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Abstract

In this note, the subclasses Sm(β, γ , λ, l), Rm(β, γ , λ, l; μ),
Sα

m(β, γ , λ, l) and Rα
m(β, γ , λ; μ) of A(n) are defined and some properties of neigh-

borhoods are studied for functions of complex order in these classes.
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1. Introduction

Let A(n) denote the class of functions of the form

f (z) = z −
∞∑

k=n+1

akzk, (ak ≥ 0, k ∈ N\{1}, n ∈ N). (1)

which are analytic in the open unit disk U = {z : |z| < 1}. For any function f ∈ A(n)
and δ ≥ 0, we define,

Nn,δ(f ) =
{

g ∈ A(n) : g(z) = z −
∞∑

k=n+1

bkzkand
∞∑

k=n+1

k|ak − bk| ≤ δ

}
(2)
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which is the (n, δ) - neighborhood of f (z).
For e(z) = z, we see that,

Nn,δ(e) =
{

g ∈ A(n) : g(z) = z −
∞∑

k=n+1

bkzkand
∞∑

k=n+1

k|bk| ≤ δ

}
. (3)

The concept of neighborhoods was first introduced by Goodman [4] and then generalized
by Ruscheweyh [6].

Let S∗
n(γ )[1] denote the subclass of A(n), defined by the functions of complex order

γ satisfying,

�
{

1 + 1

γ

[
zf ′(z)

f (z)
− 1

]}
> 0, (z ∈ U , γ ∈ C\{0}). (4)

The subclass Cn(γ )[1] of A(n), is the class of functions of complex order γ satisfying,

�
{

1 + 1

γ

zf ′′(z)

f ′(z)

}
> 0, (z ∈ U , γ ∈ C\{0}). (5)

For f ∈ A(n), multiplier transformation I (m, λ, l)f (z) [3] defined by

I (m, λ, l)f (z) = z −
∞∑

k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

akzk, m ∈ N0, λ, l ≥ 0, n ∈ N. (6)

For l = 0, multiplier transformation reduces to Al-Oboudi differential operator [2].
Now using multiplier transformation, we define the following subclasses of A(n). The
subclass Sm(β, γ , λ, l) of A(n) is the class of functions f such that∣∣∣∣ 1

γ

(
z(I (m, λ, l)f (z))′

I (m, λ, l)f (z)
− 1

)∣∣∣∣ < β, (7)

where m ∈ N0, γ ∈ C\{0}, 0 < β ≤ 1, λ, l ≥ 0 and z ∈ U .

And let the subclass Rm(β, γ , λ, l; μ) of A(n) be the class of functions f such that∣∣∣∣ 1

γ

(
(1 − μ)

I (m, λ, l)f (z)

z
+ μ(I (m, λ, l)f (z))′ − 1

)∣∣∣∣ < β, (8)

where, m ∈ N0, γ ∈ C\{0}, 0 < β ≤ 1 λ, l ≥ 0 and z ∈ U .

In the following sections, we obtain inclusion relations involving (n, δ) for analytic
functions in the classes Sm(β, γ , λ, l) and Rm(β, γ , λ, l; μ).

2. Main Results

Lemma 2.1. A function f ∈ Sm(β, γ , λ, l) if and only if

∞∑
k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

[β|γ | + k − 1]ak < β|γ |. (9)
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Proof. Suppose f ∈ Sm,n(β, γ , λ). Then by (7) we can write

�
{

z(I (m, λ, l)f (z))′

I (m, λ, l)f (z)
− 1

}
> −β|γ |, (z ∈ U). (10)

Using (1) and (6), we have,

�

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∞∑
k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

akzk[1 − k]

z −
∞∑

k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

akzk

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

> −β|γ |.

Let z → 1, through the real values in the above inequality we get

∞∑
k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

ak(1−k) > −β|γ |
(

1 −
∞∑

k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

ak

)
.

This inequality yields the desired condition. Conversely, by (9) and letting|z| = 1 we
obtain,

∣∣∣∣z(I (m, λ, l)f (z))′

I (m, λ, l)f (z)
− 1

∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣

∞∑
k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

akzk(1 − k)

z −
∞∑

k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

akzk

∣∣∣∣∣∣∣∣∣∣∣

≤
β|γ |

(
1 −

∞∑
k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

ak(k − 1)

)

1 −
∞∑

k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

ak

≤ β|γ |.
Hence, by the maximum modulus theorem, we have f ∈ Sm(β, γ , λ, l), which estab-
lished the required result. �

On similar lines, we have the following Lemma.

Lemma 2.2. A function f ∈ Rm(β, γ , λ, l; μ) if and only if

∞∑
k=n+1

(
λ(k − 1) + l + 1

l + 1

)m

[μ(k − 1) + 1]ak < β|γ |. (11)
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Theorem 2.3. If δ = β|γ |(n + 1)(
(nλ+l+1)

l+1

)m

[β|γ | + n]
, (|γ | < 1), then Sm(β, γ , λ, l) ⊂

Nn,δ(e).

Proof. Let f ∈ Sm(β, γ , λ, l). Then, by Lemma 2.1, we have

∞∑
k=n+1

ak ≤ β|γ |
[β|γ | + n]

(
λn+l+1

l+1

)m . (12)

Using ( 9) and ( 12), we have,(
(nλ + l + 1)

l + 1

)m ∞∑
k=n+1

kak ≤ β|γ | + (1 − β|γ |)
(

(nλ + l + 1)

l + 1

)m ∞∑
k=n+1

ak

≤ β|γ |(n + 1)

[β|γ | + n]
.

i.e.,
∞∑

k=n+1

kak ≤ β|γ |(n + 1)

[β|γ | + n]

(
(nλ + l + 1)

l + 1

)m = δ.

Thus, by the definition given by ( 3), f ∈ Nn,δ(e). Hence the proof. �

Theorem 2.4. If δ = β|γ |(n + 1)

[μn + 1]
(

(nλ+l+1)
l+1

)m , |γ | < 1, then Rm(β, γ , λ, l; μ) ⊂

Nn,δ(e).

Proof. Let f ∈ Rm(β, γ , λ, l; μ). By Lemma 2.2, we have,

∞∑
k=n+1

ak ≤ β|γ |
[μn + 1]

(
(nλ+l+1)

l+1

)m . (13)

From (11) and (13), we have,

μ

(
(nλ + l + 1)

l + 1

)m ∞∑
k=n+1

kak ≤ β|γ | + (μ − 1)

(
(nλ + l + 1)

l + 1

)m ∞∑
k=n+1

ak

≤ β|γ |μ(n + 1)

[μn + 1]
.

That is,
∞∑

k=n+1

kak ≤ β|γ |(n + 1)

[μn + 1]

(
(nλ + l + 1)

l + 1

)m = δ.

From (3), we have, f ∈ Nn,δ(e), which completes the proof. �
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3. Neighborhoods for classes Sα
m(β, γ , λ, l) and Rα

m(β, γ , λ, l; μ)

In this section, we define the subclasses Sα
m(β, γ , λ, l)andRα

m(β, γ , λ, l; μ)ofA(n) and
neighborhoods of these classes are obtained.

For 0 ≤ α < 1 and z ∈ U , a function f ∈ Sα
m(β, γ , λ, l) if there exists a function

g(z) ∈ Sm(β, γ , λ, l) such that ∣∣∣∣f (z)

g(z)
− 1

∣∣∣∣ < 1 − α. (14)

For 0 ≤ α < 1 and z ∈ U , a function f ∈ Rα
m(β, γ , λ, l; μ) if there exists a function

g(z) ∈ Rm(β, γ , λ, l; μ) such that the inequality (14) holds true.

Theorem 3.1. If g(z) ∈ Sm(β, γ , λ, l) and

α = 1 −
δ[β|γ | + n]

(
(nλ + l + 1)

l + 1

)m

(n + 1)

[
(β|γ | + n)

(
(nλ + l + 1)

l + 1

)m

− β|γ |
] , (15)

then Nn,δ(g) ⊂ Sα
m(β, γ , λ, l).

Proof. Let f ∈ Nn,δ(g). Then,
∞∑

k=n+1

k|ak − bk| ≤ δ, (16)

which yields the coefficient inequality,
∞∑

k=n+1

|ak − bk| ≤ δ

n + 1
, (n ∈ N). (17)

Since g(z) ∈ Sm(β, γ , λ, l) by (12), we have,
∞∑

k=n+1

bk ≤ β|γ |
[β|γ | + n]

(
(nλ + l + 1)

l + 1

)m , (18)

so that,

∣∣∣∣f (z)

g(z)
− 1

∣∣∣∣ <

∞∑
k=n+1

|ak − bk|

1 −
∞∑

k=n+1

bk

≤
δ[β|γ | + n]

(
(nλ + l + 1)

l + 1

)m

(n + 1) [(β|γ | + n)(nλ + 1)m − β|γ |]
= 1 − α.
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Thus by definition, f ∈ Sα
m(β, γ , λ, l) for a given α by (15), which establishes the desired

result. �

On similar lines, we can prove the following Theorem.

Theorem 3.2. If g(z) ∈ Rα
m(β, γ , λ, l; μ) and

α = 1 −
δ[μn + 1]

(
(nλ + l + 1)

l + 1

)m

(n + 1)

[
[μn + 1]

(
(nλ + l + 1)

l + 1

)m

− β|γ |
] , (19)

then Nn,δ(g) ⊂ Rα
m(β, γ , λ, l; μ).

References

[1] O. Altintas and H. M. Srivastava, Some Majorization problems associated with
p-valently starlike and convex functions of complex order, East. Asian. Math. J.,
17(2001), 175–183.

[2] Al-Oboudi, On univalent functions defined by a generalized Sǎlǎgean operator, Int.
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