Global Journal of Pure and Applied Mathematics.

ISSN 0973-1768 Volume 8, Number 2 (2012), pp. 211-220
© Research India Publications
http://www.ripublication.com/gjpam.htm

Existence, nonexistence and uniqueness
of positive weak solution for
a nonlinear system involving weighted p-Laplacian

S. A. Khafagy

Mathematics Department, Faculty of Science, Al-Azhar University,
Nasr City (11884), Cairo, Egypt.
Current address: Mathematics Department,
Faculty of Science in Zulfi,
Majmaah University, Zulfi 11932, P.O. Box 1712, Saudi Arabia.
E-mail: el_gharieb@ hotmail.com

Abstract

In this paper, we study the existence, nonexistence and uniqueness of positive weak
solution for the nonlinear system

—Ap pu =a(x)[Au” + u$1 inQ
u>k in Q
u==k on 0%2.

where Ap , with p > 1 and P = P(x) is a weight function, denotes the weighted
p-Laplacian defined by Ap ,u = div[P(x)|Vu |P=2Vu], A is a positive parameter,
a(x) be a weight function, 0 < 8 <a < p—1, k € [0,00) and 2 C RN is a
bounded domain with smooth boundary 9€2. For k € [0, co), we establish posi-
tive constant A*(£2) such that the above system has a positive weak solution when
A > A* while if k = 1 and A + 1 < Ay, the above system has no positive weak
solution. Also, we discuss the uniqueness of positive weak solution. We use the
method of sub—supersolutions to establish our results.
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1. Introduction

In this paper, we are concerned with the existence, nonexistence and uniqueness of
positive weak solution for the nonlinear system

—Ap pu =a()[u*+ufl inQ
u>k in 2 (1.1)
u==xk on 0.

where Ap , with p > 1 and P = P(x) is a weight function, denotes the weighted
p-Laplacian defined by Ap ,u = div[P(x)|Vu |p_2Vu], A 1s a positive parameter, a(x)
be a weight function and that there exist positive constant ag such that a(x) > ao,
O<pB<a<p—1kel[0,00)and Q C MY is a bounded domain with smooth
boundary Q2. For k € [0, 00), we establish positive constant A*(£2) such that the above
system have a positive weak solution when A > A* while if k = 1 and A + 1 < Ay, the
above system has no positive weak solution. Also, we proved the uniqueness of positive
weak solution of (1.1). We will use the method of sub—supersolutions to establish our
results (see e.g. [4] and [6]).

When P(x) = a(x) = 1, problems of the form (1.1) arise from many branches of
pure mathematics as in the theory of quasiregular and quasiconformal mappings (see
[17]) as well as from various problems in mathematical physics notably the flow of non-
Newtonian fluids. In the latter case, the quantity p is a characteristic of the medium. The
situation p > 2 corresponds to dilatant fluids, while the situation 1 < p < 2 describes
pseudo-plastic fluid (see [2]). The case p = 2 describes Newtonian fluid.

On the other hand, the existence of weak solutions for nonlinear elliptice systems
involving p-Laplacian operators with different weights has been studied using an ap-
proximation method (see [8, 9, 15, 16]) and the theory of nonlinear monotone operators
method (see [10, 13, 14]).

This paper is organized as follows:

In section 2, we introduce some technical results and notations, which are established
in [5]. In section 3, we prove the existence of a positive weak solution for system (1.1)
by using the method of sub—supersolutions. Also, we consider the nonexistence result.
In section 4, we prove the uniqueness of positive weak solution for system (1.1).

2. Technical results

Now, we introduce some technical results [5] concerning the degenerated homogeneous
eigenvalue problem

—~Ap pu = —div[P(x)|VulP"*Vu] = xa(x)|u|”u in Q, o0
u=>0 on 082, '
where P(x) and a(x) are measurable functions satisfying
v(x)
— < P(x) =cv(x), (2.2)

C1
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for a.e. x € 2 with some constant ¢y > 1, where v(x) is a weight function in
satisfying the conditions

_ 1 N 1
vel] (), v rTeLl (), v™eL(Q), withs e (—, oo) N —, oo),

P p—1
(2.3)
and

0<a(x)eLF7(Q) forae. x € Q. 2.4)

Ps

withps:£<p<p“fand
N-—p s+1 S

meas {x € Q2 :a(x) > 0} > 0. Examples of functionss satisfying (2.3) are mentioned in

[5].

with some k satisfies p < k < p; where p; =

Lemma 2.1. There exists the least( i.e. the first or principal ) eigenvalue A; > 0 and
precisely one corresponding eigenfunction ¢; > 0 a.e. in Q2 (¢ not identical to 0) of
the eigenvalue problem (2.1). Moreover, it is characterized by

M/cl(x)QS” =/P<x)|V¢1|”. 2.5)

Q Q

Lemma2.2. Let¢, € Wg’p (P, ), ¢, = 0a.e.in 2, be the eigenfunction correspond-
ing to the first eigenvalue A; > 0 of the eigenvalue problem (2.1). Then ¢; € L*°(R).

Now, let us introduce the weighted Sobolev space wlhrp (v, ) which is the set of all
real valued functions u defined in €2 for which (see [5])

luell1, pv = /Iulp-l-/v(X)IVqu < 00. (2.6)
Q

Q

Since we are dealing with the Dirichlet problem, we introduce also the space WO1 Py, Q)
as the closure of C{°(L2) in whp (v, 2) with respect to the norm

1

luell1, pv = /V(X)IVMI" < 00, (2.7)
Q

which is equivalent to the norm given by (2.6). Both spaces whp (v, ) and WO1 P(v, Q)
are well defined reflexive Banach Spaces.
In this paper, we shall take c; = 1in (2.2) 1. e. v(x) = P(x).



214 S. A. Khafagy

3. Existence and nonexistence results

In this section, we shall prove the existence of positive weak solution for system (1.1)
by constructing a positive weak subsolution ¢ € W(}’p (P, 2) and supersolution z €
Wol’p(P, 2) of (1.1) such that y» < z. That is, ¥ satisfies ¥ = 0 on €2 and

f PO VY P2V Y Veds < / aODVE + v Pedx, 3.1)

Q Q

and z satisfies z = 0 on a2 and

/P(x)le|p_2VzV§dx > fa(x)[,\z“ + P\ dx, (3.2)
Q Q

for all test function ¢ € W(} (P, Q) with ¢ > 0.
Then the following result holds:

Lemma 3.1. (see [3, 11]) Suppose there exist a weak subsolution i and a weak super-
solution z of (1.1) such that ¢ < z; then there exists a weak solution u of (1.1) such that
v <u<z

Our main results of this paper are the following theorems.

Theorem 3.2. There exists positive constant A* = A*(2) such that system (1.1) has a
positive weak solution u for A > A*.

Theorem 3.3. When k = 1 and A + 1 < Ay, then system (1.1) has no positive weak
solution.

Proof of Theorem 3.2. Let A1 be the first eigenvalue of the eigenvalue problem (2.1) and
¢, the corresponding positive eigenfunction satisfying ¢; > 0in €2 and |V¢;| > 0 on
02 with qul Hoo = 1. Then we have

—~Ap pp; = hia(x)|$ P in Q
1>k in Q (3.3)
b=k on 9%2.

Also, let m, 8, o > 0 be such that P(x)|Ve|” — ha(x)¢} >m on Qs = {x € Q:
d(x,dQ) <8})and ¢, >0 >k in Q — Qs.
L
i

—1
We shall verify that ¢ = (p_) o ' is a weak subsolution of (1.1). Let ¢ €
4

WyP(P, Q) with ¢ > 0.
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A calculation shows that

/ PIVYIP VY - Vedx = f PV P2V, - Veda
Q

Q

_ / (P()IV117 2V, V(10) — P(x)[Vhy [PL)dx
Q

_ f (a(0)$” — P()[Vey |P)¢dx.

Q

Now , in 5 we have Ala(x)qbf — P(x)|V¢{|? < —m. Then we have

f P VY72V Vedx <0 < / a0 + wPledx.
Qs Qs

Next, in € — Q5 we have Aja(x)¢] — P(x)|V|? < A and ¢; > o. Now if we
take

(3.4)
then we have

/ P(X)|VY|P2Vy - Vidx = /(Ma(X)¢f—P(X)IV¢1I”)§dX

Q—Q; Q—Q;

5 / g [&} cdx
p

Q—Qs

=< /Aa(x)w"‘dx
Q—Qs

< fa(x)[wawﬁ]dx.
Q—Qs

So, equation (3.1) is satisfy and i is a weak subsolution of (1.1).
Next, we construct a weak supersolution z of system (1.1). Let e, = ¢, (x) be the
positive weak solution of (see [16])

—Appep, =1 1n Q, } (3.5)

e, =0 on 0€2,

We denote z(x) = Ae, where the constant A > 0 is sufficiently large and to be
chosen later. We shall verify that z is the weak supersolution of (1.1). To do this, let
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e Wol’p(P, Q) with ¢ > 0. Then, using (3.5), we have

/P(x)lel”_ZVz-V;dx = Ap—lfp(x)|Ve,,|P—2w,,-v;dx

Q Q
= AP_I/;“dx.
Q

Since 0 < B < a < p — 1, then it is easy to prove that there exists positive large

constant A such that
AP~1—e — ,u()»eg + Aﬂ_aeg),

where u = ||a(x)|l» - Hence, we have

/P(x)|vZ|P—2Vz-v;dx = fu(xA“ej;+Aﬂe1€)gdx

Q Q
ot

/a(x)[kz“ + Pcdx.

Q

v

So, equation (3.2) is satisfy and z is the weak supersolution of (1.1). Thus, there exists
a weak solution u of (1.1 ) with ¢ < u < z. This completes the proof of Theorem 3.2.1

Proof of Theorem 3.3. Suppose u(x) € WO1 P (P, Q) be a positive weak solution of (1.1).
We prove Theorem 4 by arriving at a contradiction.
Multiplying (1.1) by u, we have

/P(x)quV’dx = /a()c)()wto‘Jrl + uPtNdx

Q Q
< /a(x)(k+ DuPdx. (3.6)
Q
Also, we have
)q/a(x)up §/P(x)|Vu|p. (3.7)
Q Q

Combining (3.1) and (3.7), we obtain

A=+ 1))/61()6)14” <0,
Q

which is a contradiction if A 4 1 < Aj. Thus system (1.1) has no positive weak solution
fork =1and A + 1 < Ay, and we finish the proof of Theorem 3.3. [ |
YA

Remark 3.4. When k = 1, the condition (3.4) reducestoA > A* = ———————.
aol(p — Do ]*



Existence, nonexistence and uniqueness of positive weak solution 217

4. Uniqueness of the weak solution

In this section, using a method of [1, 12] we prove the uniqueness of positive weak
solution of (1.1)

Theorem 4.1. Let u be the positive weak solution of (1.1). Then it is the unique positive
weak solution of (1.1).

Proof. The proofis partly adapted from [4, 5]. Let us assume thatu, v € Wol’p (P, 2) are
two positive weak solutions of (1.1). Then it follows from Lemma 2 that u, v € L ()
and from (1.1) we have

/P(x)|Vu|p_2VuV§dx = fa(x)(ku“ +uPycdx, 4.1)
Q Q

forany ¢ € W,"”(P, ), and

fP(x)|Vv|p_2VUVndx = /a(x)(kv“ + v#)ndx, (4.2)
Q Q

for any n € Wol’p(P,SZ).Fors >0,setus =u+e¢&, ve =v—+ & and

¢ ul —of vl —u?
= -1 > N -1
ué vE

Since E, Le ¢ L°°(2) by Lemma 2 and

Ve Uc
i ve \ 7] ve \ P!
Ve=1|14+(p-1)|— Vu—p|— Vo,

Ue

B u\ P u\P1
& &
Vn = 1+(p—1)(—> Vv—p<—) Vu,
v

€

we have V¢, Vn € W(}’p(P, ). Adding (4.1) and (4.2) (with ¢ and n chosen above)
and using the fact that

Vu, = Vu = u,|Vlogu.|, Vv, = Vv = v, |Vloguv,]|,
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we obtain (similarly as in [5] P. 118-120) for p > 2,

e " p—1 " v p—1
A/a(x) 1 (M_e> = (U_s) (u? —vP)dx
Q
B p—1 B p—1
o fow g () () e e
Q
1

11
~ 2l /P(x) (?+E> lve Vit = us Vol dx = 0, 4.3)

andfor 1 < p < 2,

u® U p—1 Y v p—1
u _ v P _ P
)L/a(X) ub=! <”s> vpl (Uz?) (e = ve)dx
Q
3 —1 1 1 VeV — u,Vol?
> M P(x) (_p+_) [ve : |2_
16 J g lve |Vu| + ug |Vo||77P

4.4)

u v?

u v
Fore — 07, wehave — — 1, — — la.e.in Q. Since 0 < 8 < a < p — 1, we have
u v
foranyp,1<p<oo,8 ’

o p—1 o p—1
u u v (v p_ .
k/a(x) |:uP—1 (ue) o (%) j|(u8 vP)dx <0,
Q
ub u\P! vP v\ P!
el _ e P _ P
/a(x) |:u1’_1 (ug) = <Us) (ul —vl)dx <O0.
Q

Hence it follows from (4.3), (4.1) and from the Fatou lemma that

[vVu —uVv| =0 a.e. in 2,

forany 1 < p < oo. Hence there exists a constant / > 0 such thatu = [v a.e. in Q2. By

continuity # = [v at every point in 2.
Then (4.1) and (4.2) imply that

A(Iv)® + (lv)P A% 4P
/a(x) (v)* + (Iv) vp_lndx:/a(x)vp—_'_—lvvp_lndx,
v
Q

(vyr=!
Q

forany n € Wol’p(P, 2) whichimplies/ = 1 dueto0 < 8 < o < p— 1. This completes
the proof of Theorem 4.1. |

Remark 4.2. When g = 0 in system (1.1), we have some results presented in [7].
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