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Introduction 
There have been a number of generalizations of metric space. One such generalization 
is Menger space introduced in 1942 by Menger [10] who used distribution functions 
instead of nonnegative real numbers as values of the metric. Schweizer and Sklar [16] 
studied this concept and then the important development of Menger space theory was 
due to Sehgal and Bharucha-Reid [13].Sessa [14] introduced weakly commuting maps 
in metric spaces. Jungck [6] enlarged this concept to compatible maps. The notion of 
compatible maps in Menger spaces has been introduced by Mishra [11]. Recently, 
Singh and Jain [15] generalized the results of Mishra [11] using the concept of weak 
compatibility and compatibility of pair of self maps. The aim of this paper is to prove 
a common fixed point theorem in Menger space by studying the relationship between 
the continuity and reciprocal continuity. We also give an example to illustrate our 
main theorem. 
 
 
Preliminaries 
In this section, we recall some definitions and known results in Menger space. 
 For more details, we refer the readers to [1- 5,7,8,9,12,17]. 
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Definition 2.1: A binary operation ∗  : [0, 1] × [0, 1] → [0, 1] is a continuous t-norm 
if ∗  satisfying the following conditions: 

a. ∗  is commutative and associative; 
b. ∗  is continuous; 
c. a ∗ 1 = a for all a ∈  [0, 1]; 
d. a ∗  b ≤ c ∗  d whenever a ≤ c and b ≤ d, and a, b, c, d ∈  [0, 1]. 

 
Examples: (i) a∗  b = ab ; (ii) a∗  b = max{a + b-1,0}; (iii) a∗ b = min{a, b}. 
 
Definition 2.2: (Schweizer and Sklar [16]):- A probabilistic metric space (PM-space) 
is a pair (X, F), where X is a set and F is a function defined on X x X into the set of 
distribution function such that if x, y and z are the points of X, then  

(i) F(x, y; 0) = 0,  
(ii) F(x, y; t) = 1 iff x = y,  
(iii) F(x, y; t) = F(y, x; t), 
(iv) if F(x, y; s) = 1 and F(y, z; t)=1, then F(x, z; s + t) = 1for all x, y, z∈X, s, t 

> 0. 
 
 For each x and y in X and for each real number t ≥  0, F(x, y; t) is to be thought of 
as the probability that the distance from x to y is less than t. Ofcourse, any metric 
space (X, d) may be regarded as a PM-space.  
 
Proposition 2.3: (Sehgal and Bharucha-Reid [13]) Let (X, d) be a metric space. Then 
the metric d induces a distribution function F defined by 
 F(x, y; t) = H(t − d(x, y)) for all x, y ∈  X and t > 0. If t-norm ∗  is a ∗  b = 
 min {a, b} for all a, b ∈  [0, 1] then (X, F, ∗ ) is a Menger space. Further, 
 (X, F, ∗ ) is a complete Menger space if (X, d) is complete. 
 
Definition 2.4: A Menger PM–space is a triplet (X, F, ∗ ) where (X, F) is a PM-space 
and ∗  is a t-norm with the following condition: 
 (v) F(x, z; s + t) ≥F(x, y; s) ∗  F(y, z; t) for all x, y, z in X and s, t > 0 . 
 
 This inequality is known as Menger’s triangle inequality. 
 
Example 2.5: Let X = R, a∗ b = min {a, b} for all a, b in [0, 1] and 

 Define, F(x, y ;t) = 
H(t) if x y
1 if x y
⎧
⎨
⎩

=
≠

 where H(t) = 
0 if t 0
t   if 0<t<1
1 if t 1

⎧
⎪
⎨
⎪
⎩

≤

≥
 

 
 Then (X, F,∗ ) is a Menger-space. 
 In 1960, Schweizer and Sklar [19] gave a new implication to theory of PM-spaces 
by introducing the concept of neighborhoods and convergence in PM-spaces as 
follows. 
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Definition 2.6: Let (X, F, ∗ ) be a Menger space. A sequence {xn} in X is said to be  
(i) convergent to a point x∈X if for every ε  > 0, 1>λ >0 and there exists an 

integer N = N(ε ,λ ) such that xn∈N(ε ,λ ) for all n ≥  N, i.e., F(xn, x, ε ) 
> 1-λ  for all n ≥  N.  

(ii) Cauchy if for every ε > 0 and 1>λ >0, there exists an integer N = N(ε ,λ ) 

such that F(xn, xm, ε )>1 λ  for all n, m≥N. 
∞→n

lim
F(xn+p, xn, t) = 1 for all 

t>0 and p > 0.  
(iii) complete if every Cauchy sequence in X converges to a point in X.  

 
 In 1991, Mishra introduced the concept of compatible mapping in PM-space akin 
to concept of compatibility in metric space introduced by Jungck[18]. 
 
Definition 2.7: Self mappings f and g of a Menger space (X,F, ∗ ) are said to be 
compatible if and only if F(fgxn, gfxn, t) → 1, for all t > 0, whenever {xn} is a 
sequence in X such that fxn, gxn → x for some x in X. 
 
Definition 2.8: Two self mappings f and g of a Menger space (X, F, ∗ ) are called 
weakly commuting if F(fgx, gfx, t) ≥ F(fx, gx, t) for all x in X and t > 0. 
 
Definition 2.9: Two self mappings f and g of a Menger space (X, F, ∗ ) are called 
pointwise R-weakly commuting if there exists R > 0 such that 
 F(fgx, gfx, t) ≥ F(fx, gx, t/R) for all x in X and t > 0. 
 
Remark 2.10: Clearly, pointwise R-weakly commutativity implies weak 
commutativity only when R ≤ 1. 
 
Remark 2.11: It is obvious that f and g can fail to be pointwise R-weakly commuting 
if there is some x in X such that fx = gx but fgx≠  gfx, that is, only if they possess a 
coincidence point at which they do not commute. This means that a contractive type 
mapping pair can not possess a common fixed point without being pointwise R-
weakly commuting since a common fixed point is also a coincidence point at which 
the mappings commute and since contractive conditions exclude the possibility of two 
types of coincidence points, and compatible mappings are necessarily pointwise R-
weakly commuting since compatible mappings commute at coincidence points. 
However, pointwise R-weakly commuting mappings need not to be compatible as 
shown in the example. 
 
Example 2.12: Let X = [2, 20) with the usual metric d and define  

 F(x, y, t) =
yxt

t
−+

for all x, y ∈  X and t > 0. Clearly (X, F,∗ ) is a complete 

Menger space where ∗  is defined by a ∗  b = ab for all a, b ∈  [0, 1]. Let f and g be 
self mappings of X defined as 
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 ⎩
⎨
⎧

≤<
>=

=
52,8
52,2

x
xorx

fx  and 
⎪
⎩

⎪
⎨

⎧

>−
≤<+

=
=

5,3
52,12

2,2

xx
xx

x
gx   

 
 It can be verified that f and g are pointwise R-weakly commuting mappings but 
not compatible. Also, neither f nor g is continuous, not even at their coincidence 
points. 
 
Definition 2.13: Two self maps f and g of a Menger space (X, F, ∗ ) are called 

reciprocally continuous on X if 
∞→n

lim
fgxn = fx and 

∞→n
lim

gfxn= gx whenever {xn} 

is a sequence in X such that 
∞→n

lim
fxn = 

∞→n
lim

gxn = x for some x in X. 

 
Remark 2.14: If f and g are both continuous, then they are obviously reciprocally 
continuous but the converse is not true. Moreover, in the setting of common fixed 
point theorems for pointwise R-weakly commuting mappings satisfying contractive 
conditions, continuity of one of the mappings f or g implies their reciprocal continuity 
but not conversely. 
 
Lemma 2.15: (Singh and Jain [15]) Let {xn} be a sequence in a Menger space (X, F, 
∗ ) with continuous t-norm ∗  and t ∗  t ≥  t. If there exists a constant k ∈(0, 1) such 
that F(xn, xn+1; kt) ≥F(xn-1,xn; t) for all t > 0 and n = 1, 2..., then {xn} is a Cauchy 
sequence in X. 
 
Lemma 2.16: (Singh and Jain [15]) Let (X, F,∗ ) be a Menger space. If there exists k 
∈(0, 1) such that F(x, y; kt) ≥F(x, y; t) for all x, y∈  X and t > 0, then x = y. 
 
 
Main Results 
If A, B, S and T are self mappings of Menger space (X, F, ∗ ) in the sequel we shall 
denote G(x, y, t) = F(Sx, Ax, t) ∗  F(Ty, By, t) ∗ F(Sx, Ty, t) ∗ F(Ty, Ax, αt) ∗ F(Sx, 
By, (2 − α)t) for all x, y ∈  X, α ∈(0, 2) and t > 0. 
 
 We shall need the following lemma for proof of our main Theorem: 
 
Lemma 3.1: Let (X, F, ∗ ) be a complete Menger space with a∗ a≥ a for all a∈[0, 1] . 
Let (A, S) and (B, T) be pointwise R-weakly commuting pairs of self mappings of X 
such that 

a. AX ⊆ TX, BX ⊆ SX; 
b. there exists k ∈  (0, 1) such that F(Ax,By, kt) ≥ G(x, y, t) for all x, y ∈X, α ∈

(0, 2) and t > 0. 
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 Then the continuity of one of the mappings in compatible pair (A, S) or (B, T) on 
(X, F, ∗ ) implies their reciprocal continuity. 
 
Proof: Suppose that A and S are compatible and S is continuous. We claim that A and 
S are reciprocally continuous. Let {xn} be a sequence such that Axn → z and Sxn → z 
for some z in X as n → ∞. Since S is continuous, we have SAxn → Sz and SSxn → Sz 

as n → ∞ and since (A, S) is compatible, we also have 
∞→n

lim
F(ASxn, SAxn, t) = 1. 

This implies that
∞→n

lim
F(ASxn, Sz, t) = 1, that is, ASxn → Sz as n→∞. By (a), for 

each n, there exists yn in X such that ASxn = Tyn. Thus we have SSxn → Sz, SAxn → 
Sz, ASxn → Sz and Tyn → Sz as n→∞ whenever ASxn = Tyn. 
 We claim that Byn → Sz as n→∞. If not, then there exists a subsequence {Bym} of 
{Byn} such that for given t > 0, there exists a number ε > 0 and a positive integer n0 
such that for all m > n0 
  F(Bym, Sz, t) ≤ ε and F(ASxm, Bym, t) ≤ ε 
 
and so F(ASxm, Bym, kt) ≥ G(Sxm, ym, t) = G(Tym, Bym, t) = F(ASxm, Bym, t) which is 
a contraction. Hence Byn → Sz as n→∞. 
 
 Now, the inequality F(Az, Byn, kt) ≥ F(z, yn, t) 
 On letting n→∞, implies F(Az, Sz, kt) ≥ F(Az, Sz, t). 
 It follows that Az = Sz. Thus, SAxn → Sz and ASxn → Sz = Az as n→∞. 
 Therefore A and S are reciprocally continuous on X. If the pair (B, T) is assumed 
to be compatible and T is continuous, the proof is similar. 
 
Theorem 3.2: Let (X, F, ∗ ) be a complete Menger space with a∗ a ≥ a for all a ∈[0, 
1]. Let (A, S) and (B, T) be pointwise R-weakly commuting pairs of self mappings of 
X such that 

a. AX ⊆ TX, BX ⊆ SX;  
b. there exists k ∈(0, 1) such that F(Ax, By, kt) ≥ G(x, y, t) for all x, y ∈  X, α ∈  

(0, 2) and t > 0. 
 
 If one of the mappings in compatible pair (A, S) or (B, T) is continuous, then A, 
B, S and T have a unique common fixed point. 
 
Proof: Suppose that (A, S) are compatible and S is continuous. Then, by lemma3.1, A 
and S are reciprocally continuous. Let x0 be any point in X. From condition (a), there 
exists x1, x2 ∈  X such that Ax0 = Tx1 = y0 and Bx1 = Sx2 = y1. Inductively, we can 
construct sequences {xn} and {yn} in X such that 
 Ax2n = Tx2n+1 = y2n and Bx2n+1 = Sx2n+2 = y2n+1 for n = 0, 1, 2, ... 
 Putting x = x2n, y = x2n+1 for t > 0 and α = 1 − q with q ∈  (0, 1) in (b), we have 
 F(Ax2n, Bx2n+1, kt) ≥ F(Sx2n, Ax2n, t) ∗ F(Tx2n+1, Bx2n+1, t) ∗ F(Sx2n, Tx2n+1, t)  
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 ∗ F(Tx2n+1, Ax2n, (1 − q)t) ∗ F(Sx2n, Bx2n+1, (1 + q)t), 
 F(y2n, y2n+1, kt) ≥ F(y2n-1, y2n, t) ∗ F(y2n, y2n+1, t) ∗ F(y2n-1, y2n, t) 
 ∗ F(y2n-1, y2n+1, (1 + q)t) 
 ≥ F(y2n-1, y2n, t) ∗ F(y2n, y2n+1, t) ∗ F(y2n-1, y2n, t) ∗ F(y2n, y2n+1, qt) 
 ≥ F(y2n-1, y2n, t) ∗ F(y2n, y2n+1, t) ∗ F(y2n, y2n+1, qt). 
 
 Since t-norm ∗  is continuous, letting q → 1, we have 
 F(y2n, y2n+1, kt) ≥ F(y2n-1, y2n, t) ∗ F(y2n, y2n+1, t) ∗ F(y2n, y2n+1, t) 
 ≥ F(y2n-1, y2n, t) ∗ F(y2n, y2n+1, t). 
 
 It follows that, F(y2n, y2n+1, kt) ≥ F(y2n-1, y2n, t) ∗ F(y2n, y2n+1, t). 
 Similarly, F(y2n+1, y2n+2, kt) ≥ F(y2n, y2n+1, t) ∗ F(y2n+1, y2n+2, t). Therefore, for all n 
even or odd, we have F(yn, yn+1, kt) ≥ F(yn-1, yn, t) ∗ F(yn, yn+1, t). 
 Consequently, F(yn, yn+1, t) ≥ F(yn-1, yn, k-1t) ∗ F(yn, yn+1, k-1t). 
 By a simple induction, we have F(yn, yn+1, t) ≥ F(yn-1, yn, k-1t) ∗ F(yn, yn+1, k-mt). 
 Since F(yn, yn+1, k-mt) → 1 as m→∞, it follows that F(yn, yn+1, kt) ≥ F(yn-1, yn, t) 
for all n ∈  N and t > 0. Therefore, by lemma 2.15, {yn} is a Cauchy sequence. 
 Since X is complete, then there exists a point z in X such that yn → z as n→∞. 
Moreover, y2n = Ax2n = Tx2n+1 → z and y2n+1 = Bx2n+1 = Sx2n+2 → z. 
 Since A and S are compatible and reciprocally continuous mappings, then 
 ASx2n → Az and SAx2n → Sz. Compatibility of A and S yields  

 ∞→n
lim

F(ASx2n, SAx2n, t) = 1, that is, F(Az, Sz, t) = 1. Hence Az = Sz. 

 Since AX ⊂TX, there exists a point w in X such that Az = Tw. Using (b), with α 
= 1, we have  
 F(Az, Bw, kt) ≥ F(Sz, Az, t) ∗ F(Tw, Bw, t) ∗ F(Sz, Tw, t) ∗ F(Tw,Az, t)  
 ∗ F(Sz, Bw, t) 
 = F(Az, Az, t) ∗ F(Az, Bw, t) ∗ F(Az,Az, t) ∗ F(Az, Az, t) ∗ F(Az, Bw, t) 
 ≥ F(Az, Bw, t). 
that is, Az = Bw. Thus, Az = Sz = Bw = Tw. Since A and S are pointwise 
 R-weakly commuting mappings, there exists R > 0 such that 
 F(ASz, SAz, t) ≥ F(Az, Sz, t/R) = 1. 
that is, ASz = SAz and AAz = ASz = SAz = SSz. 
 Similarly, since B and T are pointwise R-weakly commuting mappings, we have 
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BBw = BTw = TBw = TTw. 
 Now, putting x = Az, y = w with α = 1 in (b), we have 
 F(AAz, Bw, kt) = F(AAz, Az, kt) ≥ F(SAz, AAz, t) ∗ F(Tw, Bw, t) 
 ∗ F(SAz, Tw, t) ∗ F(Tw, AAz, t) ∗ F(SAz, Bw, t) 
 = F(AAz, AAz, t) ∗ F(Az, Az, t) ∗ F(AAz, Az, t) ∗ F(Az, AAz, t)∗ F(AAz, Az, t) 
 ≥ F(AAz, Az, t). 
that is, Az = AAz and Az = AAz = SAz. Thus, Az is a common fixed point of A and 
S. Similarly, by using (b), we find that Bw(= Az) is a common fixed point of B and T. 
Thus, Az is a common fixed point of A, B, S and T. 
 Uniqueness, suppose that, Aw(≠ Az) is another common fixed point of A, B, S 
and T. Then, using (b) with α = 1, we have 
F(AAz, BAw, kt) = F(Az, Aw, kt) ≥ F(SAz, AAz, t) ∗ F(TAw, BAw, t) 
∗ F(SAz, TAw, t) ∗ F(TAw, AAz, t) ∗ F(SAz, BAw, t) 
=F(Az, Az, t) ∗ F(Aw, Aw, t) ∗ F(Az, Aw, t) ∗ F(Aw, Az, t) ∗ F(Az, Aw, t) 
≥ F(Az, Aw, t). 
that is, Az = Aw. Thus, Az is a unique common fixed point of A, B, S and T. 
 
Remark 3.3: In the view of Proposition 1, a ∗  b = min {a, b} then the condition 
in the above Theorem becomes there exists k ∈  (0, 1) such that 
F(Ax, By, kt) ≥ min
{ }))2(,,(),,,(),,,(),,,(),,,( tBySxFtAxTyFtTySxFtByTyFtAxSxF αα −  
for all x, y ∈  X, α ∈  (0, 2) and t > 0. 
 
 If we take S = T = IX (the identy mapping on X) in Theorem3.2 , we have the 
following result: 
 
Corollary 3.4: Let (X, F, ∗ ) be a complete Menger space with a ∗ a ≥ a for all a ∈[0, 
1], and A, B be self mappings of X. If there exists k∈  (0, 1) such that F(Ax, By, kt) ≥ 
F(x, Ax, t) ∗ F(y, By, t) ∗ F(x, y, t) ∗ F(y, Ax, αt) ∗  F(x, By, (2 − α)t) for all x, y ∈  X, 
α ∈  (0, 2) and t > 0.  
 
 If A and B are reciprocally continuous mappings then A and B have a unique 
common fixed point. 
 Now, we prove the projection of Theorem3.2 from complete Menger space to 
complete metric space: 
 
Theorem 3.5: Let A, B, S and T be self mappings on a complete metric space (X, d) 
satisfying (a) of Theorem3.2. If there exists k ∈  (0, 1) such that 

 d(Ax, By) ≤ k max
⎭
⎬
⎫

⎩
⎨
⎧

+ 2/)],(),([
),,(),,(),,(

BySxdAxTyd
TySxdByTydAxSxd
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for all x, y ∈  X, then A, B, S and T have a unique common fixed point in X. 
 
Proof: The proof follows from Theorem3.2 considering the induced probabilistic 

metric space (X, M, ∗ ), where a ∗  b = min {a, b} and F(x, y, t) = 
),( yxdt

t
+

. 

 
Example 3.6: Let X = R+ with the metric d defined by d(x, y) = |x − y| and define F(x, 

y, t) =
),( yxdt

t
+

 for all x, y ∈X, t > 0. Clearly (X, M, ∗ ) is a complete probabilistic 

metric space. Let A, B, S and T be self mappings on X defined as 

⎩
⎨
⎧

>
=

=
0,1
0,0

x
x

Ax , 
⎩
⎨
⎧

≤<
>=

=
60,2
60,0

x
xorx

Bx , 
⎩
⎨
⎧

>
=

=
0,2
0,0

x
x

Sx  and Tx=
⎪
⎩

⎪
⎨

⎧

>−
≤<
=

6,6
60,4
0,0

xx
x
x

. 

 
 Then A, B, S and T satisfy all the conditions of Theorem3.2 with k ∈(0, 1) and 
have a unique common fixed point x = 0. Clearly A and S are reciprocally continuous 
compatible mappings. However A and S are not continuous, not even at the common 
fixed point. The mappings B and T are noncompatible because suppose that {xn} be a 

sequence defined as xn = 6+
n
1 , n ≥ 1, then Bxn = 0, Txn → 0, TBxn = 0 and BTxn = 2, 

hence, B and T are noncompatible but pointwise R-weakly commuting since they 
commute at their coincidence points. 
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