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Abstract 
 

For any given diagram group we have a graph. The aim of this paper is to 
determine all subgroups of diagram group from semigroup presentation 
ܲ ൌ൏ ܽ , ׷ ܾ ܽ ൌ ܾ ൐, to investigate how the diagram group change if we 
change the subgroup without changing the semigroup presentation.  
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Introduction 
In this section we explain briefly about semigroup presentation and diagram groups 
which are useful for our purpose. Let ܲ ൌ ൏ X ׷ ݎ ൐ be a semigroup presentation, 
where  is a set of generator where elements of relations in ݎ is of the form ܴାଵ ൌ
ܴିଵ (ܴേଵare reduced positive words on  ). We may construct the diagram group 
,ሺܲܦ Vሻ where V is a positive word on  as described for example in Abd Ghafur B. 
and Adel M. [1], Abd Ghafur B. [2], Guba and Sapir [3], Kilibarda [4] and Pride [5]. 
 Let  be set of alphabet. A semigroup presentation ܲ is a pair ൏ X ׷ ݎ ൐where 
ك ݎ  Xା ൈ  Xା. An element א ݔ  X is called generating symbol, while an element 
ሺݑ, ሻݒ א  ൌ ݑ is called defining relation, and is usually written as ݎ   The .ݒ 
semigroup defined by presentation ൏ X ׷ ݎ ൐ is Xା/ൎ, where  is the smallest 
congruence on Xା containing ݎ in every semigroup presentation ܲ ൌ൏ X ׷ ݎ ൐ 
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satisfies the following property, if ሺݑ, ሻݒ א  ,ݒthen ሺ ,ݎ  ሻݑ ב   does ݎ ,In particular .ݎ 
not contain pairs of the formሺݑ, ,ݑhas relations of the form ሺ ݎ ሻ. Ifݑ 1ሻ א   or ݎ 
ሺ1, ሻݒ א  then ܲ ൌ൏ ݎ  X ׷ ݎ ൐ is known as a monoid presentation.  
 Diagram groups are considered from geometrical objects which called semigroup 
diagrams. These diagrams are drawn and considered as connected graphs. A particular 
group can be developed from a given graph. This group is known as a diagram group. 
 Let us give a short summary of the content of this paper. Section two contains the 
list of the main concepts used in this paper; we introduce the concept of graphs, 
semigroup presentations, atomic pictures, pictures and diagram groups which are 
useful for our purpose. In the third section we focus our studies on the new method to 
study diagram group. We will introduce the main result of this paper, for any given 
diagram group we have a graph, we construct the graph ܭୌ௜ where ܪ௜ is the smallest 
normal subgroup of diagram group from semigroup presentation ܲ ൌ൏ ܽ , ׷ ܾ ܽ ൌ
ܾ ൐. And then obtain the covering map ߮ு ׷ Kு೔ ՜ K௜. 
 
 
Basic Definitions  
Definition 2.1: A graph ܭ consists of five pair ሺV , E, i , τ, െ1 ሻ where  and  are two 
disjoint finite sets. Set  is known as the set of vertices while  as the set of edges. 
Symbols ݅ , ߬ , െ1 are functions i ׷ E ՜ V , τ ׷ E ՜ V , െ1 ׷ V ՜ V such that ݅ሺ݁ሻ ൌ
߬ሺ݁ିଵሻ , ߬ሺ݁ሻ ൌ ݅ሺ݁ିଵሻ , ݁ ് ݁ିଵ , ݁ א  The function ݅ and  are known as the initial .ܧ
and the terminal functions respectively. A graph ܭ is connected if given any two 
vertices in ܭ, there is a path joining them.  
 
Definition 2.2: A path ߙ in the graph ܭ is a sequence of edges ݁ଵ݁ଶ … … ݁௡ where 
߬ሺ݁௜ሻ ൌ ݅ሺ݁௜ାଵሻ ݅ ൌ 1,2, … … , ݊. ሺ݁௜ א  ሻߙሻ. Then ݅ሺ ܧ ൌ ݅ሺ݁ଵ ሻ and ߬ሺ ߙሻ ൌ ߬ሺ݁௡ ሻ. 

 

 
 

Figure 1: Path of ߙ 
 
 
 We define ߙ to be closed path if ߬ሺ ߙሻ ൌ ݅ሺߙ ሻ. Let ߛ and ߚ be two paths in the 
graph ܭ. If ߬ሺߛሻ ൌ ݅ሺߚሻ then the product of ߛ with ߚ is defined by tracing of ߛ then 
followed by ߚ, denoted by ߚߛ.  
 
Theorem 2.3 Let ܭ be a connected graph and fix a vertex v. The algebraic system 
,ܭଵሺߨ ሻݒ ൌ ሼ ሾߚሿ ׷  ݅ሺߚሻ ൌ ߬ሺߚሻ ൌ ሿߛሽ with binary operation ሾ ݒ · ሾߚሿ ൌ ሾߚߛሿ forms a 
group called the first fundamental group with base point v where ߛ ,  are closed paths ߚ
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in ܭ. Since the fundamental group of a connected graph is independent of chosen 
vertex, we simply write ߨଵሺܭሻ. [7] 
 
Definition 2.4 Let ܲ ൌ ൏ X ׷ ݎ ൐ be a semigroup presentation. An atomic picture ߤ 
over  is of the form 

 
 

 
 

Figure 2: Atomic picture over P. 
 
 

 
 

Figure 3: A picture over P. 
 
 
Definition 2.5 A picture ߜ over a semigroup presentation ܲ is a collection of atomic 
pictures ߤଵ, ,ଶߤ … , ௜ሻߤ௡such that ߬ሺߤ ൌ ݅ሺߤ௜ାଵሻ , ݅ ൌ 1, … , ݊ െ 1. 
 
Definition 2.7 Let ܲ ൌ൏ X ׷ ݎ  ൐ be a semigroup presentation, consider the 
following two complex Γ௉:  
 Vertices: all positive words on  
 Edges : all atomic pictures over ܲ 
 2-cells : all ߜ pictures over ܲ. 

 

 

 ,   
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Figure 4: 2-Complex picture. 
 

 
 The fundamental group obtained from this graph is called the diagram group from 
S with base point  denoted by ܦሺܲ, Vሻ as described in [4], [5]. 
 
Definition 2.8 Let ܭଵ ൌ ሺ ଵܸ, , ଵܧ ݅ , ߬ , െ1ሻ and ܭଶ ൌ ሺ ଶܸ, , ଶܧ ݅ , ߬ , െ1ሻ be graphs. A 
mapping ߮: ଵܭ ՜ ଶ is a function from ଵܸܭ ׫ ଵܧ ՜ ଶܸ ׫  ଶ sending vertices toܧ
vertices such that ߮ሺ ଵܸሻ ك ଶܸ, edges to edges such that φሺܧଵሻ ك  ଶ and respectingܧ
incidences and inversions 
  ߮൫݅ሺ݁ሻ൯ ൌ ݅൫߮ሺ݁ሻ൯ , ߮൫߬ሺ݁ሻ൯ ൌ ߬൫߮ሺ݁ሻ൯ , ߮ሺ݁ିଵሻ ൌ ሺ߮ሺ݁ሻሻିଵ. 
 
 Star of a vertex ݒ is denoted by ݎܽݐݏሺݒሻ ൌ  ሼ݁ ׷ ݁ א , ܧ ݅ሺ݁ሻ ൌ  ሽ. The number ofݒ
edges in ݎܽݐݏሺݒሻ is called the valence of ݒ denoted by ݀ሺݒሻ. 
 The mapping ߮: ଵܭ ՜  ଶ is locally injective if it is injective on stars, that isܭ
߮|௦௧௔௥௩భ: ଵሻݒሺݎܽݐݏ ՜ ଵݒ ଵሻሻ is injective for eachݒሺ߮ሺݎܽݐݏ א ଵܸ. Similarly we may 
define locally surjective and locally bijective. 
 
Definition 2.9 If ߮: ෩ܭ  ՜ , ෩ܭ is a locally bijective map and ܭ  ,are connected graphs ܭ
then ܭ෩ is a called a covering graph of ܭ. The mapping ߮ is called the covering map 
(covering projection).  
 
Definition 2.10 Let ܲ ൌ ൏ X ׷ ݎ ൐ be a semigroup presentation, and let ܪሾSሿ be a 
free group on  with basis point . Let ܪ be a subgroup of ܪሺSሻ. Fix a vertex  in the 
connected graph ܭ ൌ ሺV , E, i , τ, െ1 ሻ. We will construct a connected graph ܭு and 
then the covering map ߮ு ׷ ுܭ ื  and ܭ be a vertex of ݒ in similar way. Let ܭ
consider the collection of paths ௩ܲ ൌ  ሼሾߙሿ ׷  ݅ሺߙሻ ൌ O , ߬ሺߙሻ ൌ   ሽ such thatݒ
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  Vertices ܪሾαሿ ൌ ሼሾߛሿሾߙሿ ׷  ሾߛሿ א ሿߙሽ, ሺ ሾܪ א ௩ܲ , ݒ א ܸ ሻ.  
 
 Edges all ordered pairs ሺܪሾߙሿ, ሻߙis an edge in  such that ߬ሺ ݔ ሻ whereݔ ൌ ݅ሺݔሻ.  
 
Functions  

i. ݅ሺHሾ αሿ , ሻݔ ൌ Hሾαሿ 
ii. ߬ሺ Hሾ αሿ , ሻݔ ൌ Hሾ α ݔ ሿ 
iii.  ሺHሾ αሿ , ሻିଵ ݔ ൌ ሺ H ሾ α ݔሿ,  .ଵሻିݔ

 
 
Main Results 
In this section we determine all subgroups for diagram group from The connected 
graph Kଷ. In order to construct the connected graph to obtain the diagram group 
,ሺܲܦ Vሻ of ܲ. We only consider the graph, we do not consider the 2 െ cells as 
described in definition 2.7. We will use this notion ܪሾߛሿ ൌ ሿߚሾܪ ฻ ሾିߚߛଵሿ א  in ܪ
our work. 
 Now, for ܦሺܲ, Vሻ ൌ ,ଷ are ܽଷܭ ଷ. Vertices ofܭ ܾܽܽ, ܾଶܽ, ܾܽଶ, ܽଶܾ, ܾܽଶ, ܾܾܽ, ܾଷ. 
12 edges all together. How to determine covering space of the connected graph ܭଷ ?  

 

 
 

Figure 5: The connected graph K3. 
 
 
Lemma 3.1 The component ܭு is a connected graph. 
 
Lemma 3.2 The map ߮ு ׷ ுܭ ื ሿሻߙሾܪுሺ߮ ,ܭ ൌ 0 , ߮ுሺܪሾߙሿ, ሻݔ ൌ  is a mapping ݔ
of graphs. 
 
Lemma 3.3 The map ߮ு ׷ ுܭ ื ሿሻߙሾܪுሺ߮ , ܭ ൌ 0 , ߮ுሺܪሾߙሿ, ሻݔ ൌ  is locally ݔ
bijective. 
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Theorem 3.4 Consider the connected graph ܭଷ as is given in figure 5 such that 
ܩ ൌ ,ଵሺKଷߨ ܽଷሻ containing ߛଵ where ߛଵ ൌ൏ ݁௔య,௔௕௔ , ݁௔௕௔,௔௕మ, ݁௔௕మ,௔మ௕ , ݁௔మ௕,௔య  ൐. If 
ଷభܪ  is the smallest normal subgroup of ܩ containing ൏ ଵߛ

ଶ ൐ , then ܭுయభ
is the 

covering graph for ܭଷ. 
 
Proof. First we will draw easier graph ܭଷ than the previous one to make sure that the 
reader will understand.  

 

 
 

Figure 6: K3. 
 
 
 Fix a vertex ܽଷ in ܭଷ ൌ ሺܸ , , ܧ ߬ , ݅ , െ1ሻ and let ܩ ൌ ,ଷܭଵሺߨ ܽଷሻ, we will 
construct the connected graph ܭு௜ and then obtain the covering map ߮ு ׷ ு೔ܭ ՜  ௜ inܭ
similar way. Starting by choosing basic ܪሾןሿ where  is a path such that ݅ሺןሻ ൌ
ܽଷ , ߬ሺןሻ ൌ  Then determine all possible edges .ݒfor every vertex ݒ
, ሾ1ሿܪ , ௔య,௔మ௕൧݁ൣܪ , ௔య,௔௕௔൧݁ൣܪ ሾ1ሿ൧ܪ௔య,௕௔మ  ൧. Since ߮ுൣ݁ൣܪ ൌ ܽଷ and ݎܽݐݏሺܽଷሻ ൌ 3 
then ݎܽݐݏሺܪሾ1ሿሻ ൌ 3, from ܽଷ ՜ ܽଷ the vertex in ܭுయభ

is ܪሾ1ሿ, ܪሾ1ሿ in ܭுయభ
 maps to 

ܽଷ, from ܽଷ ՜ ܾܽܽ, the vertex in ܭுయభ
is ݁ൣܪ௔య,௔௕௔൧ and the edge is ൫ܪሾ1ሿ , ݁௔య,௔௕௔൯, 

ுయభܭ ௔య,௔௕௔൧ in݁ൣܪ
maps to ܾܽܽ in ܭଷ. See figure 7. 

 

 
 

Figure 7 
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ܽଷ ՜ ܽଶܾ the vertex in ܭுయభ
is ݁ൣܪ௔య,௔మ௕൧ and the edge is ൫ܪሾ1ሿ , ݁௔య,௔మ௕൯ this vertex 

in ܭுయభ
maps to ܽଶܾ in ܭଷ. See the following table will explain the idea.  

 
 From  To Vertex in ܭுయభ

Vertex in ܭଷ Edge in ܭுయభ
 Edge in ܭଷ 

ܽଷ ܽଷ  ሾ1ሿܪ
 

ܽଷ  _  _ 

ܽଷ ܾܽܽ ݁ൣܪ௔య,௔௕௔൧ ܾܽܽ ൫ܪሾ1ሿ , ݁௔య,௔௕௔൯ ݁௔య,௔௕௔ 
ܽଷ 

 
ܽଶܾ ݁ൣܪ௔య,௔మ௕൧ ܽଶܾ ൫ܪሾ1ሿ , ݁௔య,௔మ௕൯ ݁௔య,௔మ௕ 

 
 
 Regarding the vertex ݁ൣܪ௔య,௔௕௔൧ should be there are three edges branch out from 
this vertex, we already recognize one of them൫ܪሾ1ሿ , ݁௔య,௔௕௔൯, the second edge is 
ሺܪሾ1ሿ, ݁௔య,௔௕௔݁௔௕௔,௔௕మሻ, the third one is ሺܪሾ1ሿ , ݁௔య,௔௕௔݁௔௕௔,௕మ௔ ሻwhere as the vertices 
are ݁ൣܪ௔య,௔௕௔݁௔௕௔,௔௕మ ൧,   .௔య,௔௕௔݁௔௕௔,௕మ௔൧ respectively݁ൣܪ
 
 

From  To Vertex in ܭுయభ
 Vertex in ܭଷ  Edge in ܭுయభ

 Edge in ܭଷ

ܾܽܽ ܽଷ ݁ൣܪ௔య,௔௕௔൧ ܽଷ ൫ܪሾ1ሿ , ݁௔య,௔௕௔
ିଵ ൯ ݁௔య,௔௕௔

ିଵ  
ܾܽܽ ܾܽଶ 

 
௔య,௔௕௔݁௔௕௔,௔௕మ ൧݁ൣܪ ܾܽଶ 

 
ሺܪሾ1ሿ, ݁௔య,௔௕௔݁௔௕௔,௔௕మሻ ݁௔௕௔,௔௕మ 

ܾܽܽ ܾଶܽ 
 

௔య,௔௕௔݁௔௕௔,௕మ௔൧݁ൣܪ ܾଶܽ 
 

ሺܪሾ1ሿ , ݁௔య,௔௕௔݁௔௕௔,௕మ௔ ሻ ݁௔௕௔,௕మ௔ 

 
 
 And so on. Since the subgroup that we pick is ܪଷభ  is the smallest normal subgroup 
containing ൏ ଵߛ

ଶ ൐ so to get the diagram groups we will duplicate to get eight vertices 
namely ܪሾ1ሿ, ݁ൣܪ௔య,௔௕௔൧, ݁ൣܪ௔య,௔௕௔݁௔௕௔,௕మ௔൧, ݁ൣܪ௔య,௔௕௔݁௔௕௔,௕మ௔݁௕మ௔,௕௔మ൧, 
 ,௔య,௔௕௔݁௔௕௔,௕మ௔݁௕మ௔,௕௔మ݁௕௔మ,௔య݁௔య,௔௕௔൧݁ൣܪ ,௔య,௔௕௔݁௔௕௔,௕మ௔݁௕మ௔,௕௔మ݁௕௔మ,௔య൧݁ൣܪ
,௔య,௔௕௔݁௔௕௔,௕మ௔݁௕మ௔,௕௔మ݁௕௔మ,௔య݁௔య,௔௕௔݁௔௕௔,௕మ௔൧݁ൣܪ
 ૛൧. We will call thisࢇ࢈,ࢇ૛࢈ࢋࢇ૛࢈,ࢇ࢈ࢇࢋࢇ࢈ࢇ,૜ࢇࢋ૜ࢇ,૛ࢇ࢈ࢋ૛ࢇ࢈,ࢇ૛࢈ࢋࢇ૛࢈,ࢇ࢈ࢇࢋࢇ࢈ࢇ,૜ࢇࢋൣࡴ
diagram׎ડࡴ૜૚

. 
 Now the first four edges branch out from the first four edges are 
൫ܪሾ1ሿ, ݁௔య,௔௕௔൯, ሺ݁ൣܪ௔య,௔௕௔൧, ݁௔య,௔మ௕݁௔మ௕,௔௕మሻ, 
ሺ݁ൣܪ௔య,௔௕௔݁௔௕௔,௕మ௔൧, ݁௔య,௔మ௕݁௔మ௕,௔௕మ݁௔௕మ,௕యሻ, 
൫݁ൣܪ௔య,௔௕௔݁௔௕௔,௕మ௔݁௕మ௔,௕௔మ൧, ݁௔య,௔మ௕݁௕మ௔,௕௔మ൯. And the other four edges are given in 
the figure 7. By this notion ܪሾߛሿ ൌ ሿߚሾܪ ฻ ሾିߚߛଵሿ א ௔య,௔మ௕൧݁ൣܪ we know that ܪ ്
௔య,௔௕௔݁௔௕௔,௕మ௔݁௕మ௔,௕௔మ݁௕௔మ,௔య൧ since ݁௔య,௔మ௕݁௕మ௔,௔య݁ൣܪ

ିଵ ݁௕మ௔,௕௔మ
ିଵ ݁௔௕௔,௕మ௔

ିଵ ݁௔య,௔௕௔
ିଵ ב  ,ܪ

also ݁ൣܪ௔య,௔మ௕ ݁௔మ௕,௔௕మ൧ ്   ௔య,௔௕௔݁௔௕௔,௕మ௔݁௕మ௔,௕௔మ݁௕௔మ,௔య݁௔య,௔௕௔൧ since݁ൣܪ
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݁௔య,௔మ௕ ݁௔మ௕,௔௕మ݁௔య,ࢇ࢈ࢇ
ିଵ ݁௕௔మ,௔య

ିଵ ݁௕మ௔,௕௔మ
ିଵ ݁௕௔మ,௔య

ିଵ ௕మ௔,ࢇ࢈ࢇ݁
ିଵ ݁௘ೌయ,ࢇ࢈ࢇ

ିଵ ב  .and so on ܪ
 

 
 

Figure 8: The covering graph KH31 
 
 
 Now let ߮ு ׷ ுయభܭ

ื ሿሻߙሾܪଷ defined by ߮ுሺܭ ൌ ܽଷ , ߮ுሺܪሾߙሿ, ሻݔ ൌ  we can ,ݔ
view this map as locally bijective. Therefore ܭுయభ

is the covering graph for ܭଷ. To sum 
up If ܪଷ೙ is the smallest normal subgroup of ܩ containing൏ ଵߛ

௡ ൐ then ܭுయభ
is the 

covering graph for ܭଷ.   
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Figure 9: The covering graph KH3n. 
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