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Abstract

A quantum algorithm for a modified three-dimensional random walk problem by
the central limit theorem and its example are reported. When a random variable Vi

[1 ≤ i ≤ n. i and n are integers.] becomes (1, 1, 1), ( − 1, −1, −1), ( − 1, 1, 1),
(1, −1, −1), ( − 1, −1, 1), (1, 1, −1), (1, −1, 1) and ( − 1, 1, −1) in an x − y − z
space as each probability 1/8, one example in paths that arrive at a point in the
space is obtained. A computational complexity of a classical calculation is 8n. The
computational complexity becomes about 10n by the quantum algorithm that uses
quantum phase inversion gates, quantum inversion about mean gates and the stan-
dard normal distribution. Therefore, a polynomial time process becomes possible.

AMS subject classification: Primary 81-08; Secondary 68R05, 68W40.
Keywords: Quantum algorithm, modified three-dimensional random walk prob-
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1. Introduction

The quantum algorithm that had been started by Deutsch-Jozsa [1–3] was found the
method of solving the factoring in a polynomial time by Shor [2–4]. And then, the
algorithm for the database search was shown by Grover [2,5,6]. A quantum algorithm
for the vertex coloring problem by the central limit theorem has recently been reported
by Fujimura [7]. Its computational complexity becomes a polynomial time. In the three-
dimensional random walk problem [8], its modified problem that is set up is examined
this time. Therefore, its result is reported.
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2. Modified Three-dimensional Random Walk Problem

When a random variable Vi [1 ≤ i ≤ n. i and n are integers.] becomes (1, 1, 1), ( −
1, −1, −1), ( − 1, 1, 1), (1, −1, −1), ( − 1, −1, 1), (1, 1, −1), (1, −1, 1)
and ( − 1, 1, −1) in an x − y − z space as each probability 1/8, one example in paths
that arrive at a point in the space is searched.

3. Quantum Algorithm

It is assumed that a person in an x − y − z space walks from a point to one direction of
(1, 1, 1), ( − 1, −1, −1), ( − 1, 1, 1), (1, −1, −1), ( − 1, −1, 1), (1, 1, −1),
(1, −1, 1) and ( − 1, 1, −1) as each probability 1/8, and the person arrives at (x, y, z) =
(Mx , My , Mz) after n times [n is a positive integer] of this process, where a start point is
(0, 0, 0). When n is the odd number, each distribution of x, y and z becomes −n, −(n −
2), · · · , −3, −1, 1, 3, · · · , n − 2, n. When n is the even number, it becomes −n, −(n −
2), · · · , −4, −2, 0, 2, 4, · · · , n − 2, n.

In the x-axis, it is assumed that the random variable Xi [1 ≤ i ≤ n. i and n are
integers.], Xi becomes 1 and -1 as each probability 1/2, a mean is 0, and a dispersion

is 1. Therefore, when a total mean is 0 and a total dispersion is σ 2
x = n, (

n∑
i=1

Xi)/σx

follows the normal distribution from the central limit theorem. When the standard normal

distribution f (w) is
∫ w

0
(e−w2/2/(2π )1/2)dw, and values of

∫ vxp

uxp

(e−w2/2/(2π )1/2)dw

are 1/22, 1/24, 1/26, 1/28, · · · and 1/22p [p is a positive integer], each value of w is
assumed uxp and vxp that these range are contained a value x [= Mx] of a point in the
x − y − z space that is searched. uxp and vxp are obtained from the table of f (w). Each
total number of the data between uxpσx and vxpσx is 8n/22, 8n/24, 8n/26, 8n/28, · · · ,

respectively. A height at wσx = mx is 8ne−(mx/σx )2/2/((2π )1/2σx)[ = Hx(mx)].
Therefore, the number of a value m of x is Tx(mx) = Hx(mx) + (Hx(mx − 1) +

Hx(mx + 1))/2.
In the y-axis, it is assumed that the random variable Yi [1 ≤ i ≤ n. i and n

are integers.], Yi becomes 1 and -1 as each probability 1/2, a mean is 0, and a dis-
persion is 1. Therefore, when a total mean is 0 and a total dispersion is σ 2

y = n,

(
n∑

i=1

Yi)/σy follows the normal distribution from the central limit theorem. When val-

ues of
∫ vyp

uyp

(e−w2/2/(2π )1/2)dw are 1/22, 1/24, 1/26, 1/28, · · · and 1/22p [p is a pos-

itive integer], each value of w is assumed uyp and vyp that these range are contained
a value y [= My] of a point in the x − y − z space that is searched. uyp and vyp are
obtained from the table of f (w). Each total number of the data between uypσy and
vypσy is Tx(Mx)/22, Tx(Mx)/24, Tx(Mx)/26, Tx(Mx)/28, · · · , respectively. The height
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at wσy = my is Tx(Mx)e−(my/σy )2/2/((2π )1/2σy)[ = Hy(my)].
Therefore, the number of a value m of y is Ty(my) = Hy(my) + (Hy(my − 1) +

Hy(my + 1))/2.
In the z-axis, it is assumed that the random variable Zi [1 ≤ i ≤ n. i and n

are integers.], Zi becomes 1 and -1 as each probability 1/2, a mean is 0, and a dis-
persion is 1. Therefore, when a total mean is 0 and a total dispersion is σ 2

z = n,

(
n∑

i=1

Zi)/σz follows the normal distribution from the central limit theorem. When val-

ues of
∫ vzp

uzp

(e−w2/2/(2π )1/2)dw are 1/22, 1/24, 1/26, 1/28, · · · and 1/22p [p is a pos-

itive integer], each value of w is assumed uzp and vzp that these range are contained
a value z [= Mz] of a point in the x − y − z space that is searched. uzp and vzp are
obtained from the table of f (w). Each total number of the data between uzpσz and
vzpσz is Ty(My)/22, Ty(My)/24, Ty(My)/26, Ty(My)/28, · · · , respectively. The height at

wσz = mz is Ty(My)e−(mz/σz)2/2/((2π )1/2σz)[ = Hz(mz)].
Therefore, the number of a value m of z is Tz(mz) = Hz(mz)+(Hz(mz −1)+Hz(mz +

1))/2.
Next, a quantum algorithm is shown as the following.
First of all, quantum registers |a1 >, |a2 >, · · · , |an >, |b >, |c >, |d > and |h >

are prepared. Each of |af > that f is an integer from 1 to n is consisted of 3 quantum
bits [= qubits]. States of |a1 >, |a2 >, · · · , |an >, |b >, |c >, |d > and |h > are
a1, a2, · · · , an, b, c, d and h, respectively.

Step 1: Each qubit of |a1 >, |a2 >, · · · , |an >, |b >, |c >, |d > and |h > is set |0 >.
Step 2: The Hadamard gate H [2, 3] acts on each qubit of |a1 >, |a2 >, · · · , |an−1 >

and |an >. It changes them for entangled states. The total states are 8n [ = W0].
Step 3: It is assumed that a quantum gate (A) changes (|b >, |c >, |d > ) for
(|b+1 >, |c+1 >, |d+1 > ), (|b−1 >, |c−1 >, |d−1 > ), (|b−1 >, |c+1 >, |d+1 > ),
(|b+1 >, |c−1 >, |d−1 > ), (|b−1 >, |c−1 >, |d+1 > ), (|b+1 >, |c+1 >, |d−1 > ),
(|b+1 >, |c−1 >, |d +1 > ) and (|b−1 >, |c+1 >, |d −1 > ) at a1 = 0, 1, 2, 3, 4, 5, 6
and 7, respectively. This action repeats to |an >. Therefore, |b >, |c > and |d > become
from | − n > to |n >.
Step 4: It is assumed that a quantum gate (B1) doesn’t change |h > in ux1σx ≤ b ≤
vx1σx , or it changes |h > for |h + 1 > in the others of b. As a target state for |h >

is 0, quantum phase inversion gates (PI ) and quantum inversion about mean gates
(IM) [2,5,6] act on |h >. The number of the data that is included in ux1σx ≤ b ≤ vx1σx

is W1 ≈ 8n/22. When γ1 is a minimum even integer that is (W0/W1)1/2 or more, the
total number that (PI ) and (IM) act on |h > is γ1 ≈ 2, because they are a couple. Next,
an observation gate (OB) observes |h >, and the data of W1 remain.

Similarly, (BRx
) [2 ≤ Rx ≤ gx − 1. Rx is an integer. gx that is an integer follows

W0/Tx(Mx) = 1/(e−(Mx/σx )2/2/((2π )1/2σx)) ≈ 22gx .] doesn’t change |h > in uxRx
σx ≤



504 Toru Fujimura

b ≤ vxRx
σx , or it changes |h > for |h + 1 > in the others of b. As the target state

for |h > is 0, (PI ) and (IM) act on |h >. The number of the data that is included in
uxRx

σx ≤ b ≤ vxRx
σx is WRx

≈ 8n/22Rx . When γRx
is the minimum even integer that is

(WRx−1/ WRx
)1/2 or more, the total number that (PI ) and (IM) act on |h > is γRx

≈ 2.
Next, (OB) observes |h >, and the data of WRx

remain. These actions are repeated
sequentially from 2 to gx − 1 at Rx .

(Bgx
) doesn’t change |h > at b = Mx [uxgx

σx ≈ Mx ≤ b ≤ vxgx
σx ≈ Mx], or

it changes |h > for |h + 1 > in b �= Mx . As the target state for |h > is 0, (PI )
and (IM) act on |h >. The number of the data that is included at b = Mx is Wgx

≈
8ne−(Mx/σx )2/2/((2π )1/2σx)[ = Tx(Mx)] ≈ 8n/22gx . When γgx

is the minimum even
integer that is (Wgx−1/ Wgx

)1/2 ≈ ((8n/22(gx−1))/(8n/22gx ))1/2 = 2 ≤ 2 = γgx
, the total

number that (PI ) and (IM) act on |h > is γgx
≈ 2. Next, (OB) observes |h >, and the

data of Wgx
remain.

Step 5: It is assumed that a quantum gate (C1) doesn’t change |h > in uy1σy ≤ c ≤ vy1σy ,
or it changes |h > for |h + 1 > in the others of c. As the target state for |h > is 0, (PI )
and (IM) act on |h >. The number of the data that is included in uy1σy ≤ c ≤ vy1σy is
Wgx+1 ≈ 8n/22(gx+1). When γgx+1 is the minimum even integer that is (Wgx

/Wgx+1)1/2

or more, the total number that (PI ) and (IM) act on |h > is γgx+1 ≈ 2. Next, (OB)
observes |h >, and the data of Wgx+1 remain.

Similarly, (CRy
) [2 ≤ Ry ≤ gy − 1. Ry is an integer. gy that is an integer fol-

lows Wgx
/Ty(My) ≈ 1/(e−(My/σy )2/2/((2π )1/2σy)) ≈ 22gy .] doesn’t change |h > in

uyRy
σy ≤ c ≤ vyRy

σy , or it changes |h > for |h + 1 > in the others of c. As the target
state for |h > is 0, (PI ) and (IM) act on |h >. The number of the data that is included
in uyRy

σy ≤ c ≤ vyRy
σy is Wgx+Ry

≈ Tx(Mx)/22Ry ≈ (8n/22gx )/22Ry = 8n/22(gx+Ry ).
When γgx+Ry

is the minimum even integer that is (Wgx+Ry−1/Wgx+Ry
)1/2 or more, the

total number that (PI ) and (IM) act on |h > is γgx+Ry
≈ 2. Next, (OB) observes |h >,

and the data of Wgx+Ry
remain. These actions are repeated sequentially from 2 to gy −1

at Ry .
(Cgy

) doesn’t change |h > at c = My [uygy
σy ≈ My ≤ c ≤ vygy

σy ≈ My], or
it changes |h > for |h + 1 > in c �= My . As the target state for |h > is 0, (PI )
and (IM) act on |h >. The number of the data that is included at c = My is Wgx+gy

≈
8n/22(gx+gy ). When γgx+gy

is the minimum even integer that is (Wgx+gy−1/Wgx+gy
)1/2 ≈

((8n/22(gx+gy−1))/(8n/22(gx+gy )))1/2 = 2 ≤ 2 = γgx+gy
, the total number that (PI ) and

(IM) act on |h > is γgx+gy
≈ 2. Next, (OB) observes |h >, and the data of Wgx+gy

remain.
Step 6: It is assumed that a quantum gate (D1) doesn’t change |h > in uz1σz ≤ d ≤ vz1σz,
or it changes |h > for |h + 1 > in the others of d. As the target state for |h > is 0, (PI )
and (IM) act on |h >. The number of the data that is included in uz1σz ≤ d ≤ vz1σz
is Wgx+gy+1 ≈ 8n/22(gx+gy+1). When γgx+gy+1 is the minimum even integer that is
(Wgx+gy

/Wgx+gy+1)1/2 or more, the total number that (PI ) and (IM) act on |h > is
γgx+gy+1 ≈ 2. Next, (OB) observes |h >, and the data of Wgx+gy+1 remain.

Similarly, (DRz) [2 ≤ Rz ≤ gz − 1. Rz is an integer. gz that is an integer fol-
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lows Wgx+gy
/Tz(Mz) ≈ 1/(e−(Mz/σz)2/2/((2π )1/2σz)) ≈ 22gz .] doesn’t change |h > in

uzRzσz ≤ d ≤ vzRzσz, or it changes |h > for |h + 1 > in the others of d. As the target
state for |h > is 0, (PI ) and (IM) act on |h >. The number of the data that is in-
cluded in uzRzσz ≤ d ≤ vzRzσz is Wgx+gy+Rz ≈ Ty(My)/22Rz ≈ (8n/22(gx+gy ))/22Rz =
8n/22(gx+gy+Rz). When γgx+gy+Rz is the minimum even integer that is (Wgx+gy+Rz−1/

Wgx+gy+Rz)
1/2 or more, the total number that (PI ) and (IM) act on |h > is γgx+gy+Rz ≈

2. Next, (OB) observes |h >, and the data of Wgx+gy+Rz remain. These actions are
repeated sequentially from 2 to gz − 1 at Rz.

(Dgz) doesn’t change |h > at d = Mz [uzgzσz ≈ Mz ≤ d ≤ vzgzσz ≈ Mz],
or it changes |h > for |h + 1 > in d �= Mz. As the target state for |h > is 0,
(PI ) and (IM) act on |h >. The number of the data that is included at d = Mz
is Wgx+gy+gz ≈ 8n/22(gx+gy+gz). When γgx+gy+gz is the minimum even integer that
is (Wgx+gy+gz−1/Wgx+gy+gz)

1/2 ≈ ((8n/22(gx+gy+gz−1))/(8n/22(gx+gy+gz)))1/2 = 2 ≤
2 = γgx+gy+gz , the total number that (PI ) and (IM) act on |h > is γgx+gy+gz ≈ 2.
Next, (OB) observes |a1 >, |a2 >, · · · , |an >, |b >, |c >, |d > and |h >, and one of
the data of Wgx+gy+gz remains. Therefore, one example of paths that arrive at the point
(Mx , My , Mz) in the x − y − z space is obtained.

4. Numerical Computation

It is assumed that there are n = 3, Mx = 3, My = 3, Mz = 1, σx = σy = σz = n1/2 ≈
1.732, 8n = 83 = 512, Hx(0) ≈ 117.9, Hx(1) = Hx( − 1) ≈ 99.8, Hx(2) = Hx( − 2) ≈
60.5, Hx(3) = Hx( − 3) ≈ 26.3, Hx(4) = Hx( − 4) ≈ 8.2, Tx(1) = Tx( − 1) ≈
189.0, Tx(3) = Tx( − 3) ≈ 60.7, gx = 2, ux1 ≈ 0.5488, ux2 ≈ 1.258, vx1 = vx2 ≈
1.732, Hy(0) ≈ 14.0, Hy(1) = Hy( − 1) ≈ 11.9,
Hy(2) = Hy( − 2) ≈ 7.2, Hy(3) = Hy( − 3) ≈ 3.1, Hy(4) = Hy( − 4) ≈ 1.0,
Ty(1) = Ty( − 1) ≈ 22.5, Ty(3) = Ty( − 3) ≈ 7.2, gy = 2, uy1 ≈ 0.5488, uy2 ≈
1.258, vy1 = vy2 ≈ 1.732, Hz(0) ≈ 1.6, Hz(1) = Hz( − 1) ≈ 1.4, Hz(2) = Hz( − 2) ≈
0.8, Hz(3) = Hz( − 3) ≈ 0.4, Hz(4) = Hz( − 4) ≈ 0.1, Tz(1) = Tz( − 1) ≈ 2.6, Tz(3) =
Tz( − 3) ≈ 0.9, gz = 1, uz1 = 0 and vz1 ≈ 0.6745.

First of all, |a1 >, |a2 >, |a3 >, |b >, |c >, |d > and |h > are prepared. Each of
|a1 >, |a2 > and |a3 > is consisted of 3 qubits. States of |a1 >, |a2 >, |a3 >, |b >, |c >

, |d > and |h > are a1, a2, a3, b, c, d and h, respectively.

Step 1: Each qubit of |a1 >, |a2 >, |a3 >, |b >, |c >, |d > and |h > is set |0 >.
Step 2: H acts on each qubit of |a1 >, |a2 > and |a3 >. It changes them for entangled
states. The total states are 83 = 512 [= W0].
Step 3: (A) changes (|b >, |c >, |d > ) for (|b + 1 >, |c + 1 >, |d + 1 > ),
(|b−1 >, |c−1 >, |d−1 > ), (|b−1 >, |c+1 >, |d+1 > ), (|b+1 >, |c−1 >, |d−1 > ),
(|b−1 >, |c−1 >, |d+1 > ), (|b+1 >, |c+1 >, |d−1 > ), (|b+1 >, |c−1 >, |d+1 > )
and (|b − 1 >, |c + 1 >, |d − 1 > ) at a1 = 0, 1, 2, 3, 4, 5, 6 and 7, respectively. This
action repeats to |a3 >. Therefore, |b >, |c > and |d > become from | − 3 > to |3 >.
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Step 4: (B1) doesn’t change |h > in ux1σx ≈ 1 ≤ b ≤ vx1σx ≈ 3, or it changes |h > for
|h + 1 > in the others of b. As the target state for |h > is 0, (PI ) and (IM) act on |h >.
The number of the data that is included in 1 ≤ b ≤ 3 is W1 = Tx(1)+Tx(3) ≈ 250. When
γ1 is the minimum even integer that is (W0/W1)1/2 = (512/250)1/2 ≈ 1.4 ≤ 2 = γ1,
the total number that (PI ) and (IM) act on |h > is γ1 ≈ 2. Next, (OB) observes |h >,
and the data of W1 remain.

(B2) doesn’t change |h > at b = 3 [ux2σx ≈ 2 ≤ b ≤ vx2σx ≈ 3], or it changes
|h > for |h + 1 > in b �= 3. As the target state for |h > is 0, (PI ) and (IM) act on
|h >. The number of the data that is included at b = 3 is W2 = Tx(3) ≈ 61. When γ2 is
the minimum even integer that is (W1/W2)1/2 ≈ (250/61)1/2 ≈ 2.0 ≤ 2 = γ2, the total
number that (PI ) and (IM) act on |h > is γ2 ≈ 2. Next, (OB) observes |h >, and the
data of W2 remain.
Step 5: (C1) doesn’t change |h > in uy1σy ≈ 1 ≤ c ≤ vy1σy ≈ 3, or it changes |h > for
|h + 1 > in the others of c. As the target state for |h > is 0, (PI ) and (IM) act on |h >.
The number of the data that is included in 1 ≤ c ≤ 3 is W3 = Ty(1)+Ty(3) ≈ 30. When
γ3 is the minimum even integer that is (W2/W3)1/2 ≈ (61/30)1/2 ≈ 1.4 ≤ 2 = γ3, the
total number that (PI ) and (IM) act on |h > is γ3 ≈ 2. Next, (OB) observes |h >, and
the data of W3 remain.

(C2) doesn’t change |h > at c = 3 [uy2σy ≈ 2 ≤ c ≤ vy2σy ≈ 3], or it changes |h >

for |h + 1 > in c �= 3. As the target state for |h > is 0, (PI ) and (IM) act on |h >.
The number of the data that is included at c = 3 is W4 = Ty(3) ≈ 7. When γ4 is the
minimum even integer that is (W3/W4)1/2 ≈ (30/7)1/2 ≈ 2.1 ≈ 2 ≤ 2 = γ4, the total
number that (PI ) and (IM) act on |h > is γ4 ≈ 2. Next, (OB) observes |h >, and the
data of W4 remain.
Step 6: (D1) doesn’t change |h > at d = 1 [uz1σz = 0 ≤ d ≤ vz1σz ≈ 1, or it
changes |h > for |h + 1 > in d �= 1. As the target state for |h > is 0, (PI ) and (IM)
act on |h >. The number of the data that is included at d = 1 is W5 = Tz(1) ≈ 3.
When γ5 is the minimum even integer that is (W4/W5)1/2 ≈ (7/3)1/2 ≈ 1.5 ≤ 2 = γ5,
the total number that (PI ) and (IM) act on |h > is γ5 ≈ 2. Next, (OB) observes
|a1 >, |a2 >, |a3 >, |b >, |c >, |d > and |h >, and one of the data of W5 remains. For
example, when a1, a2, a3, b, c, d and h are 0, 0, 5, 3, 3, 1 and 0, respectively, it is obtained
that one example of directions of paths is (1, 1, 1) → (1, 1, 1) → (1, 1, −1). Therefore,
its transfer is (1, 1, 1) → (2, 2, 2) → (3, 3, 1).

5. Discussion and Summary

The computational complexity of this quantum algorithm [ = S] becomes the following.
In the order of the actions by the gates, the number of them is 3n at H , n at (A), about
gx at (BRx

) [1 ≤ Rx ≤ gx . Rx is the integer.], about 2gx at (PI ) and (IM), about gx

at (OB), about gy at (CRy
) [1 ≤ Ry ≤ gy . Ry is the integer.], about 2gy at (PI ) and

(IM), about gy at (OB), about gz at (DRz) [1 ≤ Rz ≤ gz. Rz is the integer.], about 2gz at
(PI ) and (IM) and about gz at (OB). Therefore, S becomes about 4(n + gx + gy + gz).
In the example of the section 4, S is 32. The computational complexity of the classical
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computation [ = Z] is 8n = 83 = 512. After all, S/Z becomes about 1/16. When n is
large enough, S becomes about 4(n + gx + gy + gz) ≈ 10n, where the maximum value
of gx + gy + gz is about 3n/2, and S/Z is about 10n/8n. For example, as for n = 100,
S/Z is about 1000/8100 ≈ 1/1087.

Therefore, a polynomial time process becomes possible.
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