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Abstract 
 

In this article, we establish oscillation criteria for solutions to the first order 
neutral advanced difference equation 
−(݊)ݔ]∆ −[((݊)߬)ݔ(݊)݌  ൯(݊)ߪ൫ݔ(݊)ݍ  = 0,    ݊ ≥ ݊଴                         (∗) 

 
where {݌(݊)},  is a sequence of  {(݊)ߪ}  ,are sequences of real numbers {(݊)ݍ}
positive integers such that ߪ(݊) > ݊ + 1 and {߬(݊)} is a nondecreasing 
sequence of  nonnegative integers such that ߬(݊) < ݊. Sufficient  conditions 
for existence of a  positive solution for (*) when ݌(݊) ≡ 0 is also established. 
 
Mathematics Subject Classification: 39A10 
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Introduction  
We consider the first order neutral advanced difference equation of the form  

(݊)ݔ]∆                  − −[((݊)߬)ݔ(݊)݌  ൯(݊)ߪ൫ݔ(݊)ݍ  = 0,    ݊ ≥ ݊଴                         (1) 
 
where {݌(݊)},  is a sequence of positive {(݊)ߪ} ,are sequences of real numbers {(݊)ݍ}
integers such that ߪ(݊) > ݊ + 1,   {߬(݊)}  is a nondecreasing sequence of nonnegative 
integers such that ߬(݊) < ݊  and ∆ is the forward difference operator defined by the 
equation ∆ݔ(݊) = ݊)ݔ + 1)−  .(݊)ݔ
 We present some sufficient conditions such that every solution of (1) is either 
oscillatory or tends to zero as ݊ → ∞. 
 By a solution of equation (1), we mean a real sequence {ݔ(݊)},݊ ∈ ܰ൫߬(݊଴)൯ =
{߬(݊଴), ߬(݊଴) + 1, ߬(݊଴) + 2, … } satisfying (1). We consider only such solutions 
which are non trivial for all large n. A solution of (1) is said to oscillatory if it is 
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neither eventually positive nor eventually negative, otherwise it is called 
nonoscillatory. 
 The qualitative properties of the solution of the advanced difference equation (1) 
have been the subject of our investigation. With respect to the oscillation of delay 
difference equation with variable coefficients, reader can refer to [3,4,8-11]. For the 
several background on difference equation, we can refer to [1,2,5-7]. 
 The following conditions are assumed to be hold throughout the paper. 
,{(݊)݌}        (ଵܥ)    is not {(݊)ݍ} are sequences of nonnegative real numbers and {(݊)ݍ}
                identically zero. 
 
 is a nondecreasing sequence of positive integers such that  {(݊)ߪ}        (ଶܥ)
(݊)ߪ                  > ݊ + ,(଴݊)ܰ ݊݋ 1 lim௡→ஶ (݊)ߪ = ∞  and lim௡→ஶ(ߪ(݊)− ݊) = ∞.  
 
 ଷ          {߬(݊)} is a nondecreasing sequence of nonnegative integers such thatܥ)
                 ߬(݊) < (଴݊)ܰ ݊݋ ݊  = {݊଴,݊଴ + 1, … }  and      lim௡→ஶ ߬(݊) = ∞.  
(C4 )       There exist a constant p such that 0 ≤ (݊)݌ ≤ ݌ < 1. 
 
 Before giving the main results, we present some lemmas which will be used in the 
proofs of Theorems. 
 
Lemma 1.1 Set 

(݊)ݖ                                          = −(݊)ݔ      ൫߬(݊)൯.                                               (2)ݔ(݊)݌
 
 If {ݔ(݊)} is an eventually positive solution of equation (1) such that 

                                                                            limsup
 ௡→ஶ

(݊)ݔ > 0,                                          (3) 

 
then ݖ(݊) > 0 eventually. 
 
Proof.   Let {ݔ(݊)} be an eventually positive solution of (1) such that 
limsup௡→ஶ (݊)ݔ > 0.  Assume the contrary. That is, ݖ(݊) < 0 for large n. If {ݔ(݊)} 
is unbounded, then there exists a sequence {݊௞} of integers such that  

lim
௞→ஶ

݊௞ = ∞ ܽ݊݀ lim
௞→ஶ

(௞݊)ݔ = (௞݊)ݔ ݁ݎℎ݁ݓ,∞ =  max
௡బஸ௡ஸ௡ೖ

 .(݊)ݔ

 
 Then from (2), we have 

(௞݊)ݖ = (௞݊)ݔ − ((௞݊)߬)ݔ(௞݊)݌  ≥ −1)(௞݊)ݔ  (݌
 
and hence lim௞→ஶ (௞݊)ݖ = ∞. 
 This is a contradiction. 
 If {ݔ(݊)} is bounded, then there is a sequence {݊௞} of integers such that  

lim
௞→ஶ

݊௞ = ∞  ܽ݊݀ lim
௞→ஶ

(௞݊)ݔ =  lim
௡→ஶ

(݊)ݔ = ܮ > 0. 
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 Since lim௞→ஶ ൫߬(݊௞)൯ݔ ≤  we have ,ܮ
0 ≥ lim

௞→ஶ
(௞݊)ݖ  ≥ 1)ܮ − (݌ > 0. 

 
 This is also a contradiction and the  proof is complete. 
 
Lemma 1.2   The sequence {ߪ(݊)} has the properties 

൯(݊)ߪ൫ߪ ≥ ݊                 ,(݊)ߪ ≥ ݊଴, 
ܽ݊݀ lim

௡→ஶ
൯(݊)ߪ൫ߪ = lim

௡→ஶ
൫ߪ൫ߪ(݊)൯ − ݊൯ = ∞. 

 
Proof.  By (ܥଶ),   is nondecreasing, and {(݊)ߪ}

(݊)ߪ > ݊ ݎ݋݂ ݊ ≥  ݊଴. 
 
 So, we have 

൯(݊)ߪ൫ߪ ≥ ,(݊)ߪ ݊   ݎ݋݂ ≥  ݊଴. 
 
 Moreover, by this inequality, we can see easily that 

൯(݊)ߪ൫ߪ − ݊ ≥ −(݊)ߪ    ݊,   ݊ ≥  ݊଴. 
 
 Taking limit as  ݊ → ∞  on both sides, we obtain 

∞ = lim
௡→ஶ

−(݊)ߪ) ݊) =  lim
௡→ஶ

൫ߪ൫ߪ(݊)൯ − ݊൯. 
 
 By  ߪ(݊) → ݊  ݏܽ  ∞ → ∞, it is obvious that ߪ൫ߪ(݊)൯ → ݊ ݏܽ ∞ → ∞.  
 
Lemma 1.3   Assume that  

lim
௡→ஶ

݂݅݊ (݊)ݍ ≠ 0. 
 
 Then we have 

lim
௡→ஶ

෍ (ݏ)ݍ = lim
௡→ஶ

෍ (ݏ)ݍ = ∞.

ఙ൫ఙ(௡)൯ିଵ

௦ୀ௡ାଵ

ఙ(௡)ାଵ

௦ୀ௡ାଵ

 

 
Proof.   Since ݍ(݊) ≥ ݊ ݎ݋݂ 0 ≥ ݊଴, by assumption, we have 

liminf
௡→ஶ

(݊)ݍ > 0. 
 
 On the other hand, by discrete mean value theorem, we have 

෍ (ݏ)ݍ
ఙ(௡)ିଵ

௦ୀ௡ାଵ

≥ −(݊)ߪ) ݊ − )ݍ(1 ത݊), 

 
where ത݊  ∈ {݊ + 2,݊ + 3, … −(݊)ߪ, 1}. Thus ത݊  → ݊ ݏܽ ∞ →  ∞.  Then it is clear 
that 



48  A. Murugesan 
 

 

lim
௡→ஶ

෍ (ݏ)ݍ
ఙ(௡)ିଵ

௦ୀ௡ାଵ

= ∞. 

 
 Since 
 

෍ (ݏ)ݍ
ఙ(௡)ିଵ

௦ୀ௡ାଵ

≤  ෍ (ݏ)ݍ
ఙ(ఙ(௡))ିଵ

௦ୀ௡ାଵ

, 

 
we have 

lim
௡→ஶ

෍ (ݏ)ݍ
ఙ(ఙ(௡))ିଵ

௦ୀ௡ାଵ

= ∞. 

 
 We are now in a position to state and prove our main results. 
 
 
Main Results 
Theorem 2.1 Assume that 

liminf
௡→ஶ

(݊)ݍ ≠ 0. 
 
 Then every solution of (1) is either oscillatory or tends to zero. 
 
Proof.   Without loss of generality, we may assume that {ݔ(݊)} is an eventually 
positive solution of (1) such that limsup௡→ஶ (݊)ݔ > 0. Then by Lemma 1.1 , z(n) > 0 
eventually, where z(n) is defined by (2). From (1) and (2), we obtain 
 
−(݊)ݖ∆                             ൯(݊)ߪ൫ݖ(݊)ݍ ≥ 0, ݊ ≥ ݊ଵ ≥ ݊଴.                                     (4) 
 
 Since ∆ݖ(݊) ≥ 0,݊ ≥ ݊ଵ, we have {ݖ(݊)} is nondecreasing on N(n1). From (4), 
we can obtain 

                              ln
((݊)ߪ)ݖ
݊)ݖ + 1)  ≥  ෍ (ݏ)ݍ

ఙ(௡)ିଵ

௦ୀ௡ାଵ

 
((ݏ)ߪ)ݖ
ݏ)ݖ + 1) ,       ݊ ≥ ݊ଵ.                              (5) 

 
 Set  

(݊)ݓ                                                =
((݊)ߪ)ݖ
݊)ݖ + 1) ,             ݊ ≥ ݊ଵ.                                        (6) 

 
 It is clear that ݓ(݊) ≥ 1,   ݊ ≥ ݊ଵ. 
 So by the last inequality, we have 
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                                                    lnݓ(݊) ≥  ෍ .(ݏ)ݓ(ݏ)ݍ
ఙ(௡)ିଵ

௦ୀ௡ାଵ

                                             (7) 

 
 Let     ݈ = lim௡→ାஶݓ(݊),  then 1 ≤ ݈ ≤ +∞.  Now we divide our discussion into 
the following two cases ݅) ݈ ≠ +∞  ݅݅) ݈ = +∞ 
 l  is finite 
 There exists a sequence {݊௞} of integers such that 

lim
௞→ஶ

݊௞ = +∞,   ܽ݊݀   liminf
௡→ஶ

(݊)ݓ =  lim
௞→ାஶ

(௞݊)ݓ = 0. 
 
 Thus  

݈ liminf
௡→ஶ

෍ (ݏ)ݍ
ఙ(௡)ିଵ

௦ୀ௡ାଵ

 ≤ liminf
௡→ஶ

෍ (ݏ)ݍ(ݏ)ݓ
ఙ(௡)ିଵ

௦ୀ௡ାଵ

 ≤  liminf ln
௡→ஶ

(݊)ݓ = ln ݈  

 
 On the other hand, since {ߪ(݊)} is nondecreasing and {ݍ(݊)}  is nonnegative, so it 
follows 

liminf
௡→ஶ

෍ (ݏ)ݍ =
ఙ(௡)ିଵ

௦ୀ௡ାଵ

 lim
௡→ஶ

෍ .(ݏ)ݍ
ఙ(௡)ିଵ

௦ୀ௡ାଵ

 

 
 Therefore we have 

lim
௡→ஶ

෍ (ݏ)ݍ
ఙ(௡)ିଵ

௦ୀ௡ାଵ

 ≤  
ln ݈
݈  ≤  

1
݁ . 

 
 By Lemma 1.3, we see that it is a contradiction.  
 
(ii) ݈ = +∞.  
 Thus  

                                          lim
௡→ାஶ

((݊)ߪ)ݖ
݊)ݖ + 1) =  +∞.                                                  (8) 

 
 Summing (4) on both sides from ߪ(݊) + ൯(݊)ߪ൫ߪ ݋ݐ 1 − 1,  we have 

−(((݊)ߪ)ߪ)ݖ (݊)ߪ)ݖ + 1) ≥  ෍ ,൯(ݏ)ߪ൫ݖ(ݏ)ݍ

ఙ൫ఙ(௡)൯ିଵ

௦ୀఙ(௡)ାଵ

        ݊ ≥ ݊ଵ 

 
or 
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ݖ                             ቀߪ൫ߪ(݊)൯ቁ − (݊)ߪ)ݖ + 1)

≥ ݖ ቀߪ൫ߪ(݊)൯ቁ  ෍  (ݏ)ݍ

ఙ൫ఙ(௡)൯ିଵ

௦ୀఙ(௡)ାଵ

.                             (9) 

 
 Dividing both sides of this inequality by ݖ ቀߪ൫ߪ(݊)൯ቁ, we have 

         1 −
(݊)ߪ)ݖ + 1)
(൯(݊)ߪ൫ߪ)ݖ

 ≥  ෍ ,(ݏ)ݍ

ఙ൫ఙ(௡)൯ିଵ

௦ୀఙ(௡)ାଵ

        ݊ ≥ ݊ଵ.                                   (10) 

 And by (8), we know 

lim
௡→ஶ

(݊)ߪ)ݖ + 1)
(൯(݊)ߪ൫ߪ)ݖ

  = lim
௡→ஶ

݊)ݖ + 1)
((݊)ߪ)ݖ = 0. 

 
 Taking limit on both sides of inequality (10), in view of Lemmas 1.2 and 1.3, we 
have a contradiction. 
 The  proof is complete. 
 
Corollary 2.2   Assume that  

liminf
௡→ஶ

(݊)ݍ ≠ 0. 
 
 Then every solution of the difference inequality 

(݊)ݔ]∆ − −[((݊)߬)ݔ(݊)݌ ൯(݊)ߪ൫ݔ(݊)ݍ  ≥ ≥ ݎ݋)   ,0 0),      ݊ ≥ ݊଴,         (11) 
 
is either not positive (or negative) or tends to zero. 
 
Corollary 2.3   Assume that 

                                                       lim
௡→ஶ

෍ (ݏ)ݍ > 1.
ఙ(௡)ିଵ

௦ୀ௡ାଵ

                                                  (12) 

 
 Then every solution of (1) is either oscillatory or tends to zero and the every 
solution of the difference inequality (11) is either not positive or tends to zero. 
 
Proof.   For Corollary 2.3, we can see that in the proof of Theorem 2.1, if {ݔ(݊)} is an 
eventually positive solution of (1), when l is finite, then we have  

lim
௡→ஶ

෍ (ݏ)ݍ
ఙ(௡)ିଵ

௦ୀ௡ାଵ

 ≤  
1
݁ 

 
which contradicts (12). When ݈ = +∞, in view of (10), we have 



Oscillation of Neutral Advanced Difference Equation 51 
 

 

lim
௡→ஶ

෍ (ݏ)ݍ
ఙ(ఙ(௡))ିଵ

௦ୀఙ(௡)ାଵ

 ≤ 1. 

 
 Since ߪ(݊) → ݊ ݏܽ ∞+ → +∞, it follows 

lim
௡→ାஶ

෍ (ݏ)ݍ
ఙ(ఙ(௡))ିଵ

௦ୀఙ(௡)ାଵ

=  lim
௡→ାஶ

෍ (ݏ)ݍ
ఙ(௡)ିଵ

௦ୀ௡ାଵ

≤ 1, 

 
which   contradicts  (12). Thus the result of Corollary 2.3 holds. 
 Note that the condition (12) is much weaker than the condition in Theorem 2.1. 
We can see this from Lemma 1.3. 
 Consider the following difference equation 

−(݊)ݔ]∆     −[((݊)߬)ݔ(݊)݌ ݂ ቀ݊, ൯ቁ(݊)ߪ൫ݔ = 0,          ݊ ≥ ݊଴                         (13) 
 
and the inequality 
−(݊)ݔ]∆   −[((݊)߬)ݔ(݊)݌ ݂ ቀ݊, ൯ቁ(݊)ߪ൫ݔ ≥ ≥ ݎ݋)         ,0 0), ݊ ≥ ݊଴        (14) 
 
 The function ݂:ܰ × ܴ → ܴ satisfies the following conditions: 
ܽ) ݂(݊, ݒ(ݒ > ݒ ݎ݋݂   ,0 ≠ 0, ݒ ∈ ܴ, 

ܾ) ݂(݊, 0) = 0, 
ܿ)  |݂(݊, |(ݒ ≥ ,|ݒ|(݊)ݍ ݊ ∈ ܰ, ݒ ∈ ܴ, 

 
where   {݌(݊)},    {ݍ(݊)},     {߬(݊)} ܽ݊݀ {ߪ(݊)}  are sequences appeared  in the 
equation (1) and satisfies all the conditions mentioned at the beginning of this paper.  
 It follows a similar way to prove the following results. 
 
Theorem 2.4 Assume that 

liminf
௡→ஶ

(݊)ݍ  ≠ 0. 
 
 Then every solution of equation (13) is either oscillatory or tends to zero and 
every solution of the inequality (14) is either not positive (or negative) or tends to 
zero. 
 
Proof.  As a matter of fact, if there exists an eventually positive solution {ݔ(݊)} of the 
equation (13), then by equation (13) and the conditions on f , we have 
(݊)ݔ]∆ − −[((݊)߬)ݔ(݊)݌  ൯((݊)ߪ)ߪ൫ݔ(݊)ݍ  ≥ 0,    ݊ ≥ ݊ଵ ≥ ݊଴.                          

 
 Then the rest proof can follow the one that we have done in the proof of Theorem 
2.1. It has similar steps if we have an eventually negative solution {ݔ(݊)} of equation 
(13). Indeed, if ݔ(݊) < ݊ ݎ݋݂,0 ≥ ݊ଵ ≥ ݊଴, we have 

(݊)ݔ]∆         − −[((݊)߬)ݔ(݊)݌  ൯(݊)ߪ൫ݔ(݊)ݍ  ≤ 0,    ݊ ≥ ݊ଵ .                      
 



52  A. Murugesan 
 

 

 Let ݕ(݊) = (݊)ݕ  then  ,(݊)ݔ− > 0, ݊ ≥ ݊ଵ, it follows 
(݊)ݕ]∆ − −[((݊)߬)ݕ(݊)݌  ൯(݊)ߪ൫ݕ(݊)ݍ  ≥ 0,    ݊ ≥ ݊ଵ .                      

 
 In the following, we investigate existence of positive solutions of (1) and equation 
(13). 
 
Theorem 2.5 Assume that 

(݊)݌ ≡  (଴݊)ܰ   ݊݋   0
 
and  

ෑ (1 + ((݊)ݍ݁
ஶ

௡ୀ௡బ

 ≤ ݁,         ݊ ≥  ݊଴. 

 
 Then equation (1) has a positive solution. 
 
Proof.  For the convenience, we set 

(݊)ݔ           = ෑ(ݏ)ߣ
௡ିଵ

௦ୀ௡బ

,        ݊ > ݊଴,                                       (15) 

 
where    {ݔ(݊)} is a solution of equation (1). By this form, from equation (1),  we have 
the following equation 

(݊)ߣ = 1 + (݊)ݍ ෑ ,(ݏ)ߣ
ఙ(௡)ିଵ

௦ୀ௡

              ݊ > ݊଴.                       (16) 

 
 If we can prove that equation (16) has a solution {ߣ(݊)}, then by the form of ݔ(݊) 
in (15), we see that equation (1) has a positive solution. Consider a sequence {ߣ௞(݊)} 
as follows 

(݊)଴ߣ = 1 +  ,(݊)ݍ݁

(݊)ଵߣ = 1 + (݊)ݍ ෑ ଴ߣ

ఙ(௡)ିଵ

௦ୀ௡

 ,(ݏ)

… … … … … … … 
… … … … … … … 
… … … … … … … 

(݊)௞ߣ = 1 + (݊)ݍ ෑ ௞ିଵߣ

ఙ(௡)ିଵ

௦ୀ௡

 ,(ݏ)

 
 Using the induction, we can prove that {ߣ௞(݊)} is  a nonincreasing sequence, 
namely, 

(݊)௞ିଵߣ ≥ ݇       ,(݊)௞ߣ = 1,2,3, … 
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 And so we have  
1 + (݊)ݍ݁ ≥ (݊)௞ߣ ≥ 0,    ݊ ∈ ܰ(݊଴)             ݂ݎ݋        ݇ = 1,2,3, … 

 
 It follows that there exists a sequence {ߣ(݊)} such that ߣ௞(݊) → ݊ as (݊)ߣ → ∞, 
and hence 

(݊)ߣ =  lim
௞→ஶ

ቐ1 + (݊)ݍ ෑ (ݏ)௞ିଵߣ
ఙ(௡)ିଵ

௦ୀ௡

ቑ  

= 1 + (݊)ݍ ෑ .(ݏ)ߣ
ఙ(௡)ିଵ

௦ୀ௡

 

 
 It concludes that {ߣ(݊)} is a solution of equation (16). 
 
Theorem 2.6 Assume that the function ݂(݊,   is nondecreasing in v and (ݒ

(݊)݌ ≡  .(଴݊)ܰ  ݊݋   0
 
 Suppose that  

ෑ [1 + ݂(݊, ݁)]
ஶ

௡ୀ௡బ

 ≤ ݁. 

 
 Then equation (13) has a positive solution. 
 
Proof.  We can prove this result by a similar way as we have done in the proof of 
Theorem 2.5. Set 

(݊)ݔ = ෑ(ݏ)ߣ
௡ିଵ

௦ୀ௡బ

,        ݊ > ݊଴ 

 
where  {ݔ(݊)} is a solution of (13). Then by (13) and the form of ݔ(݊), we have the 
equation 

(݊)ߣ      = 1 +
݂(݊, ∏ ఙ(௡)ିଵ((ݏ)ߣ

௦ୀ௡బ
      ∏ ௡ିଵ(ݏ)ߣ

௦ୀ௡బ
,          ݊ >  ݊଴.                                   (17) 

 
 If equation (17) has a solution {ߣ(݊)},  then it follows that equation (13) has a 
positive solution. Construct a sequence {ߣ௞(݊)} as a follows 

(݊)଴ߣ = 1 + ݂(݊, ݁), 

(݊)ଵߣ = 1 +
݂(݊, ∏ ఙ(௡)ିଵ((ݏ)଴ߣ

௦ୀ௡బ
∏ ௡ିଵ(ݏ)଴ߣ
௦ୀ௡బ

 

… … … … … … 
… … … … … … 
… … … … … … 
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(݊)௞ߣ = 1 +
݂(݊, ∏ ఙ(௡)ିଵ((ݏ)௞ିଵߣ

௦ୀ௡బ
∏ ௡ିଵ(ݏ)௞ିଵߣ
௦ୀ௡బ

݊      ݎ݋݂    = 1,2,3, … 

 
 In view of the assumption, we see that ߣ௞(݊)  ≥ ݇   ݎ݋݂   0 = 0,1,2,3, ….  
Furthermore by using the induction, we can prove that 

1 + ݂(݊, ݁) ≥ (݊)௞ିଵߣ  ≥ (݊)௞ߣ    ≥ 0,           ݇ = 1,2,3, … 
 
 It follows that there exists a sequence {ߣ௞(݊)} such that ߣ௞(݊) → ݇ as (݊)ߣ → ∞.  
So there exists a solution {ߣ(݊)} of equation (17). 
 The proof is complete. 
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