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1. Introduction

The maximum principle is one of the most used tools in the study of some differential
equations of elliptic type. It is a generalization of the following well known theorem
of the elemental calculus “If f is a function of class C?in [a,b] such that the second
derivative is positive on (a,b), then the maximum value of f attains at the ends of
[a,b]". It is important to point out that the maximum principle gives information about
the global behavior of a function over a domain from the information of qualitative
character on the boundary and without explicit knowledge of the same function. The
maximum principle allows us, for example, to obtain uniqueness of solution of certain
problems with conditions of the Dirichlet and Neumann type. Also it allows to obtain a
priori estimates for solutions. These reasons make interesting the study of the maximum
principle on several forms and its generalizations. For example a geometric version of
the maximum principle allows us to compare surfaces locally that coincide at a point.
On the other hand, the maximum principle and the Alexandrov reflection principle have
been used to prove symmetries with respect to some point, some plane, symmetries
of domain and to determine asymptotic—symmetric behavior of the solutions of some
elliptic problems. (See Berestycki and Nirenberg [1], Caffarelli, Gidas and Spruck [2],
Gidas, Ni and Nirenberg [4], [5], Serrin [9]). J. Serrin was the first person who use this
technic. Serrin proved that: “If u is a positive solution of the problem

Au=—-1 on £,
u=0 on 092,
du/dn = Constant on 0€2,

then €2 is a ball and u is radially symmetric with respect to the center of 2" Using the
ideas of Serrin and a version of the maximum principle for functions that do not change
of sign suggested by himself Serrin, Gidas Ni and Nirenberg proved that: “If €2 is a ball,
f € C!(R) and u is a positive solution of the problem,

Au+ f(u)y=0 on €,
u=0 on 0%,

then u is radially symmetric with respect to the center of the ball" Using the method of
reflection and a version of maximum principle for thin domains Beresticky and Nirenberg
generalized the paper [4]. In this paper we prove a geometric version of the maximum
principle for minimal hypersurfaces.

2. Preliminaries and maximum principle

n 2

0
Below we show the maximum principle for the operator L[u] = Z a; j(x )_8 u;x) +
i0X;j

ij=1

n
0
E b;(x) g(x) where x = (xq,- - ,x,)isinadomain Q& C R",n > 2. Suppose also that
‘ Xi
i=1
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the coefficients a;;(x), b;(x) arebounded in 2, and a; (x) = aj;(x),fori, j = 1,2,--- ,n.

Theorem 2.1. Let u € C%(S2) be such that L[u] > 0. If L is elliptic in €2, then u does
not attain its maximum value in 2.

For the last we study the geometric version of the maximum principle for hypersur-
faces.

3. Hypersurfaces in R""!

Definition 3.1. A subset O of R"*! is called a hypersurface C* of R"*! if locally O can
be represented as the graphic of a function on an open subset of R”.

Namely, for each p € O there exists a neighborhood U of p in R"*!, a reordering
of variables x,--- ,x,, an open set V of R”, and a function h € C 2(V) such that
ONU = {(x',h(x") : x" € V}, where x" = (x¢, - , Xp—1).

We need the following notation: Let p : R — R" be the projection map
p(x,x,+1) = x, and for r € R 7, is the hyperplane {x,4+; = ¢} such that R" ~ .
For any set S C R"! we say that S is a graphic if the projection of S in R"*! is one
to one. Finally, if A, B C R we say that A > B if for each x € R" for which
p_l{x} NA # 0and p_l{x} N B # 0, for all points of p_l{x} N A are over all points
of p~'{x} N B. Namely, if (x,x,+1) € p~{x} N A and (x, yut1) € p~'{x} N B, then
Xn+1 = Yn+1-

3.1. Mean curvature of a hypersurface of class C>

Definition 3.2. If © is the graphic in R"*! of a function of n variables u € C2(),
namely, O is define by x,, 41 = u(xy,--- ,x,), the mean curvature of O at xop € Q is

given by
1< 3 u;
H(xp) = — — | —— )
n [; 0x; (,/1 + Vu|2>:|xxo

9 is called a minimal hypersurface if H(xg) = 0.

4. Main result

It is possible to compare hypersurfaces of class C? that coincide on the boundary using
the maximum principle, if it knows the mean curvature in each of them. The following
assertion is true.

Theorem 4.1. Suppose that 0 is an interior point of M| and M», and also ToM;| =
ToM> = {x,4+1 = 0}. If H; = 0 and H, = O close to 0, then it is not true that M| > M
close to O at least that M; = M> in a neighborhood of 0.
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Proof. We observe that if M| and M, are graphics of f and g respectively, then from
hypothesis H; = 0, we have

1 @ f;

- — 2 )| =o0,

" [z; 0xi (vl + |Vf|2)}
namely,

S fiLH VP = X (U IV DD fifiy

=0.
L+ |VfI?

Therefore

1 iJjlij
(I +|VfH2. 30 (fii - 11@]}12) _
L+ |V f2

In consequence
n
fifi
= L+

Writing Ly = Zailj(x)fij = 0 where

I _1_ fif
fifi
a0 = a0 =~ g7

As (al-lj) is symmetric and it can prove that it is defined positive whatever be the function
f, the differential equation associated with the operator L is elliptic. In the same
manner, as H, = 0, we have

n
8i8j
Sij— ————=].8ii =0.
2 ( I 1+|Vf|2) 8
i,j=1
Now, taking u = f — g we have

. - fifj o fifi &g |
Z{<8”_1+|Vf|2>'(f” 8ij) <1+|Vf|2 1+|Vg|2>'g”}_o'

ij=1

Then

n

3" ajuij— Y Bi(fie - fo) = Bix(gr- . gn)gjk = O,

ij=1 jk=1
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Pj Dk Jifj

——— a;; = 6;j — ——————. By the mean value theorem,
T+ T T Y

where Bjk(p1,--+, pn) =

n

Z aijjujj — Z (./0 E,Bjk(vg +t(Vf — Vg))dt) gjk=0.

i.j=1 jk=1

Hence

n

n 1
Z ajjuij — Z </0 grad(Bjx(Vg +1(Vf — VIV [ — Vg)é”) gjk = 0.

i,j=1 J.k=1
In consequence

n

n n 18 )
Y aiuii— Y Y (/0 %(Vg +1(Vf - Vg))df-gjk> uj = 0.

ij=1 i=1 jk=1
Then
n n
Llu] = Z ajjuij + Zbiui =0,
i,j=1 i=1
where
s T N (B vt v vends) e
aji = dajj = U_valz’ z—_jél 0 a_pl( g+i1(Vf—Vg)dt -8jks
PR /)i
! L4+ |Vf12

As a;j is symmetric and it can prove that it is positive defined whatever the function f,
the linear differential equation associated with the operator L is elliptic. As f, g are C>
and L[u] is elliptic and u(x) = f(x) — g(x) > u(0) = f(0) — g(0) =0forallx € V
and O € int(V), the minimum of u attains in V, by the maximum principle we have that
if M|, M, are minimal hypersurfaces with boundaries B; and B;, and if there exists a
point O interior to By and B,, then it is possible to conclude that M| and M; coincide in
a neighborhood of 0, namely, f(x) = g(x) forx € V. |
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