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Abstract 
 

The present paper represents the reflection and transmission of quasi-
longitudinal waves in a homogeneous, transversely isotropic, generalized 
piezo-thermoelastic media. Based on the Lord and Shulman (L-S) with one 
relaxation time. The generalized thermoelastic– piezoelectric governing 
equations are formulated. There are four types of plane waves quasi-
longitudinal (qL), quasi-transverse (qSV) and thermal wave (߆ -mode), and 
potential electric waves (߮ − mode). The appropriate boundary conditions are 
satisfied at the interface to obtain the reflection and transmission coefficients 
of various reflected and transmitted waves during incidence of qL wave. A 
particular numerical example is considered to show the effect of initial stresses 
and relaxation time on these coefficients for two dimension model. The 
obtained results are presented graphically. 
 
Keywords:.Piezo-thermoelastic; Longitudinal waves; Reflection and 
transmission coefficients; Initial stresses; Lord and Shulman theory, 
Relaxation time. 

 
 
Nomenclature 
 ,௜, ߮ are the electric field and electric potentialܧ
 ,௜, is the mechanical displacement vectorݑ
 ,is absolute temperature ߆
 ,௜ is the electric displacement vectorܦ
௜௝ߪ ௞௝௢ߪ,  are the stress and initial stress tensors, 
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௜ܵ௝  is the strain tensor, 

௜ܲ௝ is the thermal elastic coupling tensors, 

 ,is the density of the medium ߩ
௜௝௞௟ܥ  is the elastic parameters tensor, 

 ,௅௢ is the velocity of incident Longitudinal waveܥ
 ,ଶ  are the velocity of reflected L and SV waves்ܥ ,௅ଵܥ
 ସ are the velocity of transmitted L and SV waves்ܥ, ௅ଷܥ
݁௜௝௞  is the piezoelectric tensor, 

߳௜௝  is the dielectric moduli tensor, 

݀௜ is the pyroelectric moduli vector, 
߬௢ is thermal relaxation time, 
 ,௜௝ is the heat conduction tensorܭ

 ,௢ is the reference temperature߆
 ,ா is the specific heat at constant strainܥ
 .௜௞ is the Kronecker delta tensorߜ
 
 
Introduction 
Reflection and transmission phenomena of a plane waves at the interface between two 
media is a essential topic in many fields such as, engineering, geophysics, earthquake, 
seismology, Industry, non-destructive evaluation, etc. It is impossible to embrace all 
the related references and textbooks on this matter. We just mention some of them, 
Achenbach [1] studied the reflection and transmission in the context of the isotropic 
elastic bodies, Dey and Addy [2] investigated the phenomena of reflection and 
refraction of plane elastic waves at a plane interface between two semi-infinite elastic 
solid media in contact, when both the media are initially stressed. Khurana and Tomar 
[3] presented the propagation of plane elastic waves from a stress free plane boundary 
of an electro-microelastic solid half space. Pang et al [4] discussed the reflection and 
refraction of plane waves at the interface between two transversely isotropic 
piezoelectric and piezomagnetic media. Kumar and Singh [5] studied a problem 
concerned with the reflection and transmission of plane waves at an imperfectly 
bonded interface of two orthotropic generalized thermoelastic half-spaces with 
different elastic and thermal properties. Abd-alla and Alsheikh [6] studied the 
reflection and refraction longitudinal waves at an interface of two piezoelectric media 
under initial stresses. 
 Generalized theories of thermoelasticity were introduced in order to eliminate the 
shortcomings of the classical dynamic thermoelasticity. The theory of generalized 
thermoelasticity with one relaxation time was first introduced by Lord and Shulman 
[7], who obtained a wave-type heat equation by postulating a new law of heat 
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conduction instead of the classical Fourier’s law. One can refer to Hetnarski and 
Ignaczak [8] for a review and presentation of the generalized theories of 
thermoelasticity. Many authors concentrate in studying the propagation waves in 
thermoelastic media with relaxation times, like Deresiewicz [9], Sinha and Elsibai 
[10,11], Abd-Alla and Al-Dawy [12], Wang and Dong [13]. 
 The theory of piezo-thermoelasticity was first explored by Mindlin [14]. The 
physical laws for the piezo-thermoelastic materials have been proposed by Nowacki 
[15]. Chandrasekharaiah [16] has generalized Mindlin’s theory of piezo-
thermoelasticity to account for the finite speed of propagation of thermal disturbances 
on the basis of the first and the second thermodynamics laws. Sharma and Kumar [17] 
investigated plane harmonic waves in piezo-thermoelastic materials. Kuang and Yuan 
[18] discussed the reflection and transmission theories of waves in pyroelectric and 
piezoelectric medium. Alshaikh [19] studied the reflection and refraction longitudinal 
waves from the interface of the piezo-thermoelastic materials under initial stresses 
influence in Green and Lindsay theory context.  
 The aim of this paper is to study the reflection and transmission of longitudinal 
piezo-thermoelasticity waves in two anisotropic media under initial stresses. We 
employ the piezo-thermoelasticity equations with one relaxation time to solve this 
problem. The numerical calculations of amplitude ratios have been carried out by 
software MathCad for different materials as examples and the results are given in the 
form of graphs. Finally, some of particular cases are considered. 
 
Governing equations of generalized piezo-thermoelastic of L-S model and general 
solution 

 

 
Figure1 Relation between the incident wave and the reflect/ transmit waves 

 
 
 Let the wave motion in these media be characterized by the displacement vector 
ሬ⃗ݑ ,ݑ)  all these quantities ߆ the electric potential function ߮, and thermal wave ,(ݓ,0
being dependent only on the variables x, z, t. (see figure 1). The governing equations 
for piezo-thermoelastic crystal class 6 mm for L-S theory are [17]: 
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ܵ௞௟ = ൫ݑ௞,௟ + ௟,௞൯ݑ 2⁄ , ௞ܧ          = −߮,௞ൟ               ݇, ݈ = 1,2,3.   (1) 
ଵଵߪ = ଵଵܥ ଵܵଵ + ଵଷܵଷଷܥ − ݁ଷଵܧଷ − ଵܲ߆,
ଶଶߪ = ଶଵܥ ଵܵଵ + ଵଷܵଷଷܥ − ݁ଷଵܧଷ − ଶܲ߆,
ଷଷߪ = ଵଷܥ ଵܵଵ + ଷଷܵଷଷܥ − ݁ଷଷܧଷ − ଷܲ߆,

ଷଵߪ = ସସܵଷଵܥ2 − ଵܲଷ߆,
ଷଶߪ = ଵଶߪ = 0 ⎭

⎪
⎬

⎪
⎫

                                                        (2) 

ଵܦ = 2݁ଵହܵଷଵ −∈ଵଵ ଵܧ + ݀ଵ߆,
ଶܦ = 0,

ଷܦ = 2(݁ଷଵ ଵܵଵ + ݁ଷଷܵଷଷ) +∈ଷଷ ଷܧ + ݀ଷ߆
ൡ        (3) 

 
where 1, 2, 3 denote  x, y, z variables. 
 The equations of motion, Gauss's divergence equation, and heat conduction 
equation of hexagonal 6mm material under initial stress and relaxation time effect can 
be written as 

ଵଵܥ) − ଵଵ௢ߪ ଵଵ,ݑ(
(௡) + ସସܥ) + ଷଷ௢ߪ ଷଷ,ݑ(

(௡) + ଵଷܥ) + ଵଷ,ݓ(ସସܥ
(௡) 

+(݁ଵଷ + ݁ଵହ) ,߮ଵଷ
(௡) − ଵܲ߆,ଵ

(௡) =  (4)    (௡)ݑ̈ߩ

ସସܥ) + ଵଷ,ݑ(ଷଵܥ
(௡) + ସସܥ) + ଵଵ௢ߪ ଵଵ,ݓ(

(௡) + ଷଷܥ) + ଷଷ௢ߪ ଷଷ,ݓ(
(௡) 

+݁ଵହ ,߮ଵଵ
(௡) + ݁ଷଷ ,߮ଷଷ

(௡) − ଷܲ߆,ଷ
(௡) =  (5)  ݓ̈ߩ

(݁ଵହ + ݁ଷଵ)ݑ,ଵଷ
(௡) + ݁ଵହݓ,ଵଵ

(௡) + ݁ଷଷݓ,ଷଷ
(௡) −∈ଵଵ ,߮ଵଵ

(௡) −∈ଷଷ ,߮ଷଷ
(௡) + ݀ଷ߆,ଷ

(௡) = 0    (6) 

ଵଵ,߆ଵܭ
(௡) + ଷଷ,߆ଷܭ

(௡) − (௡)߆̇) ாܥߩ + ߬௢̈߆(௡)) = ]௢(௡)߆ ଵܲቀ̇ݑ,ଵ
(௡) + ߬௢ݑ̈ߜ,ଵ

(௡)ቁ 

+ ଷܲቀ̇ݓ,ଷ
(௡) + ߬௢ݓ̈ߜ,ଷ

(௡)ቁ − ݀ଷቀ߮̇,ଷ
(௡) + ߬௢̈߮ߜ,ଷ

(௡)ቁ  (7) 

where    ݊ = 0,1,2,3,4 
 
The general solution of the piezo-thermoelastic (hexagonal 6mm) equations can 
be written into the following form (see figure 1):                  
௢ߠ௢sinܣ) =((௢)߆,(௢)߮,(௢)ݓ,(௢)ݑ) ௢ߠ௢cosܣ, ௢ܤ, (௢ܥ,  [௢߉]݌ݔ݁

ଵܣ) =((ଵ)߆,(ଵ)߮,(ଵ)ݓ,(ଵ)ݑ) sin ଵߠ ଵܣ−, cos ଵߠ (ଵܥ,ଵܤ,  [ଵ߉]݌ݔ݁

ଶܣ) =((ଶ)߆,(ଶ)߮,(ଶ)ݓ,(ଶ)ݑ) cos ଶߠ ଶܣ, sin ଶߠ (ଶܥ,ଶܤ,  [ଶ߉]݌ݔ݁

ଷܣ) =((ଷ)߆,(ଷ)߮,(ଷ)ݓ,(ଷ)ݑ) sin ଷߠ ଷܣ, cos ଷߠ (ଷܥ,ଷܤ,  [ଷ߉]݌ݔ݁

ସܣ−) =((ସ)߆,(ସ)߮,(ସ)ݓ,(ସ)ݑ) cosߠସ ସܣ, sin ସߠ (ସܥ,ସܤ,  (8)   [ସ߉]݌ݔ݁
 
where     
଴߉ = ݅݇௢(ݔ sin ௢ߠ + ݖ cos ௢ߠ − ଵ߉ ,(ݐ௅௢ܥ = ݅݇ଵ(ݔ sin ଵߠ − ݖ cosߠଵ −  (ݐ௅ଵܥ
ଶ߉ = ݅݇ଶ(ݔ sinߠଶ − ݖ cos ଶߠ − ଷ߉ ,(ݐଶ்ܥ =  ݅݇ଷ(ݔ sinߠଷ + ݖ cosߠଷ −  (ݐ௅ଷܥ
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ସ߉ = ݅݇ସ(ݔ sinߠସ + ݖ cosߠସ −  (ݐସ்ܥ
௅଴ܥ = ߱ ݇଴⁄ ௅ଵܥ, = ߱ ݇ଵ⁄ ଶ்ܥ, = ߱ ݇ଶ⁄ ௅ଷܥ, = ߱ ݇ଷ⁄ ସ்ܥ, = ߱ ݇ସ⁄  
 
 
4. Continuous conditions in L-S model. 
Consider the L-S model of two piezo-thermoelastic media with the interface ݖ = 0 
subjected to incident qL wave of frequency ߱ with an incident angle ߠ௢. The 
mechanical, electrical potential, and thermal boundary conditions are as follow:  

ଷଷߪ
(ை) + ଷଷߪ

(ଵ) + ଷଷߪ
(ଶ) = ଷଷߪ

(ଷ) + ଷଷߪ
(ସ),

ଷଵߪ
(ை) + ଷଵߪ

(ଵ) + ଷଵߪ
(ଶ) = ଷଵߪ

(ଷ) + ଷଵߪ
(ସ) ൡ                                                  (9) 

߮(ை) + ߮(ଵ) + ߮(ଶ) = ߮(ଷ) + ߮(ସ)                                                (10) 

(ை)߆ + (ଵ)߆ + (ଶ)߆ = (ଷ)߆ +  (11)                                                 (ସ)߆
 
Substituting equations (1, 2, 8) into equations (9)-(11), we obtain the following set 
of equations: 
݅݇௢[(ܥଵଷsinଶߠ௢ + ௢ܣ(௢ߠଷଷcosଶܥ + ݁ଷଷcosߠ௢ܤ௢ − ( ଷܲ ݅݇௢⁄ [௢ܥ( exp[߉଴]

− ݅݇ଵ[(ܥଵଷsinଶߠଵ + ଵܣ(ଵߠଷଷcosଶܥ
− ݁ଷଷcosߠଵܤଵ−( ଷܲ ݅݇ଵ⁄ [ଵܥ( exp[߉ଵ]
+ ݅݇ଶ[(ܥଵଷ − ଶܣଶߠଶcosߠ݊݅ݏ(ଷଷܥ − ݁ଷଷcosߠଶܤଶ
− ( ଷܲ ݅݇ଶ⁄ [ଶܥ( exp[߉ଶ]
− ݅݇ଷ[(ܥଵଷ௠sinଶߠଷ + ௢ܣ(ଷߠଷଷ௠cosଶܥ + ݁ଷଷ௠cosߠଷܤଷ
− ( ଷܲ

௠ ݅݇ଷ⁄ [ଷܥ( exp[߉ଷ]
− ݅݇ସ[(ܥଷଷ௠ − ସܣସߠସcosߠ݊݅ݏ(ଵଷ௠ܥ + ݁ଷଷ௠cosߠସܤସ
− ( ଷܲ

௠ ݅݇ସ⁄ [ସܥ( exp[߉ସ] = 0                                                                (12) 
 

݅݇௢[ܥସସsin ௢ߠ2 ௢ܣ + ݁ଵହ sinߠ௢ [௢ܤ exp[߉଴] 
−݅݇ଵ[ܥସସ sin ଵߠ2 ଵܣ − ݁ଵହ sinߠଵ [ଵܤ exp[߉ଵ] 
ସସܥ]− cos ଶߠ2 ଶܣ − ݁ଵହ sinߠଶ [ଶܤ exp[߉ଶ] = 
݅݇ଷ[ܥସସ௠sin ଷߠ2 ଷܣ + ݁ଵହ௠ sin ଷߠ [ଷܤ exp[߉ଷ] 

ସସ௠ܥ]−                                    cos ସߠ2 ସܣ − ݁ଵହ௠ sin ସߠ [ସܤ exp[߉ସ]                            (13) 
 
[଴߉]௢expܤ + ଵܤ exp[߉ଵ] ଶܤ+ exp[߉ଶ] = [ଷ߉]ଷexpܤ + ସܤ exp[߉ସ]        (14) 
[଴߉]௢expܥ + ଵܥ exp[߉ଵ] ଶܥ+ exp[߉ଶ] = [ଷ߉]ଷexpܥ + ସܥ exp[߉ସ]           (15) 
  
Equations (12)-(15) must be valid for all values of  t and  x , hence 
଴߉ = ଵ߉ = ଶ߉ = ଷ߉ =  ସ߉

݇௢sinߠ௢ = ݇ଵsinߠଵ = ݇ଶsinߠଶ = ݇ଷsinߠଷ = ݇ସsinߠସ 

݇௢ܥ௅௢ = ݇ଵܥ௅ଵ = ݇ଶ்ܥଶ = ݇ଷܥ௅ଷ = ݇ସ்ܥସ = ߱                             (16) 
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From the above relations, we get 
݇௢ = ݇ଵ, ௢ߠ = ,ଵߠ ௅௢ܥ =  ௅ଵܥ

ଵߴ = ݇ଶ ݇௢⁄ = ଶߴ , ݇ଷ ݇௢⁄ = ଷߴ , ݇ସ ݇௢⁄  
ଶߠ݊݅ݏ = ௢ߠ݊݅ݏ ⁄ଵߴ , ଷߠ݊݅ݏ = ௢ߠ݊݅ݏ ⁄ଶߴ , ସߠ݊݅ݏ = ௢ߠ݊݅ݏ ⁄ଷߴ                                 (17) 
 
So, substituting from equations (8) (when ݖ = 0) into equations (4) for the incident 
qL wave, the reflected and transmitted waves, we get 
௢ܣ௢ߛ + ௢ܤ௢ܪ + ௢ܥ௢ܬ = 0,
ଵܣଵߛ + ଵܤଵܪ + ଵܥଵܬ = 0,
ଶܣଶߛ + ଶܤଶܪ + ଶܥଶܬ = 0,
ଷܣଷߛ + ଷܤଷܪ + ଷܥଷܬ = 0,
ସܣସߛ + ସܤସܪ + ସܥସܬ = 0⎭

⎪
⎬

⎪
⎫

                                                      (18) 

 
where  
௢ߛ  = −sinߠ௢[ܥߩ௅௢ଶ − ଵଵܥ) + ଵଵ௢ߪ )sinଶߠ௢ − ଵଷܥ) + ସସܥ2 + ଷଷ௢ߪ )cosଶߠ௢] 
௢ܪ = (݁ଵଷ + ݁ଵହ)sinߠ௢cosߠ௢ ,   ܬ௢ = ݅ ଵܲsinߠ௢ ݇௢⁄ ଵߛ  ,  = ௢ߛ− , ଵܪ = ଵܬ , ௢ܪ =  ௢ܬ−

ଶߛ = cosߠଶ[்ܥߩଶଶ − ଵଵܥ) + ଵଵ௢ߪ )sinଶߠଶ − ସସܥ) + ଷଷ௢ߪ )cosଶߠଶ + ଵଷܥ) +  [ଶߠସସ)sinଶܥ
ଶܪ = (݁ଵଷ + ݁ଵହ)sinߠଶcosߠଶ ,  ߤଶ = − ݅ ଵܲsinߠଶ ݇ଶ⁄  
ଷߛ = sinߠଷ[ߩ௠ܥ௅ଷଶ − ଵଵ௠ܥ) + ଵଵ௢ߪ )sinଶߠଷ − ସସ௠ܥ) + ଷଷ௢ߪ )cosଶߠଷ − ଵଷ௠ܥ) +  [ଷߠସସ௠)cosଶܥ
ଷܪ = −(݁ଵଷ௠ + ݁ଵହ௠)sinߠଷcosߠଷ ,  ܬଷ = −sinߠଷ ݅ ଵܲ

௠ ݇ଷ⁄  

ସߛ = cosߠସ[(ܥଵଵ௠ − ଵଷ௠ܥ − ସସ௠ܥ + ଵଵ௢ߪ )sinଶߠସ + ସସ௠ܥ) + ଷଷ௢ߪ )cosଶߠସ − ସଶ்ܥ௠ߩ ] 
ସܪ = −(݁ଵଷ௠ + ݁ଵହ௠)sinߠସcosߠସ ,  ܬସ = − ݅ ଵܲ

௠sinߠସ ݇ସ⁄  
 
By using the solutions from equations (8) into equations (6), we get: 
௢ܣ௢ߦ + ௢ܤ௢ߟ + ௢ܥ௢ߣ = 0,
ଵܣଵߦ + ଵܤଵߟ + ଵܥଵߣ = 0,
ଶܣଶߦ + ଶܤଶߟ + ଶܥଶߣ = 0,
ଷܣଷߦ + ଷܤଷߟ + ଷܥଷߣ = 0,
ସܣସߦ + ସܤସߟ + ସܥସߣ = 0⎭

⎪
⎬

⎪
⎫

                                                   (19) 

 
Where 
௢ߦ  = −[(݁ଵଷ + 2݁ଵହ)sinଶߠ௢cosߠ௢ + ݁ଷଷcosଷߠ௢], ߟ௢ =∈ଵଵ sinଶߠ௢ +∈ଷଷ cosଶߠ௢ 
௢ߣ = ݅݀ଷcosߠ௢ ݇௢⁄ ଵߦ  ,  = ௢ߦ− , ଵߟ  = ௢ߟ , ଵߣ  =  ௢ߣ−
ଶߦ = [(݁ଵଷ + ݁ଵହ−݁ଷଷ)sinߠଶcosଶߠଶ − ݁ଵହsinଷߠଶ], ߟଶ =∈ଵଵ sinଶߠଶ +∈ଷଷ cosଶߠଶ 

ଶߣ = −݅݀ଷcosߠଶ ݇ଶ⁄ ଷߦ  ,  = −[(݁ଵଷ௠ + 2݁ଵହ௠)sinଶߠଷcosߠଷ + ݁ଷଷ௠cosଷߠଷ] 
ଷߟ =∈ଵଵ௠ sinଶߠଷ +∈ଷଷ௠ cosଶߠଷ , ߣଷ = −݅݀ଷ௠cosߠଷ ݇ଷ⁄   
ସߦ = [(݁ଵଷ௠ + ݁ଵହ௠ − ݁ଷଷ௠)sinߠସcosଶߠସ − ݁ଵହ௠sinଷߠସ] , 
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ସߟ  =∈ଵଵ௠ sinଶߠସ +∈ଷଷ௠ cosଶߠସ , ߣସ = − ݅݀ଷ௠cosߠସ ݇ସ⁄  
 
By using the solutions from Eqs.(8) into Eqs.(7), we get 
£௢ܣ௢ + Ω௢ܤ௢ + ௢ܥ௢ܨ = 0,
£ଵܣଵ + Ωଵܤଵ + ଵܥଵܨ = 0,
£ଶܣଶ + Ωଶܤଶ + ଶܥଶܨ = 0,
£ଷܣଷ + Ωଷܤଷ + ଷܥଷܨ = 0,
£ସܣସ + Ωସܤସ + ସܥସܨ = 0⎭

⎪
⎬

⎪
⎫

                                                       (20) 

 
where 
£௢ = −௢(1߆ ݅݇௢߬௢ܥ ߜ௅௢)( ଵܲsinଶߠ௢ + ଷܲcosଶߠ௢) 
Ω௢ = ௢݀ଷ(1߆− − ݅݇௢߬௢ܥ ߜ௅௢)cosߠ௢ 
௢ܨ = ௢ߠଵsinଶܭ)] + (௢ߠଷcosଶܭ ⁄௅௢ܥ ]− ா(1ܥߩ݅ − ݅݇௢߬௢ܥ௅௢) 
£ଵ = −£௢ ,     Ωଵ = Ω௢ , ଵܨ =  ௢ܨ−

£ଶ = −௢(1߆− ݅݇ଶ߬௢ )(ଶ்ܥߜ  ଵܲ − ଷܲ)sinߠଶcosߠଶ 
Ωଶ = −௢݀ଷ(1߆− ݅݇ଶ߬௢  ଶߠଶ)cos்ܥߜ 
ଶܨ = ா(1ܥߩ݅ − ݅݇ଶ߬௢்ܥଶ) − ଶߠଵsinଶܭ)] + (ଶߠଷcosଶܭ ⁄ଶ்ܥ ] 
£ଷ = −௢௠(1߆− ݅݇ଷ߬௢ܥߜ௅ଷ)( ଵܲ

୫sinଶߠଷ + ଷܲ
୫cosଶߠଷ) 

Ωଷ = −௢௠݀ଷ௠(1߆ ݅݇ଷ߬௢ܥߜ௅ଷ)cosߠଷ 
ଷܨ = −ா௠(1ܥ௠ߩ݅ ݅݇ଷ߬௢ܥ௅ଷ) − ଷߠଵ௠sinଶܭ)] + (ଷߠଷ௠cosଶܭ ⁄௅ଷܥ ] 
£ସ = −௢௠(1߆− ݅݇ସ߬௢்ܥߜସ)( ଷܲ

୫ − ଵܲ
୫)sinߠସcosߠସ 

Ωସ = −௢௠݀ଷ௠(1߆ ݅݇ସ߬௢  ସߠସ)cos்ܥߜ 
ସܨ = −ா௠(1ܥ௠ߩ݅ ݅݇ସ߬௢்ܥସ) − ସߠଵ௠sinଶܭ)] + (ସߠଷ௠cosଶܭ ⁄ସ்ܥ ] 
 
From equations (18-20), It is easy to see that 
ଵܣଵଵߖ) + ଶܣଵଶߖ + ଷܣଵଷߖ + (ସܣଵସߖ ⁄௢ܣ = ݈ଵ,
ଵܣଶଵߖ) + ଶܣଶଶߖ + ଷܣଶଷߖ + (ସܣଶସߖ ⁄௢ܣ = ݈ଶ,
ଵܣଷଵߖ) + ଶܣଷଶߖ + ଷܣଷଷߖ + (ସܣଷସߖ ⁄௢ܣ = ݈ଷ,
ଵܣସଵߖ) + ଶܣସଶߖ + ଷܣସଷߖ + (ସܣସସߖ ⁄௢ܣ = ݈ସ ⎭

⎬

⎫
                                                  (21) 

 
where 
ଵଶߖ = ܴଵ ܴ⁄ ଵଷߖ , = ܴଶ ܴ⁄ ଵସߖ , = ܴଷ ܴ⁄  
ଶଶߖ   = ଶߠସସcos2ܥ)ଵߴ − ߯ଶ݁ଵହsinߠଶ) ௢ߠସସsin2ܥ) + ߯௢݁ଵହsinߠ௢)⁄  

ଶଷߖ = ଷߠସସ௠sin2ܥ)ଶߴ + ߯ଷ݁ଵହ௠sinߠଷ) ௢ߠସସsin2ܥ) + ߯௢݁ଵହsinߠ௢)⁄  

ଶସߖ = ସߠସସ௠cos2ܥ)ଷߴ− − ߯ସ݁ଵହ௠sinߠସ) ௢ߠସସsin2ܥ) + ߯௢݁ଵହsinߠ௢)⁄  

ଵଵߖ = ଶଵߖ = ଷଵߖ = ସଵߖ = ଷଶߖ  ,1 = −߯ଶ ߯௢⁄ ଷଷߖ     , = ߯ଷ ߯௢⁄ ଷସߖ    ,  = ߯ସ ߯௢⁄  

ସଶߖ = ߭ଶ ߭௢⁄ ସଷߖ  , = −߭ଷ ߭௢⁄ ସସߖ  , = −߭ସ ߭௢⁄ ,  ݈ଵ = ݈ସ = −1, ݈ଶ = ݈ଷ = 1 
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ܴଵ = ଵଷܥ)]ଵߴ − ଶߠଶcosߠଷଷ)sinܥ − ߯ଶ݁ଷଷcosߠଶ − ( ଷܲ߭ଶ ݅݇ଶ⁄ )] 
ܴଶ = ଷߠଵଷ௠sinଶܥ]ଶߴ− + (ଷߠଷଷ௠cosଶܥ + ߯ଷ݁ଷଷ௠cosߠଷ − ( ଷܲ

୫߭ଷ ݅݇ଷ⁄ )] 
ܴଷ = ଷଷ௠ܥ)]ଷߴ− − ସߠସcosߠଵଷ௠)sinܥ + ߯ସ݁ଷଷ௠cosߠସ − ( ଷܲ

୫߭ସ ݅݇ସ⁄ ) 
ܴ = ௢ߠଵଷsinଶܥ + ௢ߠଷଷcosଶܥ + ߯௢݁ଷଷcosߠ௢ − ( ଷܲ߭௢ ݅݇௢⁄ ) 
ܴଵ = ଵଷܥ)]ଵߴ − ଶߠଶcosߠଷଷ)sinܥ − ߯ଶ݁ଷଷcosߠଶ − ( ଷܲ߭ଶ ݅݇ଶ⁄ )] 
ܴଶ = ଷߠଵଷ௠sinଶܥ]ଶߴ− + (ଷߠଷଷ௠cosଶܥ + ߯ଷ݁ଷଷ௠cosߠଷ − ( ଷܲ

୫߭ଷ ݅݇ଷ⁄ )] 
ܴଷ = ଷଷ௠ܥ)]ଷߴ− − ସߠସcosߠଵଷ௠)sinܥ + ߯ସ݁ଷଷ௠cosߠସ − ( ଷܲ

୫߭ସ ݅݇ସ⁄ ) 
ܴ = ௢ߠଵଷsinଶܥ + ௢ߠଷଷcosଶܥ + ߯௢݁ଷଷcosߠ௢ − ( ଷܲ߭௢ ݅݇௢⁄ ) 
߯௢ = ௢ܬ ௢ܧ) − (௢ߛ௢ܨ ௢ܪ௢ܨ) −Ω௢ ⁄(௢ܬ    , ߯ଵ = ଵܬ ଵܧ) − (ଵߛଵܨ ଵܪଵܨ) − Ωଵ ܬଵ)⁄  

߯ଶ = ଶܬ ଶܧ) − (ଶߛଶܨ ଶܪଶܨ) −Ωଶ ܬଶ)⁄  , ߯ଷ = ଷܬ ଷܧ) − (ଷߛଷܨ ଷܪଷܨ) − Ωଷ ܬଷ)⁄  

߯ସ = ସܬ ସܧ) − (ସߛସܨ ସܪସܨ) − Ωସ ܬସ)⁄ , ߭௢ = ௢ܧ௢ܯ) − Ω௢ߛ௢) (Ω௢ ܬ௢ − ⁄(௢ܪ௢ܨ  

߭ଵ = ଵܧଵܪ) −Ωଵߛଵ) (Ωଵ ܬଵ − ⁄(ଵܪଵܨ , ߭ଶ = ଶܧଶܪ) − Ωଶߛଶ) (Ωଶ ܬଶ − ⁄(ଶܪଶܨ  

߭ଷ = ଷܧଷܪ) −Ωଷߛଷ) (Ωଷ ܬଷ − ⁄(ଷܪଷܨ  , ߭ସ = ସܧସܪ) − Ωସߛସ) (Ωସ ܬସ − ⁄(ସܪସܨ  
 
Solving equations (21), we can determine the reflection and transmission coefficients 
௢ܣ/ଵܣ ௢ܣ/ଶܣ,  :௢ asܣ/ସܣ ,௢ܣ/ଷܣ,
ଵܣ ⁄௢ܣ = ∆ଵ ∆௢⁄ , ଶܣ ⁄௢ܣ = ∆ଶ ∆௢⁄ , ଷܣ ⁄௢ܣ = ∆ଷ ∆௢⁄ , ସܣ ⁄௢ܣ = ∆ସ ∆௢⁄      (22) 
 
Where 

∆= ተ

ଵଵߖ ଵଶߖ ଵଷߖ ଵସߖ
ଶଵߖ ଶଶߖ ଶଷߖ ଶସߖ
ଷଵߖ
ସଵߖ

ଷଶߖ
ସଶߖ

ଷଷߖ
ସଷߖ

ଷସߖ
ସସߖ

ተ ,  ∆ଵ= ተ

݈ଵ ଵଶߖ ଵଷߖ ଵସߖ
݈ଶ ଶଶߖ ଶଷߖ ଶସߖ
݈ଷ
݈ସ

ଷଶߖ
ସଶߖ

ଷଷߖ
ସଷߖ

ଷସߖ
ସସߖ

ተ  

∆ଶ= ተ

ଵଵߖ ݈ଵ ଵଷߖ ଵସߖ
ଶଵߖ ݈ଶ ଶଷߖ ଶସߖ
ଷଵߖ
ସଵߖ

݈ଷ
݈ସ

ଷଷߖ
ସଷߖ

ଷସߖ
ସସߖ

ተ ,∆ଷ= ተ

ଵଵߖ ଵଶߖ ݈ଵ ଵସߖ
ଶଵߖ ଶଶߖ ݈ଶ ଶସߖ
ଷଵߖ
ସଵߖ

ଷଶߖ
ସଶߖ

݈ଷ
݈ସ

ଷସߖ
ସସߖ

ተ, 

∆ସ= ተ

ଵଵߖ ଵଶߖ ଵଷߖ ݈ଵ
ଶଵߖ ଶଶߖ ଶଷߖ ݈ଶ
ଷଵߖ
ସଵߖ

ଷଶߖ
ସଶߖ

ଷଷߖ
ସଷߖ

݈ଷ
݈ସ

ተ 

 
By using equations (18-20) we get: 
ଵܤ ⁄௢ܤ = − ଵܣ  ⁄௢ܣ , ଶܤ ⁄௢ܤ = ߯ଶܣଶ ߯௢ܣ௢⁄ , ଷܤ     ⁄௢ܤ = ߯ଷܣଷ ߯௢ܣ௢⁄ , ସܤ ⁄௢ܤ =
߯ସܣସ ߯௢ܣ௢⁄ ଵܥ , ⁄௢ܥ = ଵܣ  ⁄௢ܣ , ଶܥ ⁄௢ܥ = ߭ଶܣଶ ߭௢ܣ௢⁄ , ଷܥ ⁄௢ܥ = ߭ଷܣଷ ߭௢ܣ௢⁄ ,
ସܥ ⁄௢ܥ = ߭ସܣସ ߭௢ܣ௢⁄   (23) 
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5. Numerical results and discussion 
For the purpose of numerical computations, the following physical constants are 
considered for upper and lower generalized piezo-thermoelastic media under initial 
stress and relaxation time in the context of L-S theory: 
 
The physical data for upper medium (Cadmium Selenide) is given as [20]: 
ଵଵ௠ܥ = 7.41 × 10ଵ଴ Nmିଶ,ܥଵଶ௠ = 4.52 × 10ଵ଴ Nmିଶ, 
ଵଷ௠ܥ = 3.93 × 10ଵ଴ Nmିଶ,ܥଷଷ௠ = 8.36 × 10ଵ଴ Nmିଶ, 
ସସ௠ܥ = 1.32 × 10ଵ଴ Nmିଶ,ߩ௠ = 5504 Kgmିଷ, ݁ଵଷ௠ = −0.160 Cmିଶ, 
݁ଷଷ௠ = 0.347 Cmିଶ, ݁ଵହ௠ = −0.138 Cmିଶ,߆௢௠ = 298 K, 

ଵܲ
௠ = 0.621 × 10଺ NKିଵmିଶ, ଷܲ

௠ = 0.551 × 10଺ NKିଵmିଶ, 
݀ଷ௠ = −2.94 × 10ି଺CKିଵmିଶ,ܭଵ௠ = ଷ௠ܭ  = 9 WmିଵKିଵ 
߳ଵଵ௠ = 8.26 × 10ିଵଵCଶ Nିଵmିଶ, ߳ଷଷ௠ = 9.03 × 10ିଵଵ Cଶ Nିଵmିଶ 
ா௠ܥ = 260  J KgିଵKିଵ,߱௠ = 2.14 × 10ଵଷsିଵ. 
 
The physical data for lower medium (Lead Zirconate Titanate ceramics) is given as 
[21]: 
ଵଵܥ = 13.9 × 10ଵ଴ Nmିଶ,ܥଵଶ = 7.78 × 10ଵ଴ Nmିଶ, 
ଵଷܥ = 7.54 × 10ଵ଴ Nmିଶ,ܥଷଷ = 11.3 × 10ଵ଴ Nmିଶ, 
ସସܥ = 2.56 × 10ଵ଴Nmିଶ,ߩ = 7750 Kgmିଷ, ݁ଵଷ = −6.98 Cmିଶ, 
݁ଷଷ = 13.8 Cmିଶ, ݁ଵହ =  13.4 Cmିଶ,߆௢ = 298 K, 

ଵܲ = 1.52 × 10଺ NKିଵmିଶ, ଷܲ = 1.53 × 10଺ NKିଵmିଶ, 
݀ଷ = −452 × 10ି଺CKିଵmିଶ,ܭଵ = ଷܭ  = 1.5 WmିଵKିଵ, 
߳ଵଵ = 60.0 × 10ିଵ଴Cଶ Nିଵmିଶ, ߳ଷଷ = 54.7 × 10ିଵ଴ Cଶ Nିଵmିଶ 
ாܥ = 420 J KgିଵKିଵ,߱ = 2.14 × 10ଵଷsିଵ. 
 
The variations of phase velocities computed from 

2

2 2 2 2
44 11 33 1 44 11 33 1

L L1 T2

C C sin α C cos α v C C sin α C cos α v
c c , c

ρ 2ρ
     

  

 

44 11 33
m m 2 m 2

2
L3 m

C C sin β C cos β v
c

2ρ

  
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44 11 33
m m 2 m 2

2
L3 m

C C sin β C cos β v
c

2ρ

  
   

 
where 

     11

2 22 2 2
1 44 44 33 13 44v C C sin α C C cos α C C sin 2α         
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     11 44 44 33 13 44 .
2 2m m 2 m m 2 m m 2

2v C C sin β C C cos β C C sin 2β         

 
 The variations of the reflection and transmission coefficients (ܣ௜/ܣ௢  , ௢ܥ/௜ܥ, 
௢ܤ/௜ܤ    (i=1,2,3,4) corresponds on qL, qSV ,߆ , and ߮ waves with the angle of 
incidence wave under thermal relaxation time ߬௢ = (5,6,7,8) .10ିଵଶ pico− sec. when 
ଷଷ௢ߪ = 4 ∙ 10ଵ଴ are shown graphically in figures (2-5). We also show the thermal 
relaxation time effect on electric potential and thermal waves in figures (6-11). 
 Figures (12-21) depict the variations for reflection and transmission coefficients of 
reflected and transmitted qL, qSV, ߆ ,and ߮ waves under various values of initial 
stresses (ߪଵଵ௢ = 0, ଷଷ௢ߪ = (2,3,4,5) × 10ଵ଴), when ߬௢ = 4 .10ିଵଶ. The reflection 
coefficients of reflected qL wave are shown in figures 12. The reflection coefficients 
for this wave decrease with the increase in the angle of incidence until it reaches the 
minimum value near  ߠ௢ = 43௢ for ݉ܫ(ܣଵ/ܣ௢) and near ߠ௢ = 90௢ for ܴ݁(ܣଵ/ܣ௢). 
Also, the imaginary coefficient decreases as long as the initial stresses increases, 
whereas the real coefficient increases. We show the same behavior for reflection 
coefficients of reflected qSV wave in figures 13. The transmission coefficients of 
transmitted qL wave (real and imaginary parts) are shown graphically in figures 14. 
The transmission coefficient for this wave has its minimum value near ߠ௢ = 90௢.  The 
transmission coefficients of transmitted qSV wave (real and imaginary parts) are 
shown graphically in figures 15. The transmission coefficient for this wave has its 
maximum value near ߠ௢ = 20௢ for imaginary part and near ߠ௢ = 35௢ for real part. 
Also, the ܣଷ/ܣ௢ and ܣସ/ܣ௢ coefficients decrease as long as the initial stresses 
increases in figures 16 and 17. It can get some of particular case through neglecting 
the thermal effect and the relaxation time as [19]. 

 

 



Effect Thermal Relaxation Time (L-S Theory) and Initial Stress 599 
 

 

 

 

 
 



600  Fatimah A. Alshaikh 
 

 

 

 

 



Effect Thermal Relaxation Time (L-S Theory) and Initial Stress 601 
 

 

 

 

 



602  Fatimah A. Alshaikh 
 

 

 

 

 



Effect Thermal Relaxation Time (L-S Theory) and Initial Stress 603 
 

 

 

 

 



604  Fatimah A. Alshaikh 
 

 

 

 

 



Effect Thermal Relaxation Time (L-S Theory) and Initial Stress 605 
 

 

 
 

 
 

 
CONCLUSIONS 
The aim of present paper is to study the problem of wave propagation (reflection/ 
transmission) of plane waves incident under initial stress effect and relaxation time of 
a homogeneous, hexagonal generalized piezo-thermoelastic media. For two 
dimensional model in L-S theory, there exist four waves namely, qL, qSV, ߮ and ߆. 
These waves are dispersive in nature and their velocity of propagation also depends 
on angle of incidence. The amplitude ratios of reflected and transmitted waves to that 
of incident waves have been obtained and presented graphically. It can get some 
previous studies as a special case through neglecting the thermal effects and the 
relaxation times as [19].      
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