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Abstract 
 

In this study, some nonbinary quantum codes using classical codes over 
Lipschitz integers are obtained. Also, the error bases over Lipschitz integers 
are defined.  
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Introduction 
There has been a great deal of work on trying to create efficient codes since Shore [1] 
and Steane [2] showed that it was possible to create quantum error-correcting codes. 
The most successful technique to date for constructing binary quantum codes is the 
additive or stabilizer construction [3]. This construction takes a classical binary code, 
self-orthogonal under a certain symplectic inner product, and produces a quantum 
code, with the minimum distance determined from the classical code. On the other 
hand, CSS codes was presented in [4]. In fact, CSS codes are obtained from two 
classical codes such that one of these codes contains the other code. Moreover, the bit 
flip and phase flip error correcting capacities of a CSS code depends on the classical 
code that contains the other code and the dual code of the other classical code, 
respectively [5, pp. 450-451]. Later, some results were generalized to the case of 
nonbinary quantum codes [6-8], but the theory is not nearly as complete as in the 
binary case. In [8], comprehensive theory of nonbinary quantum codes was submitted. 
 The rest of this paper is organized as follows. In Section II, Lipschitz integers, 
classical codes over Lipschitz integers, and the error basis operators are defined. In 
Section III, some quantum CSS codes are constructed. 
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Classical Codes over Lipschitz Integers 
Definition 1. The Hamilton Quaternion Algebra over the set of real numbers , 
denoted by ( )H , is the associative unitial algebra given by the following 
representation: 

a. ( )H  is the free  module over the symbols 1, , ,i j k , that is, 
( ) { 0 1 2 3 0 1 2: , , ,= + + +H a a i a j a k a a a  }3 ∈a ;  

b. 1 is the multiplicative identity; 
c. 2 2 2 1= = = −i j k ; 
d. , ,= − = = − = = − =ij ji k jk kj i ik ki j  [9].  

 
 The set ( )H , which is defined by ( ) { 0 1 2= + +H a a i a j  }3 0 1 2 3: , , ,+ ∈a k a a a a  is a 
subset of ( )H , where  is the set of all integers. The set ( )H  was called Lipschitz 
integers or quaternion integers ring. More information about the arithmetic properties 
of ( )H  can be found in [9, pp. 57-71]. If 0 1 2 3= + + +q a a i a j a k  is a quaternion integer, 
its conjugate quaternion is 0 1 2 3= − − −q a a i a j a k . The norm of q  is 

( ) 2 2 2 2
0 1 2 3= = + + +N q qq a a a a .  

 
Definition 2. Let 0π ≠  be a quaternion integer. If there exists ( )β ∈H  such that 

1 2 βπ− ≡rq q  then ( )1 2, ∈ Zq q H  are right congruent modulo π  and it is denoted as 

1 2≡rq q  [10].  
 
Theorem 1. Let ( )π ∈H  be a prime quaternion integer. Then, ( )πH   has  ( )2πN  

elements [10].  
 
Example 1. Let 1π = + +i j . Then, ( ) {0, 1, , ,

π
= ± ± ±H i j  }±k .  

 We now define a block code C  of length n  over ( )πH  as a set of codewords 
( )0 1 1, , , −= nc c c c  with coefficients ( )π∈ic H . Let ( )π ∈H  be a prime quaternion 

integer and let ( )1 2,
π

α α ∈H  be two different elements of orders 1−p  and ( )1 2−p , 
respectively. Hence, ( )1 2 1− +px  and ( )1 2 1− −px  are factored as  

  ( ) ( )( ) ( )1 2 3 2
1 1 11 α α α− −+ = − − −p px x x x , 

  ( ) ( ) ( ) ( )1 2 3 2
2 2 21 α α α− −− = − − −p px x x x . 

 
 Also,  

  
( )( ) ( )( )

( ) ( )

1 3 2
1 1 1 2

3 2
2 2

1

.

α α α α

α α

− −

−

− = − − − −

− −

p p

p

x x x x x

x x
  (1) 

 
 A monic polynomial ( )g x  in ( ) [ ]π

H x  is the generator polynomial for a cyclic 
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code if and only if ( ) 1−ng x x , where ( ) [ ]π
H x  is the set of all polynomials with 

coefficients in ( )πH  [11]. Using (1), we can construct two codes 1 2,C C  of length 
1n p= −  over ( )πH  such that 2 1⊂C C . More information of cyclic codes over 

Lipschitz integer can be found [10-12]. 
 
Error Bases 
Let ( )π ∈H  be a prime quaternion integer, let ( )p x  be a monic irreducible 
polynomial of degree 2 in ( ) [ ]πZN x . Then there exist a function 

( ) ( ) [ ] ( )( ): ππ
→Z ZNf H x p x . The function f  defines a bijective mapping from ( )πZH  

to ( ) [ ] ( )( )πZN x p x  such that ( ) 1 2β= +f b a a , where ( ) ,
π

∈ Zb H  ( )1 2, π∈ZNa a , and β  is the 
root of the polynomial ( )p x . We define the error operators over ( )πZN  as 

  ( ) ( )( )( ), , mod π
δ

+
=a s t t s a N

X  and ( ) ( )( )( )mod
,,

as N
a s ts tZ πξ δ= , (2) 

 
where , ( )s t N π∈ , ( )π∈ZNa , ξ  denotes ( )π −N th  root of unity, and δ  denotes the 
kronecker delta function. Using (2), we define the error operators over ( )πH  as 
follows:  
  

1 2
= ⊗L

b a aX X X  and ( ) ( )1 2π π− −= ⊗L
b N a N aZ Z Z , 

 
where ( ) ( ) 1 2,

π
β∈ = +Zb H f b a a , and the symbol “⊗” denotes the tensor product. 

These error operators ,L L
b bX Z  act on the quantum state u  as  

  ( ) ( ) ( ) ( )( )1 3 2 4 modmod , ππ ξ += + = a a a a NL L
b bX u u b Z u u , 

 
where ( ) ( )1 2 3 4,β β= + = +f b a a f u a a .  
 
 
CSS Code Construction 
A −p ary quantum code Q  of length n  and size K  is a −K dimensional subspace of a 

−np dimensional Hilbert space. This Hilbert space is identified with the −n fold tensor 
product of −p dimensional Hibert space. We denote by u  the vectors of 
distinguished orthonormal bases of the Hilbert space, where the labels u  range over 
the elements of the finite skew field ( )πH . For ( )0 1 1, , , −= nu u u u , 

( ) ( )0 1 1, , ,
π−= ∈ Z n

nv v v v H , let . = ∑ i iu v u v  be the usual inner product on ( )πZ nH . For 

( ) ( ) ( )2' ',
π

∈ Z nu v u v H , set ( ) ( ) ( )' ' ' '. .∗ = −u v u v Tr v u u v , where ( ) [ ] ( )( ):ZN xTr x p x  

1 2 1, β→ +Z p a a a  is the trace map. The weight of the vector ( )=x u v  is defined as 

  ( )( ) ( ) ( ){ }| : | 0 | 0= ≠i iwt u v i u v . 
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 Also, the distance between the vectors ( )=x u v  and ( )' '=y u v  is defined as 

( ) ( ), .= −d x y wt x y  The minimum distance of the code C  is 
( ) ( ){ }min : 0, .d C wt x x x C= ≠ ∈  

 
Proposition 1. Suppose ( )2

π
⊂ Z nC H  is a ( )π −ZH  linear code of length 2n . Let ∗⊥C  be 

the dual code of C  with respect to the inner product “∗”. If ∗⊥⊂C C , then there is a 
−p ary [ ], ,⎡ ⎤⎣ ⎦ p

n k d  quantum code with ( )∗⊥= −d d C C  [7].  
 
Theorem 1.  Let 1C  and 2C  denote two classical linear codes over ( )πH  with 
parameters [ ]1 1, , ,

π
n k d  [ ]2 2, ,

π
n k d , respectively such that 2 1⊂C C . Then, there exist an 

[ ]1 2, ,
π

⎡ ⎤−⎣ ⎦n k k d  quantum code with minimum distance ( ) ( ){ 1 2 2\ ( \⊥= ∈ ∪d min wt u u C C C  

}1
⊥C .  

 
Proof. Set 2 1

⊥= ×C C C . For ( )| ∈u v C  and ( )' '| ∗⊥∈u v C  it is obtained ( ) ( )' '| | 0u v u v∗ =  

since 2 1⊂C C , 1 2
⊥ ⊥⊂C C . Note that C  is a ( )π −ZH  linear code in a ( )2

π
Z nH . 

 
Example 2. Let ( ) 21 , 1.π = + + + = + +i j k p x x x  Then, ( ) ( ) { }3, 0, 1, , , ,N H i j k

π
π = = ± ± ± ±Z  

[ ] ( )( )x p xπ =Z  { }0,1,2, ,2 ,1 ,2 2 ,2 ,1 2β β β β β β+ + + + . The error bases over 3Z  are 
obtained as 

  

0 0 3

1 2 1
2

,
0 1 0 0 0 1 1 0 0
0 0 1 , 1 0 0 , 0 0 ,
1 0 0 0 1 0 0 0

ξ
ξ

= =

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟= =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

X Z I

X X Z
 

  2
2

1 0 0
0 0 ,
0 0

ξ
ξ

⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

Z  

 
where ξ  is the 3rd  root of unity. Hence, the error bases over ( )1+ +

Z i jH  are constructed 
as follows: 

  
0 0 3 3 1 2 3 3 1

3 2 2 2 1 1

1 2 2 1 1 1 3

, , ,

, , ,

, ,

−

− −

−

= = ⊗ = ⊗ = ⊗

= ⊗ = ⊗ = ⊗

= ⊗ = ⊗ = ⊗

L L L L
i

L L L
i j j

L L L
k k

X Z I I X X I X I X

X I X X X X X X X

X X X X X X X X I

 

 
and 

  1 2 3 1 1 3 3 2 3 1

1 1 2 2 2 1 1 2

, , , ,

, , , .
− −

− −

= ⊗ = ⊗ = ⊗ = ⊗

= ⊗ = ⊗ = ⊗ = ⊗

L L L L
i i

L L L L
j j k k

Z Z I Z Z I Z I Z Z I Z

Z Z Z Z Z Z Z Z Z Z Z Z
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 Some of these bases, for instance, act on the quantum state −i  as 

  ( ) ( )( )1 1 mod 1− − = − − + + =LX i i i j j , 

  2ξ− − = −L
kZ i i , ( ) ( )( )2 , 2β β− = − = +f i f k  

 
where the function ( ) [ ] ( )( ): ππ

→Z Zf H x p x  is given in Table I.  
 
Example 3. Let 1 22 , 1 , 1π β β= + + + = − − − = − +i j k i j k  ( )π+ + ∈ Zi j k H . Using (1), the 
polynomial 6 1−x  is factored as 

  ( ) ( )( )( )( )( )6 3 5 3 5
1 1 1 2 2 21 .α α α α α α− = − − − − − −x x x x x x x  

 
 If we select the generator polynomial of the cyclic code 1 2,C C  as 

( ) ( ) ( ) 5
1 21 , (= − − − − = + + +g x x i j k g x x i j  

( ) ( ) ( )4 3 2) 1 1+ − + + + − − + + + − − −k x i j k x x i j k x i j k , respectively, according to Theorem 
2, we obtain [ ]

2
6,4,2

+ + +
⎡ ⎤⎣ ⎦ i j k

 quantum code. This quantum code has 449  codewords.  
 
 
Conclusion 
In this study, we obtain CSS codes from cyclic codes over Lipschitz integers, and give 
the error bases for these CSS codes. The CSS codes obtained in this paper have more 
codewords than the CSS codes which are constructed up to now. So, regarding to 
coding theory these quantum codes are more important than the ones constructed at 
present.  
 
Table I: The function ( ) [ ] ( )( ): ππ →Z Zf H x p x , where ( ) 2 1,p x x x β= + +  is the root of ( )p x . 

 
( )πZH [ ] ( )( )πZ x p x   ( )πZH [ ] ( )( )πZ x p x ( )πZH [ ] ( )( )πZ x p x  

0 
1 
‐1 

0 
1 
2 

i  
−i  
j

β  
2β  
2 2β+

− j  
k  
−k

1 β+  
1 2β+  
2 β+
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