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Abstract

We consider the Intuitionistic fuzzification of the concept Q-ideal and the
image (preimage) of Q-idea in Q-algebra, and investigate some of there
properties. Moreover, we introduce the notion of product of intuitionistic
fuzzy Q-ideal in Q-algebras, and investigate some related properties.
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Introduction

In 1965, L. A. Zadeh [11] introduced the notion of afuzzy subset of a set as a method
for representing uncertainty in rea physical world. As generalization of intuitionistic
fuzzy subset was defined by K. T. Atanassov [1, 2] and it was extended to
intuitionistic fuzzy ideal by Basnet and Benerjee [3, 4]. Intuitionistic fuzzy sets have
also been defined by G. Takeuti and S. Titanti in [9]. G. Takeuti and S. Titanti
however considered intuitionistic fuzzy logic in the narrow sense and derived a set
theory from logic which they called intuitionistic fuzzy set theory. In 1991 O. G. Xi
[10] applied the concept of fuzzy set to BCK-algebras which are introduced by Y.
Imai and K. Iséki. It was known that the class of BCK-algebras is proper subclass of
the class of BCl-algebras. In [5, 6] Q. P. Hu and X. Li introduced a wide class of
abstract algebras BCH-algebra. they demonstrated that the class of BCl-algebrasis a
proper subclass of the class of BCH-algebras. J. Neggers, S. S. Ahnand H. S. Kim [8]
introduced a notion, called Q-algebras, which is generalization of BCH / BCI / BCK-
algebras and generalized some theorems discussed in BCI-algebras. In this paper, we
introduce the notion of intuitionistic fuzzy Q-ideds in Q-algebras and fuzzy
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intuitionistic image (preimage) of Q-ideals in Q-algebras. We also introduce the
Cartesian product of two intuitionistic fuzzy Q-ideals in Q-algebras and investigate
some results.

Preliminaries

Definition 2.1 [7]

An algebraic system (X,*,0) of type (2, 0) is called a BCK-algebra if it satisfying the
following conditions:

(BCI-1) ((x*y)*(x*2))*(z*y) =0,

(BCI-2) (x*(x*y))*y=0,

(BCI-3) x*x=0,

(BCl-4) x*y=y=*x=0implies x =y,

(BCK-5) 0*xx=0, fordl x,y,ze X.

In a BCK-algebra X, we can define a partial ordering” <” by: x <y if and only if
x*y=0.

Definition 2. 2 [§]

An agebraic system (X,*,0) of type (2, 0) is caled a Q-algebra if it satisfying the
following axioms:

(1) xxx=0,

(2) xx0=x,

(3) (xxy)xz=(x*x2)xy foral x,yandze X.

we can define apartial ordering” <” by x<vy ifandonly if x*y=0.

Definition 2. 3[8]
A non empty subset S of a Q-algebra X is said to be Q-subalgebra of X, if X,ye S
Implies x*y e S.

Definition 2. 4 [7]

A non empty subset | of a BCK-algebra X issaid to be aBCK-ideal of X if it satisfies:
(1) Oel,

(I) x*yeland yel implies xel foral x,ye X.

Definition 2. 5

A non empty subset | of aQ-algebra X issaid to be aQ-ideal of X if it satisfies:
(1) Oel,

(Q) (x*y)xzeland yel imply x*xzel foral x,yandze X.
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Proposition 2.6

Let (X,*,0) beaQ-algebraand | isaQ-ideal of X, then | isaBCK-ideal of X.

Proof. 1, is satisfied.

Put in (Q) z=0, we have x*yel and yelimplyx*0=xel, for al
x,yandze Xi.e. | isaBCK-ideal of X.

Example 2.7
Let X={0,1,2,3,4} be aset with abinary operation * defined by the following table:

AIWIN PR O|*
AIWIN|FLOIO
AOINO|O|F
AWOIO|IOIN
OO IO|W
(@) E NS

Then(X,*,0) isaQ-algebra, Let A ={0,1,2,3} be asubset of X. Then A isa Q-
ideal, but it is not BCK-subalgebra, since((2*1) *(2*3))*(3*1) =2x0=2=0. On
the other hand A' ={0,1,2} is a Q-subalgebra, which is not BCK-ideal because
0=3x1eA', 1eA'but 3¢ A'. Thusin Q-algebras BCK-ideals and Q-subalgebras
are independent concepts.

Fuzzy Q-ideal

Definition 3.1 [10]

Let X be a BCK-algebra. afuzzy set u# in Xis caled a fuzzy BCK-idea of X if it
satisfies:

(Fl2) #(0) = p(X),

(FI2) a(X) = min{ u(x*y), u(y)}, foral x,yandze X.

Definition 3.2
Let X beaQ-algebra. A fuzzy set 1 in Xiscaled afuzzy Q-ideal of X if it satisfies:

(Fl2) #(0) = p(X),
(FQ) u(x*2z)>min{u((x*y)*2z),u(y)}, foral x,yandze X.

Lemma 3.3
Any fuzzy Q-ideal of Q-algebraisafuzzy BCK-ideal of X.

Proof. In definition 3.2. Put z= 0, then (FQ) gives that
p(xx0) = min{ u((x* y) = 0), u(y)} = min{u(x* y), u(y)} , since x*0=x.
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Intuitionistic fuzzy Q-ideal in Q-algebra
Definition 4.1
An Intuitionistic fuzzy set (briefly IFS) A in a nonempty set X is an object having the

forom A={(X,a,(X), (X)) | xe X}, where the functione,: X —[01 and pS,:
X —[0J] denote the degree of membership and degree of non membership,
respectively and O0<a,(X)+ S,(X) <1for alxe X. An intuitionistic fuzzy set
A={(X,a,(X),L(x)) | xe X}in X can be identified to an order pair(a,,fs)Iin
| % x|,

We shall usethe symbol A= (a,, S,) for IFSA={(X,a,(X), (X)) | xe X}.

Definition 4.2

ANIFS A= (a,,f,)inaQ-algebraXiscalled an intuitionistic fuzzy Q-subal gebra of
Xif it satisfies the following

(I1'S) aa(x*y)=min{a,(X),a.(y)}

(I S2) pa(x*y) <max{S,(X), Ba(y)}, forall x,ye X.

Example 4.3
Let X ={01234}as in example 2.7, and A= («,,5,) be an IFS in X defined by
a2,(0)=a,(2=a,( =a,(4)=07< 03=a,(1), and

Ba(0) = Ba(2) = BA(3) = () =02<05=5,(D. Then A=(an fa)is an
intuitionistic fuzzy Q-subalgebra of X.

Lemma4.4
Every, intuitionistic fuzzy subalgebra A= («,, #,) of X satisfies the inequalities
a,(0)2a,(X),and B,(0) < S (x)foral xe X.

Proof: a,(0) = a,(X*X) > minfa,(X),a,(X)} = a,(X),and

ﬂA(O) = IBA(X* X) < maX{ﬂA(X)UBA(X)} = IBA(X)'

Definition 4.5

ANnIFSA=(a,,f,)in Xiscaled an intuitionistic fuzzy Q-ideal of X if it satisfies the
following inequalities:

(IFQ1) a,(0) =2 a,(X)and B,(0) < B (X),

(IFQ2) a,(x*z) 2 min{a,((x*y) * 2), a(Y)},

(IFQ3) Ba(x*Z) <max{f,((x*y)*2), Ba(Y)}.foral x,y,ze X.

Example 4.6
Let X ={0,1,2,34} be a set with a binary operation* define by the following table:
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(@ N L)

AIWIN|PRP|O|*

AIWIN|RL|O|O
AIO|IN|O|O|F
AIWO|IO|ION
AHIO|IO|IRL|IO|W

Define IFSA=(a,, f4)INn X as followsa ,(0) = @, (2) =1,

) =a,B)=a,(=t. B(0)=Lr(2 =0, Br()=BA(3) =BA(4)=s. Where
t,se[0and t+s<1. By routine calculations we know that A= (a,,[,)is an
intuitionistic fuzzy Q-ideal of X.

Lemma4.7
Let A=(an, fB,) be an intuitionistic fuzzy Q-ideal of X. if the inequality x*y < z
hold in X, then

an(¥) 2 min{a,(y),aa(2)}, Ba(X) 2 max{SA(Y), Ba(2)} -

Proof: Letx,y,ze X be such thatx*y<z, then (x*xy)*z=0and in (FIQ,) put
z=0, we get aA(X*0) =a,(X) =2 minfa,(X*Y),a,(Y)} =
minf{a, ((x* 2) * y), @A (2), A (Y)} = Mi{a, ((X* y) * 2), a2 o (2), 2 (Y)} =
min{a,(0), a4 (2), ct, (¥)} = min{a,(y),,(2)} . Similarly for ,(X).

Lemma4.8
Let A= (a,, fB,) beanintuitionistic fuzzy Q-ideal of X. If x <y in X, then

ap(¥) 2 an(y), Ba(X) < BA(Y).

Proof: Let X,y € X besuchthat x <y, then x*y=0and so (IFQy)
a(X*2) 2min{a,((x*2)*y),a,(y)} put z=0 in (IFQ), we get
ap(x*0) = a, () 2 minfa, (x> y) *0),a, ()} = minfa, ((x* y),aa(Y)} =
min{a,(0), (X} = aA(Y).

Similarly for (IFQs) S, (x* 2) < max{£,((x*y)* 2), B(Y)},put z=0 in (IFQ),
we get

Ba(xx0) = B,(x) < max{B,((x*y) *0), B (y)} = max{B,(x*Y), Ba(¥)} =

max{5,(0), B(¥)} = Ba(Yy).

Definition 4.9
For any te[0]] and a fuzzy set x4 in a nonempty set X, the set
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U (u,t) ={xe X | u(x) >t} iscaled an upper t-level cut of x, and the set
L(u,t) ={xe X | u(x) <t}iscalled alower t-level cut of .

Theorem 4.10
An IFS A=(a,,f,) is an intuitionistic fuzzy Q-ideal of X if and only if for all

ste[0]], theset U(a,,t) and L(S,,S)are either empty or Q-ideal of X.

Proof: Let A=(a,,f,) be an intuitionistic fuzzy Q-ideal of X and U(a,,t)
=@ #L(S,S).

Since ¢,(0) >t and 3,(0)<s,let X,y,ze X besuchthat (x*y)*zeU (au,t).
yeU(a,t), then a,((x*xy)*xz)>t anda,(y)=>t, it follows that
a(X*z)>2min{a,((X*Y)*2),a,(y)} 2t, sothat x*zeU(a,,t). Hence U(a,,t)
isan Q-ideal of X. Let X,y,ze X be such that (x*Yy)*ze L(8,,5)andye L(f,,9),
then Lal(x*xy)*2)<s and Laly)<s which imply that
La(Xx2) <max{f,((X*y)*2),,(Y)}<s. Thus x*zel(f,,s) and therefore
L(S,,9)isaQ-ideal of X.

Conversely, assume that for eachste[0]], the setsU(a,,t)andL(f3,,s)are
either empty or Q-ideal of X. For anyxe X, let a,(X)=tand S,(X)=S. Then x e
U(a,t)N LB, S)and so U(a,,t) # ¢ # L(B,,S). SinceU (a,,t)and L(B,,S)are
Q-idea of X, therefore OeU(ax,,t) L(B,,S). Hencea,(0) >t =a,(x)and
PAr(0)<s=p,(x) foral xe X.

If there exist X,y,Z € X be such that

a,(X'*Z)>minfa (X *y)*Z),a,(Y)}. Then by taking
1 ’ ! H ! ! r !

to =@ (X *Z) + minfa, (X * y) * Z),a,(y)}} we get

a,(X'#Z) <ty <min{a,(X'*y)*Z),a,(y)and hence (X'*Y')eU(aut,),
(X'*xy)xZ eU(a,ty,) and Yy eU(a,,t,), i.e. U(a,,t,) is not an Q-ideal of X,
which make a contradiction. Finally assume that there exist a,b,ce X such that
Ba(axc)>max{,((axb)*c), 5,(0)} Then by teking

S = %{ﬁA(a*CHmaX{aA((a*b)*C),ﬁA(b)}}, we get

max{ S, ((ax*b) *c), Bo(b)} <s, < Bu(axc) therefore ((@*b)*c)e L(f4,s)and
be L(B,,s,) but (axc) e L(B,,S,), which make a contradiction. This completes
the proof.
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Homomor phism of Q-algebra
Definition 5.1
Let (X,x,0)and (Y,+',0")be Q-agebras. A mapping f:X —>Y is sad to be a
homomorphism if f(x*y)= f(x)*" f(y) foral x,ye X . Notethatif f: X >Y is
ahomomorphism of Q-algebras, then f(0)=0".

Let f: X —Y beahomomorphism of Q-algebrasfor any IFS A= (a,,3,) inY,
we define new IFS A'=(a),B)) in X by a/(X)=a,(f(x), and

BL(X) = B,(f(X)foral xe X.

Theorem 5.2

Let f:X —>Y be ahomomorphism of Q-agebras. If the IFS A= (a,,f,), is an
intuitionistic fuzzy Q-ideal of Y, thenthe IFS A" = (o}, £,) in X is an intuitionistic
fuzzy Q-ideal of X.

Pr oof: al(X)=a,(f(X)<a,0)=a,(f()=a/(0), and
Ba(X) = Bu(f (X)) 2 B,(0) = B,(f(0)) = S1(0), foral x,yeX.
And

an(x*2) = a,(f(x*2) = a,(f ()% T(2) 2 min{a,((f(x)* T () {(2),aa(f(y)}
= min{a, (f(x*y) ¥ £(2)),a,(f(Y))} = min{a, (f((x*y)*2),a,(f(V)}
= min{a, (x*y) *2),a, (Y)}

and
Pa(xx2) = Bo(f(xx2)) = B(f(X)* f(2)) <max{B,((f ()= f(¥)* (2),B(F(Y)}
=max{B,(f (x*y)* f(2)), B.(T(¥))} = max{B(f((x*Yy)*2), B(T(¥))}
=max{ S, (x*y)*2), 81 (V)}.
Hence A" = (a),B)) isanintuitionistic fuzzy Q-ideal in X.

Product of intuitionistic fuzzy Q-ideal
Definition 6.1
Let  and A be are two fuzzy sets in the set X. the Cartesian product

Axpu: XxX —>[0]1 is defined by, (Axu)(Xy)=min{A(x),x(y)}, and
AxxAg i Xx X —>[0]] is defined by (A,xA5)(XY)=max{1,(X),45(y)}for all
X, ye X.

Definition 6.2
Let A=(X,A,,u,) and B=(X,4;,u,) are two IFS of X, the Cartesian product
AxB = (Xx X,y X fg, Ay xAg) is defined by



142 Samy M. Mostafa et al

(ta > 1) (% y) = min{ g, (X), u5 ()} and (Aa x Ag) (%, Y) = max{1,(X), 45 ()}
where u, x ug : X x X —>[0]],fordl x,ye X .

Remark 6.3
Let X and Y be a Q-algebras, we define* on X xY by: For every (X, y),(u,v) € X xY

(%, y) *(u,v) = (x*u,y*V) thenclearly (X *Y;*,(0,0))is Q-agebra

Proposition 6.4
Let A= (X, A5, 44,4), B=(X, 15, 1) aeintuitionistic fuzzy Q-ideal of X, then Ax B
isintuitionistic fuzzy Q-ideal of X x X .

Proof: (s, x 5)(0,0) = min{ 12, (0), 415 (0)} = min{ sz, (X), 1 (¥)} = (12 % 115)(%,Y).
for alx,ye X .And

(A % 45)(0,0) = max{1,(0), A5 (0)} < max{1,(X), 25 (¥)} = (Aa x 45) (%, y), for all
X,y e X .Now let (X,X,),(Y;,¥,),(2,2,) e Xx X,
then
Min{ (zea % g ) (%45 %2) * (Y1, Y2)) * (21, 2,)), (2a X g ) (Y1, Y2 )}
=min{ (z2n % 225)((4 * Y1, %5 * ¥5) * (21, 2,)), (12 % 115) (Y1, Y2)}
=min{ (z x w5 ) (% * Y1) * 2, (X * ¥,) * 2,), (24 % £25) (Y1 ¥2)}
=min{{z,((X, * Y1) *2,), g (X, * Y,) * Z,)} {1 (Y1) 125 (Y2)}
=min{min{z, (% * Y1) * 2)), s, (Y1)} min{ g (X, * Y,) * Z,), 145 (Y2)}
= min{min 2, (% * Y1) *2), 2 (Y0} Min{ 25 (0 * ¥5) * Z,), 45 (o)}
<minf 1, (% * 2), 115 (%, * 2,)}
=(pax pg)(% *2,,X, %2,) .

And
max{ (4, x A ) (X0, Xz) * (Y1, ¥2)) * (21, Z5)), (Aa X A5 ) (Y1, Y2)}
=max{ (A, x A )((% * Y1, X, * ¥,) #(2, 2,)), (Aa x A5) (Y1, ¥2)}
=max{ (A x 25 )((X * Y1) * 2, (X, * ¥,) * Z,),(Aa X Ag) (Y1, ¥2)}
=max{{A,((% * ;) *2), 25 (%, * ¥,) * 2,)} {Aa (Y1), A5 (V2)}}
=max{ max{A,((%, * 1) * 2,), Ax (Y1)}, max{Ag (X, * ¥,) * Z,), A5 (Y,)}
= max{ max{ 4, ((x * y,) * 2), 2, (Y)}, max{ 25 (X, * ¥,) * 2,), 4 (¥,)} =
> MAX{ Ay (4% % 2), 20 (% *22)} Uin X )X * Z00%, #2,).

This compl etes the proof.

Definition 6.5
Let A=(X,A,,u,)and B=(X,A;, 1) aeintuitionistic fuzzy subset of Q-algebras
X. for ste[0] the set U(upxug,S)={(XYy)e XxX|(usxuz)(Xy)=stis
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called upper level of (5 * 15 )(X, y) and
L(Ax A5, ) ={ (% V) € Xx X | (A x Ag)(6 Y) <t is caled lower level of
(AaxAg) (X Y).

Theorem 6.6

An intuitionistic fuzzy set A=(X,4,,u,) and B=(X,4;,u;) ae intuitionistic
fuzzy Q-ideal of X if and only if the non empty set upper s-level cut U (z, % u;5,9)
and the non empty t-level cut L(1, x Ag,t) are Q-ideal of X x X forany s,t€[0]] .

Proof: Let A= (X,A,,u,)and B=(X,A;,u) areintuitionistic fuzzy Q-ideal of X,
therefore for any (X,y)e XxX,

ta x 15(0,0) = min{ 22, (0), 125 (0)} = Min{ gz, (X), 125 (Y)} = pa x 115 (%, y) and for
se[0Y, if  (uaxpg)(X*X,2%2,) = (uax p5)(X *2,, %, %2,) 2 s, therefore
(X *2, %, %2,) €U (upx g, 9) Let (X, %), (Y1, Y2),(2,2,) € Xx Xbe such that
(%0, %5) * (Y1, ¥2)) * (21, 2,)) € U (pp x g, 9) , and (Y, Y,) € U (pp X p1g,9) -

Now (zen X 1 )((%4, %) *(2,,2,)) = (pep ¥ 1) (% * 20, X, ¥ 2,) 2

Min{ (z, x 16 )(((X0, X0) * (Y1, ¥2)) * (21, 2,)), (14 % 16) (Y1, ¥2)}

= min{(un x 1 )((X * Y1) * 2, (X, * ¥,) * 2,), (pa X 5 ) (Y1, ¥,)} 2 min{s, s} =s,

therefore (X, X,) *(2,,2,) € U (15 % 125)(X,Y),S) isQ-ideal of X x X . Inasimilar
way, we can prove that L((1, x A5)(X, y),t) isaQ-idea of X x X . This completes the
proof.
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