95(0)}
= max{ 95(x), Ya(y)}
=05 (xty)

Therefore x + y € Xa.
Similarly we can prove that, x —y € Xa

Theorem 3.10.
Let A and B be two IF B-sub algebras of X and Y respectively. Then A X B is also
an IF B- sub algebra of X X Y.

Proof:
A = {<x,pax),94(x) >/x € X} and
B = {<y,ug(y),9s(y) >/y € Y}be IF- B-sub algebras in X and Y.
Takex = (xq,x2),y = (V1,¥2) € X X Y and p=pa X up.
ux+y) = u((x,x2) + (V1,¥2))

(a X p) ((x1 +y1), (x2 +¥2))
min {pa (% + y1), ug(xz + y2)}
min{min{pu, (x1), ua(y¥1)}, min{ pg(x2), us(y¥2)}}
min {min{ pa(x1), ue(x2)}, min{ pa(y1), us(y2)}}
min { (ks X pg) (x1,%2), (Ha X u) (V1,¥2) }
min { p (x), u(y)}
Similarly, p(x —y) = min { p(x), p(y)}-
And also, 9(xt+y) = I((x1+y1),( x2+Y2))

= (Uax Up) (%1 +y1), (x2 +¥2))

= max {J (x1 + ¥1),9s(x2 +¥2)}

< max{max{( 9 x1),9a(y1)} max{ Ip(x2), 9 (y2)}}

v un
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= max {max{ 95 (x1), U (x2)}, max{ 9a(y1), Ip(¥2)}}
= max { (9 X Ip) (x1,%2), (Pa X 9p) (V1,¥2) }
= max {¥ (x),9 ()}
I(x+y) < max{9(x),9(y)}
Similarly, we prove that 9 (x —y) < max {9(x),9(y)}.
Hence the Cartesian product of A X B is also an IF - sub algebra of X X Y.

Theorem 3.11.
If A= {<xpua(x),94(x) >/x € X} is an IF — sub algebra of X, then so is ©OA4,
where ©A = { < x,ua(x), 1a(x) >/x € X}

Proof:
Let A be an IF —3 sub algebra of X.
Letx,y € X.
Falx+y) = 1-pax+y)
> 1 — min{pa(®), ua()}
= max{l — pa(x),1 — pa(y)}
=min{1— pa(x),1 - pa(y)}
= min{{ia (x), Ta(¥)}
Similarly, "Ha(x —y) = min{ps(x), ta ()}
Hence ®A is an IF —f sub algebra of X.

Definition 3.12.
Let f: X = Y be a function. Let A and B be two IF- sub algebra of X and Y. Then the
inverse image of B under f is defined asf "1(B) = {< x, f (g (X)), f 1 (9s(x)) >
/x € X}

Such thatf ™! (ug (x)) = pp (f(x)) and £~ (I (%)) = Ip(f(x)).

Theorem 3.13.

Let (X,+,—,0)and (Y,+,—,0) be two p- algebras and Let :X—>Y be a
homomorphism. If A is an IF-B sub algebra of Y, then f~1 (A) is an IF-p sub algebra
of X.

Proof:
Let A be an IF-P sub algebra of Y.
Forx,y € X.

f (s x+y)

ua (fx+y))

wa (f) + ()

min{pa (f(x), pa (F(y))}

min{f ' (ua (), f " (ta )}
f7'W0a x+y)) =9a(f(x+y))

Up (f) + £(y)

max{J, (f(x), 92 (f(v))}

max{f " (9s(x)) , f (P2 ()}

v

Al
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Analogously, one can prove that pa(x-y) = min{f "1 (us (x)), f (s (y))} and
Ia(x-y) < max{f ' (0 (x) , f 1WA ())}
Hence f~lisalIF B —sub algebra of X.

Theorem 3.14.

Let (X, +,—,0) and (Y, +, —,0) be two - algebras .Let f: X = Y be an endomorphism.
If A is IF f — sub algebra of X, define f(A) = { < x, u(x)) = pu(f(x)) ,%(x) =

I(f(x)) > /x € X}.Then f(A) is IF B —sub algebras of Y.

Proof :
Let x,y € X.
ue(x+y)) = u(fx+y)) = p(fx) +f(y)) = min{u(f(x), u(f(y))}
= min{pue(x), ne(y))

Similarly, we prove that pe(x —y) = min {pe(x), ue(v))}
Further,
Oe(x+y) = I(fx+y)) = I(f(x) +1£(y)) = max{d(f(x),9(f(y))} =
max{9(x),9%(y))}  Similarly, we prove that 9¢(x —y)) < max {J¢(x),%(y))}-
Hence f(A) isan IF § —sub algebra of Y.
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