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Abstract

A quantum algorithm for the minimum multiprocessor scheduling problem by cen-
tral limit theorem and its example are reported. When n tasks are parted by m
processors, and a sum of length of each task in the k-th processor [0 < k <m — 1.
k is an integer.] is #, it is decided whether #; is a finish time D or less or not.
A computational complexity of a classical calculation is m". The computational
complexity becomes about 3(m - log,m)n by the quantum algorithm that uses quan-
tum phase inversion gates, quantum inversion about mean gates, and the standard
normal distribution. Therefore, a polynomial time process becomes possible.
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1. Introduction

Deutsch and Jozsa [1-3] started a quantum algorithm for a high-speed process by a par-
allel computation that uses quantum entangled states. Shor [2—4] revealed a polynomial
time process for the factorization, and Grover [2,5,6] showed a square root time process
for the database search. A quantum algorithm for the knapsack problem has recently
been reported by Fujimura [7]. Its computational complexity becomes about square root
for the computational complexity of a classical computation. In the minimum multipro-
cessor scheduling problem [8] this time, a polynomial time process becomes possible by
the central limit theorem. Therefore, its result is reported.
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2. Minimum Multiprocessor Scheduling Problem

When n tasks are parted by m processors, and a sum of length of each task in the k-th
processor [0 < k <m — 1. k is an integer.] is #, it is decided whether #; is a finish time
D or less or not [8].

3. Quantum Algorithm

Step 1: It is assumed that n tasks are xg, x1, - - - , x,—1 that are lengths, and when they
are parted by m processors [1 < m < n. m is an integer. m is an initial value of
m.], and a sum of length of each task in the k-th processor [0 < k < my—1. kisan
integer.] is f, it is decided whether #; is a finish time D or less or not. Therefore,
it is assumed that there are D —d < p < D [d is an allowed width and an integer.
p is an integer.]. A distribution of x; [0 <i < n — 1. i is an integer.] becomes the
following. When a random variable X; becomes x; as a probability 1/m, a mean
is x; /m and a dispersion is (m — 1)(x;/ m)z. Therefore, when a total mean is u© =

n—1 n—1 n—1
Z(x,-/m) and a total dispersion o = Z(m — 1)(x,-/m)2, (Z X; — M) /cr
i=0 i=0 =0

follows the normal distribution from the cenztral limit theorem. When the stan-
dard normal distribution f(z) [0 = 1] is / (e_zz/ 2 / (271)1/ 2)dz, and values of
0

Vg
(e 21 2m) ) dz are 1722, 1724, 1725, 1/28, ..., and 1/2% [g is a natural
u
nuinber], each value of z is assumed u, and v, that their range are containd values
from D —d to D. ug and v, are obtained from the table of f(z). Each total number
of the data between 4 ugo and p + vgo is m" /2%, m" /2%, m" /20, m" )28, - ..,
respectively. A height at Q is m”e_((Q_“)/”)z/z/((Zn)1/20)[: H(O)].

Next, a quantum algorithm is shown as the following.

First of all, quantum registers |ag >, |a; >,---, |an—1 >, |b >, and |c > are
prepared. When « is a minimum integer that is logom or more, each of |a;y >
that f is an integer from O to n — 1 is consisted of o« quantum bits [= qubits].
States of |ag >, a1 >, -+, |ay_1 >, |b >, and |c > are ap, a1, -+ , a,_1, b, and
c, respectively.

Step 2: Each qubit of |ag >, |a; >, -+, |ay—1 >, |b >, and |c > is set |0 >.

Step 3: The Hadamard gate [2, 3] acts on each qubit of |ag >, |a; >, -- -, |a,—2 >,
and |a,—1 >. It changes them for entangled states. The total states are (2%)".

Step 4: It is assumed that a quantum gate (A) changes |b > for |b + 1 > atay > m, or
it doesn’t change |b > at ay < m. As a target state for |b > is 0, quantum phase
inversion gates (P7) and quantum inversion about mean gates (I M) [2,5,6] act
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on | >. When g is a minimum even integer that is (2%/ m)'/? or more, the total
number that (PI) and (/M) act on |b > is B because they are a couple. Next,
an observation gate (O B) observes |b >. These actions are repeated sequentially
from |ap > to |a,—1 >. Therefore, each state of |ay > is 0,1, --- ,m — 2, or
m — 1, and the total states become m" [= Wp].

Step S: It is assumed that a quantum gate (B) changes |b > for |b + xo > atag = 0, or
it doesn’t change |b > at ap # 0. It changes |b > for |b + x; > ata; = 0, or it
doesn’t change |b > at a; # 0. This action repeats to |a,—; >. Therefore, |b >
becomes from [0 > to |xg + X1 + - - + X1 >.

Step 6: It is assumed that a quantum gate (C) doesn’t change |c > in u +ujo0 <b <
U+ vio, or it changes |c¢ > for |c + 1 > in the others of b. As the target state for
|c >1s 0, (PI) and (IM) act on |c >. The number of the data that is included in
w+uo <b<pu+voisW = m”/22. When y is a minimum even integer
that is (Wy/ Wl)l/2 or more, the total number that (P/) and (/M) acton |c > iS
y1 &~ 2. Next, (O B) observes |c >, and the data of W| remain.

Similarly, (Cg) [2 < R < g — 1. R is an integer. g that is an integer follows
Z (m”e_((p_“)/")z/z/((er)1/20)) ~ m"/2%.] doesn’t change |¢ > in
D—d=<p<D
W+ ugo < b < -+ vgro,oritchanges |c > for |c + 1 > in the others of b. As
the target state for |c > is 0, (P7) and (I M) act on |c >. The number of the data
that is included in u +ugro < b < pu + vgo is Wg ~ m”/22R. When y j is the
minimum even integer that is (Wgr_1/ Wg) 172 6r more, the total number that (PI)
and (IM) acton |c > 1s y p &~ 2. Next, (O B) observes |c >, and the data of Wg
remain. These actions are repeated sequentially from 2 to g — 1 at R.

(Cg) doesn’t change |¢ > in u +ug0 < b < u + ve0, or it changes |c > for
|lc + 1 > in the others of b. As the target state for |c > is 0, (PI) and (I M) act
on [¢c >. The number of the data that is included in 4 +ug0 < b < u + vgo
is Wg ~ Z (mne—((P_M)/U)z/Z/((zn)1/20.)) ~ mn/22g. When yg is the
D—-d<p=<D

minimum even integer that is (W,_1/ Wy)'/? ~ ((m" /22E=1) /(m" /228 ))1/? =
2<2=y,, the total number that (P/) and (/M) act on |c > is Y ~ 2. Next,
(OB) observes |ag >, |la; >, -+, |la,—1 >, |b >, and |c >, and one of the data of
W, remain. When ¢ is 0, a sum of x s of ay = 0 becomes p[D —d < p < D].

Step 7: Itis assumed that n— (a number of ay = 0) is set new n[= n,.yl, xy ofay #0
is renumbered for new x ¢[00 < f < npeyw — 1], and m is set m — 1[= myey]. When
Mpew 18 1, the computational process ends, but when m,,¢,, isn’t 1, it is returned to
the step 1.

After all, my combinations are obtained.
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4. Numerical Computation

Step 1-1: It is assumed that there are n = 6,x0 = 5,x;1 = 3,x = 8,x3 = 7, x4
6,xs = 1,m = 3,D = 11,d = 2,u = 10,0 = 6.3%,¢ = 2, (—uy)
v1 = 0.3187, (—up) = vy = 0.07838 [ + u1o = 10 — 0.3187 x 6.394 ~
uw+vio =104+ 0.3187 x 6.394 ~ 12, u 4+ upo = 10 — 0.07838 x 6.394 ~
uw~+v0 = 10+0.07838 x 6.394 ~ 11.], H9) = H(11) = 44.92, and H(10)

2 |

45.48.
First of all, |ag >, |a; >, --- , |as >, |b >, and |c > are prepared. When « is the
minimum integer thatis log>3 ~ 1.6 < 2 = «a, each of |a > that f is the integer
from O to 5 is consisted of 2 qubits. States of |ag >, |a; >, --- , |as >, |b >, and
|c > are ag, ay, - -- , as, b, and c, respectively.

Step 2-1: Each qubit of |ag >, |a; >,---, |las >, |b >, and |c > is set |0 >.

Step 3-1: acts on each qubit of |ag >, |a; >, --- , |as >, and |as >. It changes them

for entangled states. The total states are (22)6.

Step 4-1: (A) changes |b > for |[b+1 > atay > 3, oritdoesn’tchange |b > atas < 3.
As the target state for |b > is 0, (PI) and (/M) act on |b >. When g is the
minimum even integer that is (20‘/m)1/2 = (22/3)1/2 ~ 1.2 <2 = B, the total
number that (P7) and (IM) acton |b > is B = 2. Next, (OB) observes |b >.
These actions are repeated sequentially from |ag > to |as >. Therefore, each state
of lag >1is0, 1, or 2, and the total states become 36[: Wol.

Step 5-1: (B) changes |b > for |b + xo > at ayp = 0, or it doesn’t change |b > at
ap # 0. It changes |b > for |b + x; > ata; = 0, or it doesn’t change |b > at
a; # 0. This action repeats to |as >. Therefore, |b > becomes from |0 > to
|xo +x1 4+ -+ + x5 >.

Step 6-1: (C;) doesn’t change |c > inu +ujoc ~ 8 < b < pu+vioc =~ 12, or
it changes |c > for |c + 1 > in the others of b. As the target state for [c >
is 0, (PI) and (IM) act on |¢c >. The number of the data that is included in
8 <b <12is W =~ 36/22. When y is the minimum even integer that is
(Wo/ W)/? ~ (3%/(3%/2%))1/?2 = 2 < 2 = y,, the total number that (PI) and
(IM) acton |c > is y; =~ 2. Next, (OB) observes |c >, and the data of W
remain.

(Cy) doesn’t change |c > in u +uyo0 9 < b < u+ vro = 11, or it changes
|c > for |c + 1 > in the others of b. As the target state for |c > is 0. (P[)
and (/M) act on |c >. The number of the data that is included in 9 < b < 11
is Wy ~ 3° /24. When y, is the minimum even integer that is (W;/ Wa)'/? ~
(39/2%2/(3% )24 )12 =2 <2 = ¥, the total number that (P /) and (I M) act on
lc > 1is y, &~ 2. Next, (O B) observes |ag >, |a; >,---,|as >, |b >, and |c >,
and one of the data of W3[~ H(9) + H(10) + H(11)] remain. For example, when
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ap,ai,---,as,b,and care 1, 0, 1, 0, 2, 2, 10, and 0, respectively, it is obtained
that there are x; = 3 and x3 = 7 [x] + x3 = 10] in the Oth processor. But optimal
combinations of the 1st and 2nd processors aren’t obtained.

Step 7-1: Itis set that there are n,0y =n —2 =4,x9 =5,x1 =8, x2 = 6,x3 = 1,and
Mpuew = m — 1 = 2, and the computational process is returned to the step 1.

Step 1-2: It is assumed that there are n = 4,x90 = 5,x; = 8,x, = 6,x3 = 1,m =
2,D=11,d =2, u=10,0 =5.612,¢g =2, (—uy) = vy = 0.3187, (—uy) =
vy = 0.07838 [u +ujo0 = 10— 0.3187 x 5.612 ~ 8, u + vioc = 10+ 0.3187 x
5612 ~ 12, u + uroc = 10 — 0.07838 x 5.612 ~ 10 > 9, u + voo = 10 +
0.07838 x 5.612~ 10 < 11.], H9) = H(11) = 1.119 and H(10) = 1.137.

Firstof all, |ag >, |a; >, |ay >, |a3 >, |b >, and |c > are prepared. When « is the
minimum integer that is /og;2 = 1 < 1 = «, each of |ay > that f is the integer
from O to 3 is consisted of 1 qubit. States of |ag >, |a; >, |ax >, |a3 >, |b >, and
|c > are ag, a1, az, a3, b, and c, respectively.

Step 2-2: Each qubit of |ag >, |a; >, |az >, |az >, |b >, and |c > is set |0 >.

Step 3-2: acts on each qubit of |ag >, |a; >, |ax >, and |az >. It changes them for
entangled states. The total states are 24,

Step 4-2: Each state of |a > isOor 1, and the total states become 24[: Wo]. Therefore,
(A) doesn’t acton |b >.

Step 5-2: (B) changes |b > for |b 4+ x¢o > at ap = 0, or it doesn’t change |b > at
ao # 0. It changes |b > for |b + x; > ata; = 0, or it doesn’t change |b > at
a; # 0. This action repeats to |a3 >. Therefore, |b > becomes from |0 > to
|xo + x1 4+ x2 + x3 >.

Step 6-2: (C;) doesn’t change |c > inu +ujoc ~ 8§ < b < pu+vioc =~ 12, or
it changes |c > for |c + 1 > in the others of b. As the target state for |[c >
is 0, (PI) and (IM) act on |¢c >. The number of the data that is included in
8 < b <12is W =~ 24/22. When y, is the minimum even integer that is
(Wo/ W% ~ 24/(2*/2%)1/? = 2 < 2 = y/, the total number that (PI) and
(IM) acton |c > is y; &~ 2. Next, (OB) observes |c >, and the data of W
remain.

(C») doesn’t change |¢ > inu +uyo ~ 10 >9 <b < u+ v = 10 < 11,
or it changes |c > for |c 4 1 > in the others of b. As the target state for |c >
is 0, (PI) and (IM) act on |c >. The number of the data that is included in
9<b<llis Wr = 24/24 = 1. When y, is the minimum even integer that is
(W Wo)/2 ~ (2*/2%/1)1/? = 2 < 2 = y,, the total number that (P ) and(I M)
acton |c > is y, ~ 2. Next, (O B) observes |ag >, |a; >, |az >, |az >, |b >, and
|c >, and one of the data of Wh[~ H(9) + H(10) + H(11)] remain. For example,
when ag, ay, a», a3, b, and c are 0, 1, 0, 1, 11, and 0, respectively, it is obtained
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that there are xo = 5 and x; = 6 [9 < x¢9 + xo = 11 < 11] in the Oth processor,
and x; =8and x3 = 1[9 < x1 + x3 =9 < 11] in the 1st processor.

Therefore, 3 optimal combinations are obtained.

5. Discussion and Summary

The computational complexity of this quantum algorithm [= S] becomes the following.

In the order of the actions by the gates, the number of them at j [2 < j < m. jis an

integer.] is ajn; at , njat (A), Bnj = 2n; at (PI) and (IM), n; at (OB), n; at
8j

(B), about g; at (Cgr) [1 < R < g;. R is an integer.], about Z yr =2g;at (PI) and
R=1

m
(I M), and about g; at (O B). Therefore, S becomes about Z((aj +35)n;+4g; —Q)),
j=2
where when j is 21, 22, 23, 24, -+, a computational complexity of the step 4 [= ;] is
deducted from S. In the example of the section 4, S is 66. The computational complexity
of the classical computation [= Z] is m" = 36 — 729. After all, S/Z becomes about
m

1/11. When n is large enough, S becomes about Z((cxj +5)n; +4g; — Qj) <
j=2

m m
> (Uogaj+5)mj+2n)-logyj) = > (3-logaj+5)m; < (m—1)(3-logom +5)n ~
j=2 j=2
3(m - logom)n, where a maximum value of g; is about (n;/2)log;j, and S/Z is about
3(m - logom)n/m" ~ n/m". For example, as forn = 100 and m = 5, §/Z is about
100/5'%° ~ 100/107° = 1/108.
Therefore, a polynomial time process becomes possible.
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