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Abstract

The present paper represents the reflection and transmission of quasi-
longitudinal waves in a homogeneous, transversely isotropic, generalized
piezo-thermoelastic media. Based on the Lord and Shulman (L-S) with one
relaxation time. The generalized thermoelastic— piezoelectric governing
equations are formulated. There are four types of plane waves quasi-
longitudinal (qL), quasi-transverse (qSV) and thermal wave (@ -mode), and
potential electric waves (¢ — mode). The appropriate boundary conditions are
satisfied at the interface to obtain the reflection and transmission coefficients
of various reflected and transmitted waves during incidence of gL wave. A
particular numerical example is considered to show the effect of initial stresses
and relaxation time on these coefficients for two dimension model. The
obtained results are presented graphically.

Keywords:.Piezo-thermoelastic; Longitudinal waves; Reflection and
transmission coefficients; Initial stresses; Lord and Shulman theory,
Relaxation time.

Nomenclature
E;, @ are the electric field and electric potential,

u;, is the mechanical displacement vector,

0O is absolute temperature,

D; is the electric displacement vector,

0ij, 0x; are the stress and initial stress tensors,
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S;; is the strain tensor,
P;; is the thermal elastic coupling tensors,

p is the density of the medium,
Cijri 1s the elastic parameters tensor,

C,, is the velocity of incident Longitudinal wave,

C.,, Cr, arethe velocity of reflected L and SV waves,
C,3 ,Cr, are the velocity of transmitted L and SV waves
e;ji Is the piezoelectric tensor,

€;; is the dielectric moduli tensor,

d; is the pyroelectric moduli vector,

T,, Is thermal relaxation time,

K;; is the heat conduction tensor,

0, is the reference temperature,

Cg is the specific heat at constant strain,

&ix is the Kronecker delta tensor.

Introduction

Reflection and transmission phenomena of a plane waves at the interface between two
media is a essential topic in many fields such as, engineering, geophysics, earthquake,
seismology, Industry, non-destructive evaluation, etc. It is impossible to embrace all
the related references and textbooks on this matter. We just mention some of them,
Achenbach [1] studied the reflection and transmission in the context of the isotropic
elastic bodies, Dey and Addy [2] investigated the phenomena of reflection and
refraction of plane elastic waves at a plane interface between two semi-infinite elastic
solid media in contact, when both the media are initially stressed. Khurana and Tomar
[3] presented the propagation of plane elastic waves from a stress free plane boundary
of an electro-microelastic solid half space. Pang et al [4] discussed the reflection and
refraction of plane waves at the interface between two transversely isotropic
piezoelectric and piezomagnetic media. Kumar and Singh [5] studied a problem
concerned with the reflection and transmission of plane waves at an imperfectly
bonded interface of two orthotropic generalized thermoelastic half-spaces with
different elastic and thermal properties. Abd-alla and Alsheikh [6] studied the
reflection and refraction longitudinal waves at an interface of two piezoelectric media
under initial stresses.

Generalized theories of thermoelasticity were introduced in order to eliminate the
shortcomings of the classical dynamic thermoelasticity. The theory of generalized
thermoelasticity with one relaxation time was first introduced by Lord and Shulman
[7], who obtained a wave-type heat equation by postulating a new law of heat
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conduction instead of the classical Fourier’s law. One can refer to Hetnarski and
Ignaczak [8] for a review and presentation of the generalized theories of
thermoelasticity. Many authors concentrate in studying the propagation waves in
thermoelastic media with relaxation times, like Deresiewicz [9], Sinha and Elsibali
[10,11], Abd-Alla and Al-Dawy [12], Wang and Dong [13].

The theory of piezo-thermoelasticity was first explored by Mindlin [14]. The
physical laws for the piezo-thermoelastic materials have been proposed by Nowacki
[15]. Chandrasekharaiah [16] has generalized Mindlin’s theory of piezo-
thermoelasticity to account for the finite speed of propagation of thermal disturbances
on the basis of the first and the second thermodynamics laws. Sharma and Kumar [17]
investigated plane harmonic waves in piezo-thermoelastic materials. Kuang and Yuan
[18] discussed the reflection and transmission theories of waves in pyroelectric and
piezoelectric medium. Alshaikh [19] studied the reflection and refraction longitudinal
waves from the interface of the piezo-thermoelastic materials under initial stresses
influence in Green and Lindsay theory context.

The aim of this paper is to study the reflection and transmission of longitudinal
piezo-thermoelasticity waves in two anisotropic media under initial stresses. We
employ the piezo-thermoelasticity equations with one relaxation time to solve this
problem. The numerical calculations of amplitude ratios have been carried out by
software MathCad for different materials as examples and the results are given in the
form of graphs. Finally, some of particular cases are considered.

Governing equations of generalized piezo-thermoelastic of L-S model and general
solution

Cadmium Selenide

PZT-5A ceramic

qL” 0,

qsv(z)

Figurel Relation between the incident wave and the reflect/ transmit waves

Let the wave motion in these media be characterized by the displacement vector
u(u, 0, w), the electric potential function ¢, and thermal wave O all these quantities
being dependent only on the variables x, z, t. (see figure 1). The governing equations
for piezo-thermoelastic crystal class 6 mm for L-S theory are [17]:
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Skl = (uk'l + ul'k)/Z, Ek = _(p,k} k,l = 1,2,3. (1)

011 = C11511 + (13533 — e31E5 — P10,
02z = Co1S11 + Cy3S33 — e31E5 — P, 0, |

033 = (13511 + (33533 — e33E3 — P30, ¥ (2)
031 = 2044531 — P130, I
03, =01, =0 }
Dy = 2e,5535, —€11 E1 +d40,
D, =0, } 3)
D3 = 2(e31511 + €33533) +€33 E3 +d30

where 1, 2, 3 denote x, Y, z variables.

The equations of motion, Gauss's divergence equation, and heat conduction
equation of hexagonal 6mm material under initial stress and relaxation time effect can
be written as

(Cy1 — 011)” + (Cye + 033)” 33 T (G + C44)W(n)

+(eq3 + 915)40(n) P19(n) = pu™ 4)
(Caa + C31)u g3 F (Cag + 011)W11) +(Cs3 + 033)W(n)

"'91540(11) + 93340(37;) P39(n) = pw (5)
(ers + es)uy a3t elsw(ﬁ) + 933Wg§) —€n 40(17;) —E€s3 40(37;) + d39(n) =0 (6)

K,0%D + K305 — pCy (60 +1,60) = 0, [P, (0 + 7,51 )

+Py (WS + 7,6 7) — dy (95 + 7,695 ™
where n=0,1234

The general solution of the piezo-thermoelastic (hexagonal 6mm) equations can
be written into the following form (see figure 1):

W@, w® @@ gN=(4,sinb,,A,c086,,B,, C,)explA,]

WD w® oM oM)=(4,;sin6; ,—A; cos b, B, C;) explA;]

W@, w@ @ 0@)=(4,c0s8,,4,sin6,,B,,C,) explA,]

w® w®, G 0G))=(4;sin 05,45 c0s65,Bs, C3) exp[A;]

W® w® o® 0MN)=(-4,cos8,,4,sin6,,B,,C,) exp[A,] (8)

where
Ay = ik,(xsinf, +zcosf, — C,ot), Ay = ik (xsinf;, —zcosh; — Cy t)
/12 = lkz(XSln 92 — ZCO0S 92 - Cth), /13 = ik3(x Sln 93 + Z COS 93 - CL3t)
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/14_ = ik4(x Sln 94 + ZCOS 94 - CT4t)
Cro=w/ky,Cry = w/ky,Cr; = w/ky,Clz = w/ks,Cry = w/ky

4. Continuous conditions in L-S model.

Consider the L-S model of two piezo-thermoelastic media with the interface z =0
subjected to incident gL wave of frequency w with an incident angle 6,. The
mechanical, electrical potential, and thermal boundary conditions are as follow:

0) (€Y) @ _ 3 4

033" + 033" + 033" = 033" + 0357, )
0) (1 2) _ @3 4

03, + 031) + 0§1) = 03(1) + 03(1)

00 + 9D + ) = B + g (11)

Substituting equations (1, 2, 8) into equations (9)-(11), we obtain the following set
of equations:

ik,[(C,35in%6, + C35€0826,)A, + e35c088,B, — (P5/ik,)C,]1explA,]
- ikl[(CBSinzel + C33C0$291)A1
— 3300860, By —(P5/ik,)C1] exp[4,]
+ ikz[(C13 - C33)Sin92C0592A2 - 6’330059232
— (P3/ik;)C,] explA,]
— ik3[(C%sin?6; + CI3c0s203)A, + eficos; B,
— (P3"/ik3)Cs] explA;]
- lk4[(C§r§ - Clyrgl)Sln94C0594A4 + 6’3{%0059434
— (P"/iky)Cyl explA,] =0 (12)

ik,[C44sin26, A, + €45 Sin 6, B,1exp[A,]
—ik,[C4s5iN26; A, — €15 SiNn 6, By exp[A;]
—[C44cOS26, A, — e,55iN 0, B, exp[A,] =

iks[Ciasin 265 A + et sin 65 Bs] exp[45]

—[C% cos 26, A, — et sin 6, B,] exp[A,] (13)
B,explAo] + By explA,] + B, explA,] = BsexplA;] + B, exp[4,] (14)
CoexplAo] + C; explA;] + C, explA,] = CsexplA;] + C, explA,] (15)

Equations (12)-(15) must be valid for all values of tand x, hence

Ao =40 =N, =43 =4,

k,sin@, = k,sinf, = k,sinf, = k;sinf; = k,siné,

koCro = k1Cpry = kyCry = k3C3 = kuCry = w (16)
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From the above relations, we get

ko = ky, 0, = 01, Cro = Cpy

01 = ky/ko, 92 = k3/ko, 93 = ku/k,

sinf, = sinb,/9;, sinf; = sinb,/9,,sinb, = sinb,/9; (17)

So, substituting from equations (8) (when z = 0) into equations (4) for the incident
gL wave, the reflected and transmitted waves, we get

VOAO + HOBO +]OCO = O’\

y14;, + H,B, +],C; = 0, |

Y24z + Hy By + J,C; =0, (18)
Ysdz + H3B3 + J303 =0,

Yaly + HyBy + J,C4 = O)

where

Yo = —SiNB,[pCE, — (Ciy + 074)sin?6, — (Cy3 + 2C4y + 053)C0S%6,]

Ho = (6’13 + elS)SiI’IHOCOSQO ) ]o = iPlsineo/ko v Y1 = Yoo Hl = Ho a]l = _]o
¥2 = €0s0,[pCF, — (Ci1 + 07,)siN?0; — (Cay + 053)C0S20, + (C13 + Cyq)sSin?6,]
H, = (e;3 + e;5)sinf,c080, , u, = —iP;sinb,/k,

3 = sinB;[p™Ch — (Cf} + of1)sin?6; — (Cit + 083)c0s%60; — (Cf§ + C14)c0s%65]
H; = —(ef% + eft)sinf;c0s605 , J; = —sin@; iP"/k,

¥a = €0sO,[(CT} — CT§ — Ci% + ofy)sin?6, + (C1} + 055)c08%0, — p™CF,]

H, = —(e% + eft)sinf,cos6, , J, = —iP{"sinb,/k,

By using the solutions from equations (8) into equations (6), we get:

gvo + T’OBO + AOCO = O’\

&A, +m,By +4,C, =0, |

$24, + 1By + 2,0, =0, ¥ (19)
§3A3 +M3B3 + 21365 =0,

$4lAg +1MyBy + 2,0, = O)

Where

go = —[(6’13 + 2e15)sin29000590 + 6’33COS390], Mo =€n Sin290 +€33 005290
Ao = id3C080,/ko , &1 = =86, M = N0, 4 = —4,

52 = [(613 =+ 615—633)Sin92C05292 - elSSin392], N> :ell Sln292 +E33 COSZQZ

Ay = —id3c080,/k, , &5 = —[(e]% + 2e]t)sin?0;c080; + elicos36;]
ns =€ sin?0; +€1% cos?6; , A; = —idY'cosOs/k,

&, = [(e]* + et — elt)sing,cos%0, — eftsin36,],
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ns =€ sin?6, +€% cos?6, , A, = — id¥*cost,/k,

By using the solutions from Egs.(8) into Egs.(7), we get

£,4, +Q,B, + F,C, =0,

£,A, + OB, +F,C, =0, |

£,A, +Q,B, + F,C, =0, (20)
£5A5 + Q3B + F3C3 =0, |

£,A, +Q,B, + F,C, = 0)

where

£,=06,(1—ik,t,6 C,,)(P;Sin?0, + P;c0s26,)

Q, =—-0,d;(1 —ik,t,6 C.,)c0s0,

F, = [(K;sin?6, + K5c0s%6,)/C1,] — ipCr(1 — ik,7,CLp)

£, =-£, Q;=0,, F, = —F,

£, =-0,(1-ik,t, 5Cr,)(P; — P3)sing,cosb,

O, = —0,d;(1 — ik,t, §Cr,)C0S0,

F, = ipCg(1 — ik,7,Cry) — [(KiSiN?6, + K308%6,)/Cr,]

£, = —-0M"(1 — iksy7,6C,3)(PMsin?6; + P cos?6,)

Q5 = OMdT (1 — ik37,6C;3)C0S04

F3 = ip™Cf* (1 — ik37,Cp3) — [(K{"sin?6; + K3"c0s%603)/C,5]
£, =—0"(1— ik,1,6C7,) (P — P™)sinf,cos6,

Q, = 0Md¥ (1 — ik,t, 6Cr4)C0S0,

F, = ip™CF (1 — ik,7,Cry) — [(K{"siN?6, + K3"C0S26,)/Cr4]

From equations (18-20), It is easy to see that
(P14, + WA, + W3 Az + W1, A.) /A, = l1,\
(W41 + WooA, + Wy3As + W,y AL) /A, = 1y, }
(W314; + W34, + WasAs + W3,4,) /A, = 13,
(Py1d; + WA, +PysAs + WA /A, = 1y

(21)

where
%12 =Ri/R, W13 = R,/R, W14, = R3/R
W2 = 91(€44C0820, — x,€155iN0,)/(C448IN20, + Y, €155IN6,)
Wys = 9,(CASIN205 + y5eltsings)/(C,,SiN20, + x,e155iN6,)
W,, = —U95(C13c0s260, — x4e1esing,)/(C44Sin26, + x,e,5Sin6,)
Piu =¥ =¥ =¥ =1, ¥ = —X2/Xo» Wz =X3/Xo W3a=2Xa/Xo
VYio = V2/Vo, Waz = —U3/Vp, War = —03/0,, =14 =-1 L=13=1
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Ry = 9;[(Cy3 — C33)sinB,C086, — x,e33C080, — (P3v,/ik;)]

R, = —9,[C%sin?0; + CIkcos?0;) + ysedicosl; — (Pitvs/iks)]

R; = —95[(CY; — C1%)sind,cos6, + y,elicos, — (P v, /ik,)

R = (C,35in%0, + (C33C0820, + y,e33c080, — (P3v,/ik,)

Ry = 9;[(Cy3 — C33)sinB,C086, — x,e33C080, — (P3v,/ik;)]

R, = —9,[C%sin?0; + CIkcos?0;) + ysedicosl; — (Pitvs/iks)]

R; = —95[(CY; — C1%)sinB,cos6, + y,elicos, — (P v, /ik,)

R = (C,35in%0, + (C33C0820, + y,e33c080, — (P3v,/ik,)

Xo = (EoJo = Fo¥o)/ (FoHo — Qo Jo) X1 = (Ex J1 — Fiy1)/ (FiHy — Q4 J1)

X2 = (B2 ]2 — F2y2)/ (F2Hy — Q2 J2) X3 = (E3J3 — Fsy3)/(FsHz — Q3 J5)

Xa = (Eys — Fyva)/(FaHy — Q4 ]4) 0o = (MoEy — Q0%5)/ (Qo Jo — FoH,)

vy = (H By — Quv1)/(Q ]y — FiHy) vp = (H2E2 — Q372)/(Q2 ]2 — FoH3)
vz = (H3E3 — Q3Y3)/(Q3 )5 — FsH3) vy = (HyEy — Q4va)/ (4 J4 — FoH,)

Solving equations (21), we can determine the reflection and transmission coefficients
A /A, A A, Al A, AA, as:

Al/Ao = A1/Ao ) AZ/AO = AZ/Ao ) A3/Ao = A3/Ao ) A4/Ao = A4/Ao (22)
Where
q’ll q’lz q’lS 1}114 ll q’lz q’lS 1}114
A= 1}121 q’zz q’zs 1}124 A= lz q’zz IPZS 1}124
lp31 lp32 1}133 lp34 P l3 1}132 1}133 lp34
1}141 1}142 l}’43 1}144 l4 l}’42 1}143 1}144
q’ll ll q’lS 1}114 q’ll q’lz ll 1}114
1}121 lz IPZS 1}124 l}’21 q’zz lz 1}124

A=

By using equations (18-20) we get:

Bl/Bo = - Al/Ao ) BZ/Bo = XZAZ/XOAO ) B3/Bo = X3A3/X0Ao ) B4/Bo =
X4A4/X0Aoa Cl/Co = Al/Ao ' CZ/CO = UZAZ/UOAO ' C3/Co = U3A3/U0Ao '
C4/Co = U4A4/U0Ao (23)
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5. Numerical results and discussion

For the purpose of numerical computations, the following physical constants are
considered for upper and lower generalized piezo-thermoelastic media under initial
stress and relaxation time in the context of L-S theory:

The physical data for upper medium (Cadmium Selenide) is given as [20]:
Clh =741 %10 Nm=2,CJ% = 452 x 1019 Nm~2,

CI% =393 x 10° Nm~2, ¢ = 8.36 x 101° Nm~2,

Ch =1.32x 10 Nm~2,p™ = 5504 Kgm~3, el? = —0.160 Cm~2,

el =0.347Cm™2, et = —0.138Cm™2, 0" = 298 K,

P" = 0.621 x 10° NK™m~2, P* = 0.551 x 10 NK™Im~2,

di* = —294 x 107°CK™Im~2 K" = K" =9 Wm™1K™!

e =826 x10711C2ZN"Im™2, €, =9.03x 10711 C2N~Im~2

CP =260 JKg 1K 1, 0™ =214 x 1013571,

The physical data for lower medium (Lead Zirconate Titanate ceramics) is given as
[21]:

Cy; =13.9x 10 Nm=2,C;, = 7.78 x 10° Nm~2,

Cy3 =754 x 10 Nm~2,(C3; = 11.3 x 101 Nm~2,

Cyq = 256 x 101°Nm~2,p = 7750 Kgm~3,e,3 = —6.98 Cm~2,

e33 = 13.8Cm~2 e;5 = 134Cm~2,0, = 298K,

P, =152 x10°NK™tm=2 P, =153 x 10 NK™1m~2,

d; = =452 x 107°CK™'m~2 K, = K; = 1.5 Wm~1K™1,

€11 = 60.0x 10719C2N"Im™2, 65, =547 x 10710 C2 N~ Im~2

Cp =420)JKg™ 1K 1, w =214 x 1013571,

The variations of phase velocities computed from

a2 2 - 2 2
B \/CM +Csin“a+Cyeos”a+v, B \/CM +Cysin“a+Cyeos a—v,

, Cra
\2p \2p

\/c m+Clsin® B+Cpcos’ B +v, JCo+Clsin? B +Clicos® B—v,
= CL3 =

V2"

C..=C,

c
L3 m

2p

where

Vi :\/[(Cn ~Cy )Jsin*a+(Cy —C33)coszoz]2 +(Cy +C, ) sin 2a
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v, =\/[(cg ~Cp)sin?p+(C —Cs"g‘)coszﬁT H(cn+cy) sin 2p.

The variations of the reflection and transmission coefficients (4;/A4, ,C;/C, ,
B;/B, (i=1,2,3,4) corresponds on gL, gqSV ,0 , and ¢ waves with the angle of
incidence wave under thermal relaxation time 7, = (5,6,7,8) .10~'2 pico — sec. when
09 = 4-10'° are shown graphically in figures (2-5). We also show the thermal
relaxation time effect on electric potential and thermal waves in figures (6-11).

Figures (12-21) depict the variations for reflection and transmission coefficients of
reflected and transmitted gL, qSV, @ ,and ¢ waves under various values of initial
stresses (a{; =0, 0% = (2,3,4,5) x 101%), when 1, =4.10712. The reflection
coefficients of reflected gL wave are shown in figures 12. The reflection coefficients
for this wave decrease with the increase in the angle of incidence until it reaches the
minimum value near 6, = 43° for Im(A;/A,) and near 6, = 90° for Re(A./4,).
Also, the imaginary coefficient decreases as long as the initial stresses increases,
whereas the real coefficient increases. We show the same behavior for reflection
coefficients of reflected qSV wave in figures 13. The transmission coefficients of
transmitted qL wave (real and imaginary parts) are shown graphically in figures 14.
The transmission coefficient for this wave has its minimum value near 8, = 90°. The
transmission coefficients of transmitted qSV wave (real and imaginary parts) are
shown graphically in figures 15. The transmission coefficient for this wave has its
maximum value near 68, = 20° for imaginary part and near 6, = 35° for real part.
Also, the A;/A, and A,/A, coefficients decrease as long as the initial stresses
increases in figures 16 and 17. It can get some of particular case through neglecting
the thermal effect and the relaxation time as [19].
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Figures 19. Imaginary and real pants of reflection coefficient (£, /C,) as a fimction of incidence angle &, under effect
of different values of the initial stresses for (L-3) model.
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of different values of the mitial stresses for (L-8) model.

CONCLUSIONS

The aim of present paper is to study the problem of wave propagation (reflection/
transmission) of plane waves incident under initial stress effect and relaxation time of
a homogeneous, hexagonal generalized piezo-thermoelastic media. For two
dimensional model in L-S theory, there exist four waves namely, gL, qSV, ¢ and 6.
These waves are dispersive in nature and their velocity of propagation also depends
on angle of incidence. The amplitude ratios of reflected and transmitted waves to that
of incident waves have been obtained and presented graphically. It can get some
previous studies as a special case through neglecting the thermal effects and the
relaxation times as [19].
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