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Abstract

A quantum algorithm for the Eulerian graph problem by a numbering method and
its example are reported. When nodes are connected by edges [=n], a route that
traverses each edge just for once is obtained. When it is assumed that a computatio-
nal complexity of a classical computation is O(n!), a computational complexity of
the quantum algorithm by using quantum phase inversion gates, quantum inversion
about mean gates and the numbering method is O(n). Therefore, a polynomial time
process becomes possible.
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Introduction

Haroche and Wineland [1] made the very first steps towards building a quantum com-
puter. Deutsch-Jozsa’s algorithm for the rapid solution [2—4], Shor’s algorithm for the
factorization [3-5], Grover’s algorithms for the database search [3,6,7] and so on are
known. A quantum algorithm for the vertex coloring problem by the central limit theo-
rem has recently been reported by Fujimura [8]. Its computational complexity becomes
a polynomial time. The Eulerian graph problem [9,10] is examined this time. Therefore,

its result is reported.
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2. Eulerian Graph Problem

When nodes are connected by edges, a route that traverses each edge just for once is
obtained. There are a unicursal route and a traversable route.

3. Quantum Algorithm

3.1. Premise

A graph 1s assumed that k nodes connected by n edges. There are 4, edges between the

u-th node and the v-th node [0 < u < v < k — 1]. Where, there aren’t any edges from
k—1 k-2

a node to same node directly. It is assumed that ¢ is k + Z Z (hyy — 1), and m is

v=1,u<v u=0
k—1 k-2

n+ Y > (huy —1). When the w-th node [w = 0, -, — 1] has Q,, edges, Ry,

v=1u<v u=0
t—1

is the minimum integer that is Q,,/2 or more. Where, Z R,, is a necessary number of

w=0
nodes that the graph changes a line that may be contained same nodes. Therefore, the

graph has 3 cases.

-1
(I) A case of Z R,, = m. This case is a unicursal route.

w=0

-1
(IT) A case of Z R,, = m + 1. This case is a traversable route.

w=0

-1
(IIT) A case of Z R,, > m + 1. This case isn’t the Eulerian graph. Therefore, it isn’t

w=0
necessary that we calculate this case.

Alength of the §-thedge [§ =0, - - -, h,, — 1] between the i-th node and the j-th node

0<i<j<t—1]is Ll(sj) Where, Lg)?)q) [p and g are integers.] is Lg),)q at p < g, or

LEI(E, at g < p. Atotal length of edges on the Eulerian graph is L*.

At (), L*is L}, ., and at (II), it is L}.,. One edge of h,, is LY and remains

uni’ tra u,v?
1 (huy—2) (huy—1) 0) 0) ) ) )
L;,g’ o5 Ly and L,y areL " L"), L L, yand L
U8u,y s8u,y U,8u,v V,8u,v U,8u,y
0 . huy—2 hyy—1 :
L )(hw_l), respectively. Where, gftfg, e gb(,,v“’v ) and g,g,é"” ) are middle nodes. When
u,y

there aren’t edges between the i-th node and the j-th node, Lfoj) is assumed 2L*. Mo-
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reover, Ll(.oi) and LSO; are assumed 2L*. These edges that are assumed 2L* are excluded
by gate actions.

(1) The number of the repeated permutation of n points is n".

(2) The number of the permutation of n points is n!.

When there are n points, agn” ™' +ain" ">+ - -+a,_on' +a,_1n° = U is the numbering
datum from O to n”" — 1 [The 0-th datum is 0,0, - - -,0 and 0. The (n"* — 1)-th datum is
n—1),n—1),---,(n—1)and (n — 1).] in (1). When, in (2), it is assumed that the first
datumis 0,1,---,(n —2) and (n — 1), and the n!-th datumis (n — 1),(n — 2),---, 1 and
0, the V-th datum is obtained from vi(n — 1)! + vo(n — 2)! + --- 4+ v,_11!. Each of ¢;
[1 <i < n.iisaninteger.] is | piece of permutation from 0 to n — 1. When v; is O from
i = 1toi = n — 2 sequentially, ¢; is the minimum number in remained numbers. When
v isn’t 0 fromi = 1 toi = n — 2 sequentially, and v; 1, V42, --,v,—2 and v,,_1 are O,
@; s the v;-th small number in remained numbers, and ¢; 1 > @i42 > -+ > @1 > @y
is selected in remained numbers. When v; isn’t O fromi = 1 toi = n — 2 sequentially,
and there are v; 1 # 0orvjgo #0Oor---orv,—» # 0orv,_1 # 0, ¢; is the (v; + 1)-th
small number in remained numbers. When v,,_1is 1, ¢,,_1 < ¢, is selected in remained
numbers. Therefore, 17"~ + @on 2 + -+ + @,_in' + @,n" is U(V). This method
is named a numbering method for this problem. g is the minimum integer that follows
(a computational complexity of a classical computation) < 228 — 48 Next, quantum
algorithms of the cases of (I) and (II) are as follows.

t—1
3.2. Caseof Z R,, = m [Unicursal route]

w=0

It is assumed that k nodes are Py(xo, yo,20), P1(x1, y1,21), - * +» Pe—2(Xk—2, Yk—2,2k—2)
and Py_1(xk—1, Yk—1,2k—1)- There are h,,, edges between the u-th node and the v-th node.

New nodes are assumed Py (X, Yk, 2k) - =+ » Pr—2(Xr—2, Y1—2,2Zs—2) and Pr_1(x;—1, Yr—1,2—1)-

yy—1 )
These nodes are g(l) e, gb(,,v’ ) and so on. When Py starts and ends, we consider that

u,v?
combinations of # nodes that may be contained same nodes. An answer contains a coun-
ter course for a course. Therefore, the final answer has 2 routes at least. After all, the
computational complexity of the classical computation of a unicursal route [ = Z,;;] is
(1/2)(m — D!/((Ro — DIRy!- - Re—1!).

Firstof all, quantumregisters |ag >, |ay >, - -, |am—2 >,|b >,|co >,|c1 >, -, |cm—3 >
,ld1 >,|d» >,le; > and |ep > are prepared. When « is the minimum integer that is
logy(m — 1) or more, each of |a; > that f is an integer from 0 to m — 2 is consisted of «
quantum bits [=qubits]. States of |ay >,|b >,|co >,|c1 >, -, |cn—3 >,|d1 >,|dr >
,|ler > and |e; > areay,b,co,c1,- -+, cn-3,d1,d>, e1 and e, respectively. It is assumed
that0,1,---,m —3andm — 2 Ofaf are 0(1),0(2), cee aO(Ro—l)’ 1(1), 1(2), cee 1(R1), cee
( — Dy, (t = Dy, -+, (t = 1)g,_,—1) and (t — 1)g,_, of o7, respectively. Where, i(;)
is i of the j-th number[1 < j. j is an integer.].

Step 1: Each qubit of |as >,|b >,|co >,|c1 >, -+, |cw—3 >,|d1 >,|d> >,|e; > and
lex > is set |0 >.
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Step 2: The Hadamard gate |H|[3, 4] acts on each qubit of |a; >. It changes them for
entangled states. The total states are (2% yr—1,

Step 3: It is assumed that a quantum gate (A) changes |b > for [ >inay <m — 1, it
changes |b > for |0 > in the others of a 7, and it changes |[¢; > [0 <i <m—3.i1is
an integer.] for |c; + 1 > atay = i. As atarget state for [b > is 1, quantum phase
inversion gates (P ) and quantum inversion about mean gates (I M) [3,6,7] act on
|b >. When B is the minimum even integer that is (2% /(m — 1)!/? or more, the
total number that (P7) and (I M) acton |b > is 8, because they are a couple. Next,
an observation gate (O B) observes |b >. These actions are repeated sequentially
from |ag > to |a,,—2 >. Therefore, each state of |ay >is0,1,---,m—3,0orm—2,
and the total states become (m — 1)’"_1[ = My].

Step 4: As the target state for |¢; > is 1, (PI) and (IM) act on |¢; >. When y; is
the minimum even integer that is (M;_;/ M,-)l/ 2 or more, the total number that
(PI) and (IM) act on |c; > is y;. Next, (OB) observes |c; >. These actions
are repeated sequentially from |co > to |c,,—3 >. Where, M; is (m — 1)(m —
2)---(m—1-— i)m_l_i. Therefore, the total states become (m — 1)![ = Wy].

Step 5: Itisassumed that aquantum gate (B;) changes |d; > and |d, > for |d +L28?GO)+

LES?) o) > and |dy + agim — )" 2 + aj(m — )" 3 >, respectively, at |ag > and

lap >. (B;) [2 < i < m — 3. i is the integer.] changes |d; > and |d; > for
|d; + LES‘)?_I oy > and |dr 4+ aj(m — 1)" 271 > respectively, at |a;_; > and |a; >.
These actions are repeated sequentially from |a, > to |a,,—3 >. (B,,—2) changes

0 0
|dy > and |dy > for |di + L, 4L o >and |dy + aym_o(m — 1)° >,
respectively, at |a,,—3 > and |a;,—2 >.

Step 6: It is assumed that a quantum gate (C) doesn’t changes |e; > atd; = L} ., or it

uni?
changes |e; > for |e] + d2 > in the others of d.

Step 7: It is assumed that a quantum gate (D) changes |e; > for |1 > in e = 0 and
UV =1)<e UV =((m—-1)!/4)—2(Ry— D!Ry!--- R;_1!), or it changes
leo > for |0 > in the others of e;. As the target state for |e; > is 1, (PI)and (I M)
act on |ep >. The number of the data that is includedine; = 0and U(V = 1) <
el <UWV =((m—-1D/4)—2(Ry—D!Ry!--- R;—_1)is W = (m—1)!/4. When §;
is the minimum even integer that is (W / Wl)l/ 2 or more, the total number that (PI)
and (/M) acton |e; > is §; ~ 2. Next, (O B) observes |e; >, and the data of W,
remain. Similarly, (D;)[2 <i < g—1. i is the integer.] changes |e; > for |1 > in
e1=0andU(V=1)<e; <UV =((m—1D)/4)—2(Ry— D!R{!--- R,_11),
or it changes |e; > for |0 > in the others of e;. As the target state for |e; >
is I, (PI) and (IM) act on |e; >. The number of the data that is included in
er=0andU(v=1)<e <UWV =((m—D/4)—=2(Ry — D'Ry!---R;_1!)
is W, ~ (m — 1)!/4i. When §; is the minimum even integer that is (W,~_1/W,-)1/2
or more, the total number that (P/) and (/M) act on |e; > is §; ~ 2. Next,
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(OB) observes |e, >, and the data of W; remain. These actions are repeated
sequentially from 2 to g — 1 ati. (D) changes |e; > for [I > ate; = 0, or
it changes |e; > for |0 > in the others of e;. As the target state for |e; > is 1,
(PI) and (IM) act on |e; >. The number of the data that is included at e; = 0
is Wg &= 2(Rop — D!R!--- R—1! & (m — 1)!/4%. When §, is the minimum even
integer that is (W,y_1/ Wg)l/ 2 or more, the total number that (PI)and (IM) act
on |ex > is §; ~ 2. Next, (O B) observes lay >,|b >,[co >,|c1 >, -, |cm—3 >
,|d1 >, |d> >,|e; > and |e; >, and one of the data of W, remains. Therefore, one
example of orders that are e; = 0 is obtained.

r—1
3.3. Caseof Z R,, = m + 1 [Traversable route]

w=0

It is assumed that k nodes are Py(xo, y0,20), P1(x1, y1,21), - - Pk—o(Xk—2, Yk—2,2k—2)
and Pr_1(xx—1, Yk—1,2k—1). There are h,,, edges between the u-th node and the v-th node.
New nodes are assumed Py (X¢, Vi, &) - - » Pr—2(Xi—2, yi—2, z1—2) and Pr_1(Xi—1, Ye—12—1)-

These nodes are g(l) e ,gf,{lv‘”v_l) and so on. Whenanode P, [0 <s <t — 1. sisan

u,v

integer.] starts and other node P, [0 < e <t — 1. e is an integer.] ends, where Q; and
Q. are odd numbers, we consider that combinations of ¢ nodes that may be contained
same nodes. Therefore, the computational complexity of the classical computation of a
traversable route [ = Z;,4] is (m — 1)!/(Ro!Ry!-- - (Ry — D!+ - (R, — I)! - - - Ry_1)).

Firstofall, |ag >, |a; >, -, |am—2 >,|b >,|co >,|c1 >, -, |cm_3 >,|d1 >, |dr >
,ler > and |ep > are prepared. When « is the minimum integer that is logo(m — 1) or
more, each of |ay > that f is the integer from O to m — 2 is consisted of a qubits.
States of |ay >,|b >,|co >,lc1 >, -, |cm—3 >,|d1 >,|d> >,]e; > and |e; > are
ar,b,co,c1,- -+, cm—3,d1,do, ey and ey, respectively.

It is assumed that 0, 1, ---,m — 3 and m — 2 of ay are 0(1),0(2), s ,O(Ro), 1(1), 1(2),
o LRy (0= Dy, (0 = Dy, -+ -, (8 — 1)(g,_) of o7, respectively. Where, i(;)isi
of the j-th number [1 < j. j is the integer.].

Step 1: Each qubit of |ay >,|b >,|co >,[c1 >, -+, |cm—3 >,|d| >,|d> >,|e; > and
ler > is set |0 >.

Step 2: acts on each qubit of |ay >. It changes them for entangled states. The total
states are (2¢)" 1.

Step 3: (A)changes |b > for |1 >inay < m — 1, it changes |b > for |0 > in the others
of l[ay >, and it changes [c; > [0 < i < m — 3. i is the integer.] for [¢; + 1 >
atay = i. As a target state for |[b > is 1, (PI) and (IM) acton |b >. When B is
the minimum even integer that is (2%/(m — 1))/ or more, the total number that
(PI)and (IM) acton |b > is B. Next, (OB) observes |b >. These actions are
repeated sequentially from |ayp > to |a,,—» >. Therefore, each state of |a; > is
0,1,---,m — 3 or m — 2, and the total states become (m — l)m_l[ = My].
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Step 4: As the target state for |¢; > is 1, (PI) and (IM) act on |[¢; >. When y; is
the minimum even integer that is (M;_1/ M,-)l/ 2 or more, the total number that
(PI) and (IM) act on |c; > is y;. Next, (OB) observes |c; >. These actions
are repeated sequentially from |co > to |¢;;—3 >. Where, M; is (m — 1)(m —
2)---(m — 1 —i)" 1=, Therefore, the total states become (m — 1)![ = Wp].

0 0
Step 5: (B)) changes |d; > and |d, > for |d| + LEX,)UO) + Lgaf)m)

1)’"_2 + ai(m — 1)’"_3 >, respectively, at |ap > and |a; >. Similarly, (B;)
[2 <i <m — 3. iisthe integer.] changes |d; > and |d > for |d] + L(O)

(0i—1,0%)

and |dr +a;(m — 1)’”_2_’ >, respectively, at |a;_; > and |a; >. These actions are

repeated sequentially from |a, > to |a,,—3 >. (B,,—2) changes |d; > and |dy >
0 0 )

for |d| + LEUL_3,%_2) + Lﬁoi,_z,e) > and |dy + a;,_2(m — l)O >, respectively, at

|am—3 > and |a,; > >.

> and |dp + ag(m —

>

Step 6: (C) doesn’t change |e; > atd; = Lj,,, or it changes |e; > for |e; + dy > in
the others of d;.

Step 7: (D;) changes |e; > for |1 >ine; = 0and U(V =1) < e < UV =
(m —1)!/4) — Ro'R{!-- - (Ry — I)!-- - (R, — 1)!--- R;_1!), or it changes |e; >
for |0 > in the others of e;. As the target state for |e; > is 1, (P/) and (IM)
act on |e; >. The number of the data that is included in ey = 0 and U(V =
D<e <=UWV=((m—1)1/4)—Ro!'Ry!---(Rg — D!+ (Ro. — 1)!---R;_1!)is
Wi &~ (m — 1)!/4. When §; is the minimum even integer that is (Wy/ Wl)l/2 or
more, the total number that (P/) and (/M) act on |ep > is §; =~ 2. Next, (OB)
observes |e; >, and the data of W remain. Similarly, (D;) [2 <i <g—1.i1is
the integer.] changes |[e; > for |1 >ine; =0and U(V =1) <e; < UV =
((m — 1)!/4i) — Ro!Ry!---(Ry — D!+ (R, — 1! R;_1!), or it changes |e; >
for |0 > in the others of e;. As the target state for |e; > is 1, (P/) and (IM)
act on |ep >. The number of the data that is included in e; = 0 and U(V =
H)<e <UWV =((m-— 1)!/4i) —Ro'R{!---(Ry— D!+ (R, — D!~ R, is
W, ~ (m — 1)!/4i. When §; is the minimum even integer that is (W,~_1/W,-)1/2
or more, the total number that (P/) and (/M) act on |e; > is §; =~ 2. Next,
(OB) observes |e» >, and the data of W; remain. These actions are repeated
sequentially from 2 to g — 1 at i. (D,) changes |e; > for |[I > at e; = 0,
or it changes |e; > for |0 > in the others of e;. As the target state for |e; >
is 1, (PI) and (IM) act on |ep >. The number of the data that is included at
e1 = 0is Wy = Ro!R{!---(Rg — )!---(Re — D!+~ Ri_1! = (m — 1)!/4%.
When §, is the minimum even integer that is (Wy_1/ Wg)]/ 2 or more, the total
number that (P/) and (/M) act on |e; > is 6g ~ 2. Next, (OB) observes
lay >,1b >,|co >,|lc1 >, -, |lcm—3 >,|d1 >,|dr >,|le; > and |e; >, and
one of the data of W, remains. Therefore, one example of orders that are e; = 0
is obtained.
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4. Numerical computation

-1
4.1. Case of Z R,, = m [Unicursal route]

w=0

6[ = k] nodes on a graph are Py(0,0,0), P1(2,0,0), P2(2,2,1), P3(1,2,0), P4(0, 2,2)
and Ps(1,1,0). As for a unicursal route, the length of 12[ = n] edges on the graph are
Ly} = 2.LY% = Li) = 2'% ~ 14,Ly) = 3,L5) = 22 ~ 14,LY} = LY} =

) _ £172 A, M _ (12 1 O _ 15172 4, 0 _ £172 A,
2Ly, =5 ~22 L5, =6 +1~34,L7, =12"2~35 Ly, =5"7~22

and LE)(’)A)‘ =2.2Y2 228, L* . isabout 27.3. P and P; have 3 edges, and P; and
k=1 k=2
P4 have 2 edges. hp3 is 3, and h34 is 2. Therefore, ¢ is k + Z Z (hyy — 1) =

v=1,u<v u=0
k—1 k-2

6+2+1=9 andmisn + Z Z(hu,v— 1)=12+2+ 1 = 15. Added 3 nodes
v=1,u<v u=0
are Pg(2,2,0)[ = g511, P7(1,2, D[ = g53] and Ps(0, 1,2)[ = g§41. L5, LY and L)

become Ly3+L5) = 141 =2, LY)+LY) = 1+1 = 2and L3+ Ly} ~ 2.4+1 = 3.4,

respectively. When there aren’t edges between the i-th node and the j-th node, Lfoj) is

*
uni*

*

assumed 2L Moreover, Ll(.(? and LE.O} are assumed 2L .. These edges that are
assumed 2L

i are excluded by gate actions. The values of Q0/2,01/2,---,07/2
and Qg/2 are 4/2 < 2 = Ry = R = Ry,6/2 < 3 = R3,4/2 < 2 = R4 and

8
2/2 <1 = Rs = R¢ = R7 = Rg, respectively. Therefore, Z R,, is 15[ = m], and it is
w=0
checked this graph is a unicursal route. It is assumed that Py starts and ends. An answer
contains a counter course for a course. Therefore, the final answer has 2 routes at least.
Zuni1s(1/2)(m—1)!/((Ry—1)!Ry!---IRg!) = (1/2)(15—1)!/((2—1)12121312!1!1!1!1!) =~
9.1 x 108 It is assumed that there are g =152y < 4% = 45 ~ 1.074 x 109],
14

Uuws=1= Z(i—1)1414—f, UV = (141/4)=2-1121213121 1111111 = (14!/4)—96 ~
=1
l 14

2.179 x 10'%) = Z(pi1414_’ [for example, 91 = 3,00 = 7,03 = 6,04 = 12,905 =

i=1
10,06 = 5,907 = 13,908 = 2,909 = 11,010 = 9,011 = 0,912 = 4,913 = 8 and
13

pra =1V =Y vwld—il vy =3vm =06v;="5v=9%vs="7v5=4v; =
i=1

7,v8 = 2,v9 = 5,vi9 = 4,vi1 = 0,vp = 2 and vi3 = 0.], U(V = (14!/4%) — 96 ~

5.449 x 10%),---, U(V = (141/4'3) — 96 ~ 1203) and U(V = (14!/4'%) — 96 ~ 229).
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First of all, |ag >, |a; >, --,|a13 >,|b >,|co >,|c1 >, -, |c12 >,|d1 >,|d» >
,let > and |e; > are prepared. When « is the minimum integer that is [ogy14 =~
38 <4 = «, each of |[ay > that f is the integer from O to 13 is consisted of o = 4
qubits. States of |ay >,|b >,|co >, |c1 >,---,|c12 >,|d| >,|d>» >,|e; > and |ep > are
ar,b,co,c1,---,cr2,d1,da, er and ey, respectively. It is assumed that 0, 1, ---, 12 and
13 of ay are 01, L), 12), 2(1) 22)- 31)» 32> 33)> 41y, 42> S1), 61, 7(1) and 8¢y of o,
respectively. Where, i(;) is i of the j-th number [1 < j. j is the integer.].

Step 1: Each qubit of |ay >,|b >,[co >,|c1 >,---,[c12 >,|d1 >,|d2 >,|e; > and
lex > is set |0 >.

Step 2: acts on each qubit of |ay >. It changes them for entangled states. The total
states are (2%)" "1 = (2414,

Step 3: (A) changes |b > for |1 > atay < 14, it changes |b > for |0 > in the others of
ay,and it changes |c; > [0 <i < 12. i is the integer.] for [c; +1 > atay = i. As
the target state for |b > is 1, (PI) and (I M) acton |b >. When  is the minimum
even integer that is (24 / 14)1/ 2x 1.1 < 2 = B, the total number that (P /) and
(IM)acton |b >is B =~ 2. Next, (O B) observes |b >. These actions are repeated
sequentially from |ag > to |a13 >. Therefore, each state of |[ay > is 0,1,---,12

and 13, and the total states become 1414[ = Mpy].

Step 4: As the target state for |¢; > is 1, (PI) and (IM) act on |¢c; >. When y; is
the minimum even integer that is (M;_;/ M,-)l/ 2 or more, the total number that
(PI)and (IM) acton |c; > is y;. Next, (O B) observes |c; >. These actions are
repeated sequentially from |cyp > to |cj2 >. Where, M; is 14 - 13 ... (14 — 4.
Therefore, the total states become 14![ = Wy].

Step 5: (B;) changes |d; > and |d> > for |d; + LY y+ L9 < and |dy + ag14"3 +

(0,00 (00,01)
6111412 >, respectively, at |ap > and |a; >. (B;) [2 < i < 12. i is the integer.]
changes |d; > and |d, > for |d| + Lg_l o) > and |d> +a,~1413_’ >, respectively,
at |aj—1 > and |a; >. These actions are repeated sequentially from |ay > to|ajp >.

0 0
(B13) changes |di > and d; for |d| + LEU)IZ,UB) + LEO')B,O) > and |dp + a13140 >,
respectively, at |aj> > and |a;3 >.

Step 6: (C) doesn’t change ey > at dj = L

i~ 27.3, or it is changes |e; > for
ler + dr > in the others of d.

Step 7: (D;) changes |e; > for |1 > ine; = 0and U(V =1) < e < UV =
(m—=D1/4)—=2(Ro— 1)!Ry!---Rg) = UV = (14!/4) —2- 1121213121111 =
(8.718 x 10'°/4) — 96 ~ 2.179 x 10'° — 96 ~ 2.179 x 10'%) = U(V = 2.179 x
1010), or it changes |e; > for |0 > in the others of e;. As the target state for |e; >
is1,(PI)and (I M)acton |e; >. The number of the data that is included ine; = 0
andU(V =1) <e < UV =2.179 x 1010) is Wi =~ 14!/4. When §; is the
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minimum even integer that is (Wy/ Wl)l/ Zx2<2= 81, the total number that
(PI)and (IM) acton |e; > is §; =~ 2. Next, (O B) observes |ep >, and the data
of Wi remain. Similarly, (D;) [2 <i < g—1=15—1 = 14. i is the integer.]
changes |e; > for [l >ine; =0and U(V = 1) <e; < U(V = (14!/4") — 96),
or it changes |e, > for |0 > in the others of e;. As the target state for |e; > is 1,
(PI)and (I M) acton |e; >. The number of the data that is included in e; = 0 and
UWV)<e <UWV = (14!/4") —96) is W; ~ 14!/4'. When §; is the minimum
even integer that is (W,-_l/W,-)l/2 ~ 2 < 2 = §;, the total number that (P[) and
(IM)acton |ey >is8; = 2. Next, (O B) observes |e» >, and the data of W; remain.
These actions are repeated sequentially from 2 to 14 ati. (Dj5) changes |e, > for
|1 > ate; = 0, or it changes |e; > for |0 > in the others of e;. As the target state
for |e; >is 1, (PI)and (I M) acton |e; >. The number of the data that is included
ate; =01is Wis =~ 96 ~ 14!/415. When &5 is the minimum even integer that is
(Wia/ Wis)!/? &~ 2 < 2 = §;5, the total number that (P 1) and (I M) acton |ey > is
315 ~ 2. Next, (OB) observes lay >, |b >, |co >,|c1 >,---,|c12 >,|d] >, |d2 >
,le1 > and |e; >, and one of the data of W5 remains. Therefore, for example,
ao,ai, az, as, as, ds, de, aj, ag, dyg, aio, a1, a2, a3, b, co, c1, - - -, c12,d1, da, e1 and
eyare 1, 10,0, 3, 5,8, 2,6, 11,4, 12,7,13,9, 1, 1, 1, ---,1,L} . = 27.3,
13

Zai1413_i,0 and 1, respectively. As a result, a permutation of the unicursal
i=0

route that is [ Py (start) -] P, - Ps —> Py — P, - P3 —> Py — P} —> P3 —
Ps — P, - P; — Py — P3 — P4 [— Py (end)] is obtained. And the counter
course for this course is another final answer.

t—1
4.2. Case of Z R,, = m + 1 [Traversable route]

w=0

6[ = k] nodes on a graph are Py(0, 0,0), P1(2,0,0), P»(2,2,1), P3(1,2,0), P4(0,2,2)and
P5(1,1,0). Asforatraversable route, the length of 11[ = n]edges on the graph are Lg’)i =

© _ ;0 _ Alj2 o _ © _ A1/2 @ o _
2,Lys = Lys = 212 1.4, Ly, =3,Ly5 = 212 1.4, Lyy = Lyy =2,Ly, =

512 222,1) =62 +1~34,L") = 12"2 ~35and L} =52 ~2.2. L} is

about 24.5. Pz’ and Pz have 3 edges, and P3 and P4 have 2 edgeé. hy31s 3, and h3 4 is 2.

k=1 k-2 k=1 k-2
Therefore, tisk+ Y > (hyy—1)=6+2+1=9,andmisn+ » Y (hyy—
v=1,u<v u=0 v=1,u<v u=0
1) = 11 +2+ 1 = 14. Added 3 nodes are P(2,2,0)[ = gy3], P7(1,2, 1)[ = g53] and
Py(0,1,2)[ = g{)1. L3, LS and LY become LY} + L) = 141 =2, LY + L) =

l14+1=2and Lg’); + Lg?% ~ 2.4 4+ 1 = 3.4, respectively. When there aren’t edges

between the i-th node and the j-th node, Lfoj) is assumed 2L, . Moreover, Ll(.g.) and Lgoi

tra-
are assumed 2L}, . These edges that are assumed 2L}, , are excluded by gate actions.

The values of Q¢/2, 01/2,---,Q7/2 and Qg/2 are 3/2 < 2 = Rg [Py is a starting
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point.],4/2 <2 =Ry = R»,6/2 <3 = R3,3/2 <2 = R4 [P4is an ending point.] and
8
2/2 <1 = Rs = R¢ = R7 = Rg, respectively. Therefore, Z R,is 15[ =m + 1], and
w=0
it is checked this graph is a traversable route.
Zirais(m—1D/((Ro—1)!Ry! -+ - (Rg—1D)! - - Rg)) = (14—1)! /(1121213111111 ~
2.594 x 10%. It is assumed that there are g = 14 [Z;,, < 4% = 4'* ~ 2.684 x 10%],
13

uwvs=1-= Z(l — 1)1313_i, U = 131/4) — 1121213111111 = (131/4) — 24 =~
i=1
13
1.557 x 10°) = ) ;137" [for example, g1 = 3,92 = 4,93 = 0,4 = 1,95 =
i=1
9,06 = 12,07 = 8,93 = 5,909 = 11,910 = 10,9011 = 7,912 = 6 and @13 = 2.
12

V = ZW(B — DL vi=3va=3,v3=v4 =0,v5 =5,vg = 7,v; = 4,vg = 2
i=1

and vo = vig = vi1 = vi2 = 0.], U(V = (131/4%) — 24 ~ 3.892 x 10%),.-.,U(V =

(131/41%) — 24 ~ 347) and U(V = (13!/4%) — 24 ~ 69).

First of all, |ag >,|a; >, --,|aix >,|b >,|co >,|c1 >, --,|c11 >,|d1 >,|dr >
,letr > and |ep; > are prepared. When « is the minimum integer that is logy13 =~
3701 < 4 = «a, each of |ay > that f is the integer from O to 12 is consisted of 4
qubits. States of |ay >,|b >,|co >,|c1 >, --,|c11 >,|d1 >,|d2 >,|e; > and |e; >
are ar,b,co,cy,---,c11,d1,da, er and ey, respectively. It is assumed that O, 1, ---, 11
and 12 of ar are 0(1), 1(1), 1(2),2(1), 2(2), 3(1), 3(2), 3(3),4(1), 5(1),6(1),7(1) and 8(1) of of,
respectively. Where i(jy is i of the j-th number [1 < j. j is the integer.].

Step 1: Each qubit of |ay >,|b >,|co >,|c1 >,---,|c11 >,|d1 >,|d2 >,|e; > and
ler > is set |0 >.

Step 2: acts on each qubit of |ay >. It changes them for entangled states. The total
states are (29)" "1 = (2413,

Step 3: (A) changes |b > for |1 > inay < 13, or it changes |b > for |0 > in the others
of ay, and it changes |c; > [0 <i < 11. i is the integer.] for |¢; + 1 > atay = 1.
As the target state for |[b > is 1, (PI) and (IM) act on |b >. When B is the
minimum even integer that is 24 / 13)1/2~1.109 <2 = B, the total number that
(PI)and (IM) acton |b > is B =~ 2. Next, (O B) observes |b >. These actions
are repeated sequentially from |ag > to |ajp >. Therefore, each state of |a; > is

0,1,---,11 and 12, and the total states become 13]3[ = Mpy].

Step 4: As the target state for |¢; > is 1, (PI) and (IM) act on |[¢; >. When y; is
the minimum even integer that is (M;_;/ M,-)l/ 2 or more, the total number that
(PI)and (IM) acton |c; > is y;. Next, (O B) observes |c; >. These actions are
repeated sequentially from |cp > to |cy; >. Where, M; is 13-12---(13 — i)13_i.
Therefore, the total states become 13![ = Wp].
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Step 5: (Bj) changes |d; > and |d> > for |d| + L© + LY > and |dp + ao1312 +

(5,00) (00,01)
c¢11311 >, respectively, at |ap > and |a; >. (B;) [2 < i < 11. i is the integer.]
changes |d; > and |dy > for |d] + ngi—l,ai) > and |d> —|—a,~1312_i >, respectively,
at |aj—1 > and |a; >. These actions are repeated sequentially from |ay > to |aj; >.
(B12) changes |d; > and |d, > for |d; +LES)11,012) +L§2)12’e) > and |d2+a12130 >,
respectively, at |aj; > and |ajp >.

Step 6: (C)doesn’tchange |e; > atd; = L,

ra X 24.5, oritchanges |e; > for|ej+dp >
in the others of d;.

Step 7: (D7) changes |e; > for |l >ine; =0andU(V =1) <e; <U(V = (13!/4)—
24 ~ 1.557 x 10%), or it changes |e; > for |0 > in the others of |e; >. As the
target state for |e; > is 1, (PI)and (I M) acton |e; >. The number of the data that
isincludedine; =0and U(V =1) <e; < U(V =~ 1.557 x 109) is W1 &~ 13!/4.
When §; is the minimum even integer that is (Wy/ Wl)l/ 2x2<2= 81, the total
number that (PI) and (/M) act on |ep; > is §; ~ 2. Next, (O B) observes |ex >,
and the data of Wy remain. Similarly, (D;) [2 <i < g — 1 = 13. i is the integer.]
changes |e; > for |1 >ine; =0and U(V = 1) <e; < UV = (13!/4") — 24),
or it changes |e; > for |0 > in the others of e;. As the target state for |e; > is 1,
(PI)and (I M) acton |eo >. The number of the data that is included in e; = 0 and
UV=1)<e <UWV = (13!/4i)—24)is Wi = 13!/4i. When §; is the minimum
even integer that is (W,-_l/Wi)]/2 ~ 2 < 2 = §;, the total number that (P/) and
(IM)acton |e; >1s8; ~ 2. Next, (O B) observes |e; >, and the data of W; remain.
These actions are repeated sequentially from 2 to 13 ati. (D14) changes |e, > for
|1 > ate; = 0, or it changes |e; > for |0 > in the others of ¢;. As the target state
for |e; >1is 1, (PI)and (I M)acton |e; >. The number of the data that is included
ate; = 0is Wiy = 24 ~ 13!/414. When §14 1s the minimum even integer that is
(W13/W14)1/2 A 2 < 2 = §14, the total number that (P/) and (/M) act on |ep >
is 814 ~ 2. Next, (OB) observes |ay >,|b >,|co >,|c1 >, --,|c11 >,|d] >
,|d> >, |e; > and |e» >, and one of the data of W4 remains. Therefore, for exam-

Ple, ap,al,dz,ds, a4, ds, de, d7,ds, dg, Aaip, a1, ad12, b’ C0,C1y "y Cll,dl,dz, €l and
12

eyare1,9,0,3,5,8,2,6,10,4,11,7,12,1, 1,1, -+, 1, L}, ~ 245, > " 4;13'>7,

tra
i=0
0 and 1, respectively. As a result, a permutation of the traversable route that is [ Py
(start) > Py > Ps > Ph > P, > Py > P4 —> P, > P3 > Pg —> P, —
P; — P3; — Pg [— P4 (end)] is obtained.

S. Discussion and Summary

The computational complexity of this quantum algorithm [ = S] becomes the following.
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-1
(I) The cace of Z R,, = m. [the unicursal route]: In the order of the actions by the
w=0
gates, the number of them is a(m — 1) at , (m—1)at(A),Bm—-1)~2(m—1)
m—2
at(PI)and (IM),(m — 1) at (OB), Z vi ~2m—2)at(Pl)and (IM),m —2
i=1
at (OB),2(m — 2)at(B;) [1 <i <m — 2. iis the integer.], 2 at (C), g at (D;)
8
[I <i < g. iistheinteger], Y &; ~ 2g at (IP) and (IM) and g at (OB).
i=1
Therefore, S,,,; thatis S of the unicursal route becomes (« +9)(m — 1) — 3 + 4g.
In the example of the section 4.1, Sy,,; is 239. Suni/Zuni is about 1/ 107 because
Zuni is about 9.1 x 108,

—1
(IT) The cace of Z R,, = m+ 1. [the traversable route]: In the order of the actions by
w=0
the gates, the number of themis ow(m —1) at , (m—1)at(A),B(m—1)~2(m—1)
m—2
at (PT)and (IM), (m — 1) at (OB), Y "y ~ 2m —2) at (PI) and (I M), m — 2

i=1

at (OB),2(m —2)at(B;)[1 <i <m — 2. iis the integer.], 2 at (C), g at (D;)

g
[1 <i < g. iis the integer.], Z&- ~ 2g at (IP) and (IM) and g at (OB).
i=1
Therefore, S;,, that is S of the traversable route becomes (o +9)(m — 1) —3 +4g.
In the example of the section 4.2, S;4 is 222. Sira/Z:irq 1s about 1/ 10° because
Z:rq 18 about 2.6 x 108.

When k and n [in other words, ¢t and m] are large enough, S,,; or S;., is about 3(n —

I)logr(n — 1), where « is about loga(n — 1), g is about (1/2)log>(n — 1)!, and (n — 1)!

is about (n — 1)" e~ "= D©2x(n — 1))!/? [Stirling’s formura]. For example, as for

k=t=n=m=100, Ry = Ry = --- = Ry = 1 and Ry = 2, Sty4/Z:rq 1s about
1—1

1/ 10'3 because of Z R, = n+1 =m + 1 [in other words, the traversable route] and
w=0

Zira ~ 9.4 x 1015,

Therefore, the polynomial time process becomes possible.
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