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Abstract

In this paper, we study the existence, nonexistence and uniqueness of positive weak
solution for the nonlinear system

⎧⎨
⎩

−�P,pu = a(x)[λuα + uβ] in �

u > k in �

u = k on ∂�.

where �P,p with p > 1 and P = P(x) is a weight function, denotes the weighted
p-Laplacian defined by �P,pu ≡ div[P(x)|∇u|p−2∇u], λ is a positive parameter,
a(x) be a weight function, 0 < β ≤ α < p − 1, k ∈ [0, ∞) and � ⊂ �N is a
bounded domain with smooth boundary ∂�. For k ∈ [0, ∞), we establish posi-
tive constant λ∗(�) such that the above system has a positive weak solution when
λ ≥ λ∗ while if k = 1 and λ + 1 ≤ λ1, the above system has no positive weak
solution. Also, we discuss the uniqueness of positive weak solution. We use the
method of sub–supersolutions to establish our results.
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1. Introduction

In this paper, we are concerned with the existence, nonexistence and uniqueness of
positive weak solution for the nonlinear system⎧⎨

⎩
−�P,pu = a(x)[λuα + uβ] in �

u > k in �

u = k on ∂�.

(1.1)

where �P,p with p > 1 and P = P(x) is a weight function, denotes the weighted
p-Laplacian defined by �P,pu ≡ div[P(x)|∇u|p−2∇u], λ is a positive parameter, a(x)

be a weight function and that there exist positive constant a0 such that a(x) ≥ a0,
0 < β ≤ α < p − 1, k ∈ [0, ∞) and � ⊂ �N is a bounded domain with smooth
boundary ∂�. For k ∈ [0, ∞), we establish positive constant λ∗(�) such that the above
system have a positive weak solution when λ ≥ λ∗ while if k = 1 and λ + 1 ≤ λ1, the
above system has no positive weak solution. Also, we proved the uniqueness of positive
weak solution of (1.1). We will use the method of sub–supersolutions to establish our
results (see e.g. [4] and [6]).

When P(x) = a(x) = 1, problems of the form (1.1) arise from many branches of
pure mathematics as in the theory of quasiregular and quasiconformal mappings (see
[17]) as well as from various problems in mathematical physics notably the flow of non-
Newtonian fluids. In the latter case, the quantity p is a characteristic of the medium. The
situation p > 2 corresponds to dilatant fluids, while the situation 1 < p < 2 describes
pseudo-plastic fluid (see [2]). The case p = 2 describes Newtonian fluid.

On the other hand, the existence of weak solutions for nonlinear elliptice systems
involving p-Laplacian operators with different weights has been studied using an ap-
proximation method (see [8, 9, 15, 16]) and the theory of nonlinear monotone operators
method (see [10, 13, 14]).

This paper is organized as follows:
In section 2, we introduce some technical results and notations, which are established

in [5]. In section 3, we prove the existence of a positive weak solution for system (1.1)
by using the method of sub–supersolutions. Also, we consider the nonexistence result.
In section 4, we prove the uniqueness of positive weak solution for system (1.1).

2. Technical results

Now, we introduce some technical results [5] concerning the degenerated homogeneous
eigenvalue problem

−�P,pu = −div[P(x)|∇u|p−2∇u] = λa(x)|u|p−2u in �,

u = 0 on ∂�,

}
(2.1)

where P(x) and a(x) are measurable functions satisfying

ν(x)

c1
≤ P(x) ≤ c1ν(x), (2.2)



Existence, nonexistence and uniqueness of positive weak solution 213

for a.e. x ∈ � with some constant c1 ≥ 1, where ν(x) is a weight function in �

satisfying the conditions

ν ∈ L1
Loc(�), ν

− 1
p−1 ∈ L1

Loc(�), ν−s ∈ L1(�), with s ∈
(

N

p
, ∞

)
∩

(
1

p − 1
, ∞

)
,

(2.3)
and

0 ≤ a(x) ∈ L
k

k−p (�) for a.e. x ∈ �, (2.4)

with some k satisfies p < k < p∗
s where p∗

s = Nps

N − ps

with ps = ps

s + 1
< p < p∗

s and

meas {x ∈ � : a(x) > 0} > 0. Examples of functions satisfying (2.3) are mentioned in
[5].

Lemma 2.1. There exists the least( i.e. the first or principal ) eigenvalue λ1 > 0 and
precisely one corresponding eigenfunction φ1 ≥ 0 a.e. in � (φ1 not identical to 0) of
the eigenvalue problem (2.1). Moreover, it is characterized by

λ1

∫
�

a(x)φ
p

1 =
∫
�

P (x)|∇φ1|p. (2.5)

Lemma 2.2. Let φ1 ∈ W
1,p

0 (P, �), φ1 ≥ 0 a.e. in �, be the eigenfunction correspond-
ing to the first eigenvalue λ1 > 0 of the eigenvalue problem (2.1). Then φ1 ∈ L∞(�).

Now, let us introduce the weighted Sobolev space W 1,p(ν, �) which is the set of all
real valued functions u defined in � for which (see [5])

‖u‖1,p,ν =
⎡
⎣∫

�

|u|p +
∫
�

ν(x)|∇u|p
⎤
⎦

1
p

< ∞. (2.6)

Since we are dealing with the Dirichlet problem, we introduce also the space W
1,p

0 (ν, �)

as the closure of C∞
0 (�) in W 1,p(ν, �) with respect to the norm

‖u‖1,p,ν =
⎡
⎣∫

�

ν(x)|∇u|p
⎤
⎦

1
p

< ∞, (2.7)

which is equivalent to the norm given by (2.6). Both spaces W 1,p(ν, �) and W
1,p

0 (ν, �)

are well defined reflexive Banach Spaces.
In this paper, we shall take c1 = 1 in (2.2) i. e. ν(x) = P(x).
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3. Existence and nonexistence results

In this section, we shall prove the existence of positive weak solution for system (1.1)
by constructing a positive weak subsolution ψ ∈ W

1,p

0 (P, �) and supersolution z ∈
W

1,p

0 (P, �) of (1.1) such that ψ ≤ z. That is, ψ satisfies ψ = 0 on ∂� and

∫
�

P (x)|∇ψ |p−2∇ψ∇ζdx ≤
∫
�

a(x)[λψα + ψβ]ζdx, (3.1)

and z satisfies z = 0 on ∂� and∫
�

P (x)|∇z|p−2∇z∇ζdx ≥
∫
�

a(x)[λzα + zβ]ζdx, (3.2)

for all test function ζ ∈ W
1,p

0 (P, �) with ζ ≥ 0.

Then the following result holds:

Lemma 3.1. (see [3, 11]) Suppose there exist a weak subsolution ψ and a weak super-
solution z of (1.1) such that ψ ≤ z; then there exists a weak solution u of (1.1) such that
ψ ≤ u ≤ z.

Our main results of this paper are the following theorems.

Theorem 3.2. There exists positive constant λ∗ = λ∗(�) such that system (1.1) has a
positive weak solution u for λ ≥ λ∗.

Theorem 3.3. When k = 1 and λ + 1 ≤ λ1, then system (1.1) has no positive weak
solution.

Proof of Theorem 3.2. Let λ1 be the first eigenvalue of the eigenvalue problem (2.1) and
φ1 the corresponding positive eigenfunction satisfying φ1 > 0 in � and |∇φ1| > 0 on
∂� with

∥∥φ1

∥∥∞ = 1. Then we have

⎧⎨
⎩

−�P,pφ1 = λ1a(x)|φ1|p−1 in �

φ1 > k in �

φ1 = k on ∂�.

(3.3)

Also, let m, δ, σ > 0 be such that P(x)|∇φ1|p − λ1a(x)φ
p

1 ≥ m on �δ = {x ∈ � :
d(x, ∂�) ≤ δ} and φ1 ≥ σ > k in � − �δ.

We shall verify that ψ =
(

p − 1

p

)
φ

p
p−1
1 is a weak subsolution of (1.1). Let ζ ∈

W
1,p

0 (P, �) with ζ ≥ 0.



Existence, nonexistence and uniqueness of positive weak solution 215

A calculation shows that∫
�

P (x)|∇ψ |p−2∇ψ · ∇ζdx =
∫
�

P (x)φ1|∇φ1|p−2∇φ1 · ∇ζdx

=
∫
�

(P (x)|∇φ1|p−2∇φ1∇(φ1ζ ) − P(x)|∇φ1|pζ )dx

=
∫
�

(λ1a(x)φ
p

1 − P(x)|∇φ1|p)ζdx.

Now , in �δ we have λ1a(x)φ
p

1 − P(x)|∇φ1|p ≤ −m. Then we have∫
�δ

P (x)|∇ψ |p−2∇ψ∇ζdx ≤ 0 ≤
∫
�δ

a(x)[λψα + ψβ]ζdx.

Next, in � − �δ we have λ1a(x)φ
p

1 − P(x)|∇φ1|p ≤ λ1 and φ1 ≥ σ . Now if we
take

λ ≥ λ∗ = pαλ1

a0[(p − 1)σ
p

p−1 ]α
, (3.4)

then we have∫
�−�δ

P (x)|∇ψ |p−2∇ψ · ∇ζdx =
∫

�−�δ

(λ1a(x)φ
p

1 − P(x)|∇φ1|p)ζdx

≤
∫

�−�δ

λa0

[
(p − 1)σ

p
p−1

p

]α

ζdx

≤
∫

�−�δ

λa(x)ψαdx

≤
∫

�−�δ

a(x)[λψα + ψβ]dx.

So, equation (3.1) is satisfy and ψ is a weak subsolution of (1.1).
Next, we construct a weak supersolution z of system (1.1). Let ep = ep(x) be the

positive weak solution of (see [16])

−�P,pep = 1 in �,

ep = 0 on ∂�,

}
(3.5)

We denote z(x) = Aep where the constant A > 0 is sufficiently large and to be
chosen later. We shall verify that z is the weak supersolution of (1.1). To do this, let
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ζ ∈ W
1,p

0 (P, �) with ζ ≥ 0. Then, using (3.5), we have∫
�

P (x)|∇z|p−2∇z · ∇ζdx = Ap−1
∫
�

P (x)|∇ep|p−2∇ep · ∇ζdx

= Ap−1
∫
�

ζdx.

Since 0 < β ≤ α < p − 1, then it is easy to prove that there exists positive large
constant A such that

Ap−1−α = µ(λeα
p + Aβ−αeβ

p),

where µ = ‖a(x)‖∞ . Hence, we have∫
�

P (x)|∇z|p−2∇z · ∇ζdx =
∫
�

µ(λAαeα
p + Aβeβ

p)ζdx

≥
α∫

�

a(x)[λzα + zβ]ζdx.

So, equation (3.2) is satisfy and z is the weak supersolution of (1.1). Thus, there exists
a weak solution u of (1.1 ) with ψ ≤ u ≤ z. This completes the proof of Theorem 3.2.�

Proof of Theorem 3.3. Suppose u(x) ∈ W
1,p

0 (P, �) be a positive weak solution of (1.1).
We prove Theorem 4 by arriving at a contradiction.

Multiplying (1.1) by u, we have∫
�

P (x)|∇u|pdx =
∫
�

a(x)(λuα+1 + uβ+1)dx

<

∫
�

a(x)(λ + 1)updx. (3.6)

Also, we have

λ1

∫
�

a(x)up ≤
∫
�

P (x)|∇u|p. (3.7)

Combining (3.1) and (3.7), we obtain

(λ1 − (λ + 1))

∫
�

a(x)up < 0,

which is a contradiction if λ + 1 ≤ λ1. Thus system (1.1) has no positive weak solution
for k = 1 and λ + 1 ≤ λ1, and we finish the proof of Theorem 3.3. �

Remark 3.4. When k = 1, the condition (3.4) reduces to λ ≥ λ∗ = pαλ1

a0[(p − 1)σ ]α .
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4. Uniqueness of the weak solution

In this section, using a method of [1, 12] we prove the uniqueness of positive weak
solution of (1.1)

Theorem 4.1. Let u be the positive weak solution of (1.1). Then it is the unique positive
weak solution of (1.1).

Proof. The proof is partly adapted from [4, 5]. Let us assume that u, v ∈ W
1,p

0 (P, �) are
two positive weak solutions of (1.1). Then it follows from Lemma 2 that u, v ∈ L∞(�)

and from (1.1) we have

∫
�

P (x)|∇u|p−2∇u∇ζdx =
∫
�

a(x)(λuα + uβ)ζdx, (4.1)

for any ζ ∈ W
1,p

0 (P, �), and

∫
�

P (x)|∇v|p−2∇v∇ηdx =
∫
�

a(x)(λvα + vβ)ηdx, (4.2)

for any η ∈ W
1,p

0 (P, �). For ε > 0, set uε = u + ε, vε = v + ε and

ζ = u
p
ε − v

p
ε

u
p−1
ε

, η = v
p
ε − u

p
ε

v
p−1
ε

.

Since
uε

vε

,
vε

uε

∈ L∞(�) by Lemma 2 and

∇ζ =
[

1 + (p − 1)

(
vε

uε

)p]
∇u − p

(
vε

uε

)p−1

∇v,

∇η =
[

1 + (p − 1)

(
uε

vε

)p]
∇v − p

(
uε

vε

)p−1

∇u,

we have ∇ζ , ∇η ∈ W
1,p

0 (P, �). Adding (4.1) and (4.2) (with ζ and η chosen above)
and using the fact that

∇uε = ∇u = uε |∇ log uε| , ∇vε = ∇v = vε |∇ log vε| ,
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we obtain (similarly as in [5] P. 118-120) for p ≥ 2,

λ

∫
�

a(x)

[
uα

up−1

(
u

uε

)p−1

− vα

vp−1

(
v

vε

)p−1
]

(up
ε − vp

ε )dx

+
∫
�

a(x)

[
uβ

up−1

(
u

uε

)p−1

− vβ

vp−1

(
v

vε

)p−1
]

(up
ε − vp

ε )dx

≥ 1

2p−1 − 1

∫
�

P (x)

(
1

v
p
ε

+ 1

u
p
ε

)
|vε∇u − uε∇v|p dx ≥ 0, (4.3)

and for 1 < p < 2,

λ

∫
�

a(x)

[
uα

up−1

(
u

uε

)p−1

− vα

vp−1

(
v

vε

)p−1
]

(up
ε − vp

ε )dx

≥ 3p(p − 1)

16

∫
�

P (x)

(
1

u
p
ε

+ 1

v
p
ε

) |vε∇u − uε∇v|2
|vε |∇u| + uε |∇v||2−p

dx ≥ 0. (4.4)

For ε → 0+, we have
u

uε

→ 1,
v

vε

→ 1 a.e. in �. Since 0 < β ≤ α < p − 1, we have

for any p, 1 < p < ∞,

λ

∫
�

a(x)

[
uα

up−1

(
u

uε

)p−1

− vα

vp−1

(
v

vε

)p−1
]

(up
ε − vp

ε )dx ≤ 0,

∫
�

a(x)

[
uβ

up−1

(
u

uε

)p−1

− vβ

vp−1

(
v

vε

)p−1
]

(up
ε − vp

ε )dx ≤ 0.

Hence it follows from (4.3), (4.1) and from the Fatou lemma that

|v∇u − u∇v| = 0 a.e. in �,

for any 1 < p < ∞. Hence there exists a constant l > 0 such that u = lv a.e. in �. By
continuity u = lv at every point in �.

Then (4.1) and (4.2) imply that∫
�

a(x)
λ(lv)α + (lv)β

(lv)p−1
vp−1ηdx =

∫
�

a(x)
λvα + vβ

vp−1
vp−1ηdx,

for any η ∈ W
1,p

0 (P, �) which implies l = 1 due to 0 < β ≤ α < p−1. This completes
the proof of Theorem 4.1. �

Remark 4.2. When β = 0 in system (1.1), we have some results presented in [7].
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