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Abstract

For any given diagram group we have a graph. The aim of this paper is to
determine all subgroups of diagram group from semigroup presentation
P=<a,b :a=b>b >, to investigate how the diagram group change if we
change the subgroup without changing the semigroup presentation.
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Introduction

In this section we explain briefly about semigroup presentation and diagram groups
which are useful for our purpose. Let P =< X :r > be a semigroup presentation,
where X is a set of generator where elements of relations in r is of the form R,; =

R_; (R4jare reduced positive words on X ). We may construct the diagram group
D(P,V) where V is a positive word on X as described for example in Abd Ghafur B.

and Adel M. [1], Abd Ghafur B. [2], Guba and Sapir [3], Kilibarda [4] and Pride [5].
Let X be set of alphabet. A semigroup presentation P is a pair < X : r >where

r € X* x X*. An element x € X is called generating symbol, while an element
(u,v) € r is called defining relation, and is usually written as u = v. The
semigroup defined by presentation <X :r > is X*/~, where * is the smallest

congruence on X' containing r in every semigroup presentation P =<X :r >
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satisfies the following property, if (u,v) € r, then (v,u) & r. In particular, r does
not contain pairs of the form(u,u). If r has relations of the form (u,1) € r or
(1,v) € rthen P =<X :r > is known as a monoid presentation.

Diagram groups are considered from geometrical objects which called semigroup
diagrams. These diagrams are drawn and considered as connected graphs. A particular
group can be developed from a given graph. This group is known as a diagram group.

Let us give a short summary of the content of this paper. Section two contains the
list of the main concepts used in this paper; we introduce the concept of graphs,
semigroup presentations, atomic pictures, pictures and diagram groups which are
useful for our purpose. In the third section we focus our studies on the new method to
study diagram group. We will introduce the main result of this paper, for any given
diagram group we have a graph, we construct the graph Ky, where H; is the smallest
normal subgroup of diagram group from semigroup presentation P =< a,b :a =
b >. And then obtain the covering map ¢y : Ky, = K;.

Basic Definitions

Definition 2.1: A graph K consists of five pair (V,E,i,t,—1) where ¥ and E are two
disjoint finite sets. Set V is known as the set of vertices while E as the set of edges.
Symbols i,7,—1 are functions i:E—>V,t:E—->V,—1:V >V such that i(e) =
t(e™1),7(e) = i(e™!),e # e !,e € E. The function i and 7 are known as the initial

and the terminal functions respectively. A graph K is connected if given any two
vertices in K, there is a path joining them.

Definition 2.2: A path a in the graph K is a sequence of edges e;e, ... ... e, where
(e;) =i(ej;1) i =12, ... ,n.(e; €EE).Theni(a) =i(e; ) and 7( @) = 1(e, ).

Figure 1: Path of

We define a to be closed path if 7( @) = i(a ). Let y and B be two paths in the
graph K. If 7(y) = i(f) then the product of y with g is defined by tracing of y then
followed by S, denoted by y£.

Theorem 2.3 Let K be a connected graph and fix a vertex v. The algebraic system

(K, v) = {[B] : i(B) = t(B) = v} with binary operation [y] - [B] = [yB] forms a
group called the first fundamental group with base point v where y , 8 are closed paths
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in K. Since the fundamental group of a connected graph is independent of chosen
vertex, we simply write 7, (K). [7]

Definition 2.4 Let P = < X : r > be a semigroup presentation. An atomic picture y
over 5 is of the form

v R. . -
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Figure 2: Atomic picture over P.
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Figure 3: A picture over P.

Definition 2.5 A picture § over a semigroup presentation P is a collection of atomic
pictures Uy, Uy, ..., dpsuch that t(y;) = i(uiz1) ,i=1,...,n—1.

Definition 2.7 Let P=<X : r> be a semigroup presentation, consider the
following two complex I'p:

Vertices: all positive words on X

Edges : all atomic pictures over P

2-cells : all § pictures over P.
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Figure 4: 2-Complex picture.

The fundamental group obtained from this graph is called the diagram group from
S with base point ¥ denoted by D (P, V) as described in [4], [5].

Definition 2.8 Let K; = (V4,E;,i,7,—1) and K, = (V,,E,,i,7,—1) be graphs. A
mapping @:K; —» K, is a function from V; UE; = V5, UE, sending vertices to
vertices such that ¢(V;) € V,, edges to edges such that @(E;) € E, and respecting
incidences and inversions

o(i(e) = i(p(e), p(t(e)) = 1(p(e)) , ple™) = (p(e)) ™"

Star of a vertex v is denoted by star(v) = {e: e € E ,i(e) = v}. The number of
edges in star(v) is called the valence of v denoted by d(v).

The mapping ¢@: K; = K, is locally injective if it is injective on stars, that is
@lstarv,: Star(vy) — star(e(vy)) is injective for each v; € V. Similarly we may
define locally surjective and locally bijective.

Definition 2.9 If ¢: K — K is a locally bijective map and K , K are connected graphs,
then K is a called a covering graph of K. The mapping ¢ is called the covering map
(covering projection).

Definition 2.10 Let P = < X : r > be a semigroup presentation, and let H[S] be a
free group on X with basis point V. Let H be a subgroup of H(S). Fix a vertex O in the
connected graph K = (V,E,i,t,—1). We will construct a connected graph K and
then the covering map ¢y : Ky — K in similar way. Let v be a vertex of K and
consider the collection of paths P, = {[a] : i(a) = O,7(a) = v} such that
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Vertices H[o] = {[y][a] : [v] € H}, ([a] € B,,v € V).

Edges all ordered pairs (H[a], x) where x is an edge in " such that 7(a) = i(x).

Functions
i i(H[ o] ,x) = H[a]
il. t(H[a],x) =H[ax]
iii. (Hlo] ,x)™ ' =(H[ax],x™1).

Main Results
In this section we determine all subgroups for diagram group from The connected
graph K;. In order to construct the connected graph to obtain the diagram group
D(P,V) of P. We only consider the graph, we do not consider the 2 — cells as
described in definition 2.7. We will use this notion H[y] = H[B] © [yB '] € H in
our work.

Now, for D(P,V) = K;. Vertices of K3 are a3,aba, b?a, ba?,a?b,ab?, bab, b3.
12 edges all together. How to determine covering space of the connected graph K5 ?
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Figure 5: The connected graph Kj.

Lemma 3.1 The component K} is a connected graph.

Lemma 3.2 The map ¢y : Ky — K, oy(H[a]) = 0,0y (H[a],x) = x is a mapping
of graphs.

Lemma 3.3 The map ¢y : Ky — K , oy(H[a]) =0,py(H[a],x) = x is locally
bijective.
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Theorem 3.4 Consider the connected graph K5 as is given in figure 5 such that
G = m1(K3,a*) containing y; where y1 =< €43 444 » €apaab?r ab?.a?b » a2pa® - If
Hs is the smallest normal subgroup of G containing < yZ > , then KHslis the

covering graph for K.

Proof. First we will draw easier graph K3 than the previous one to make sure that the
reader will understand.

Figure 6: K.

Fix a vertex a3 in K3=(V,E,7,i,—1) and let G = m;(K3,a3), we will
construct the connected graph Kj;; and then obtain the covering map ¢y : Ky, = K; in
similar way. Starting by choosing basic H[«x] where % is a path such that i(ce) =
a3,7(x) =v for every vertexv. Then determine all possible edges
H[1],H[eg 42p)  H[€a2 aval » H|€a2 a2 |- Since @y[H[1]] = a® and star(a®) =3
then star (H[1]) = 3, from a® — a3 the vertex in Ky, is H[1], H[1] in Ky, maps to
a®, from a® — aba, the vertex in Ky, is H(es apq] and the edge is (H[1], €43 apa )

H[eas,aba] in Ky, maps to aba in K;. See figure 7.

Moo B o H[epe,]

Figure 7
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a® — a?b the vertex in Ky, is H(egs 42| and the edge is (H[1],eys 42),) this vertex
in K H;, Maps to a’b in K;. See the following table will explain the idea.

From| To |Vertex in Ky, |Vertex in K5 |Edge in L Edge in K3
a® | ad H[1] a3 _ B
a® |aba| Hle, gpql aba (H[1], €43 apa)| ©€ad.aba
a® |a*b H[ea3,a2b] a’b (H[l] , ea3,a2b) €43 a2p

Regarding the vertex H [eas,aba] should be there are three edges branch out from
this vertex, we already recognize one of them(H[1] ,eas,aba), the second edge is
(H[1], e43 gpa€apa,ap?)- the third one is (H[1], ey3 qpa€apapzq )Where as the vertices

are H[ea3,abaeaba,ab2 ], H[eas,abaeaba,bza] respectively.

From| To |Vertex in K Hs, Vertex in K3 | Edge in K, Hs, Edge in K3
3 3 -1 -1

aba | a H[ea3,aba] a (H[l] ’ ea3,aba) €43 aba

aba |ab? H[ea3,abaeaba,ab2 ] ab® (H[l], ea3,abaeaba,abz) €aba,ab?

aba |b%a H[ea3,abaeaba,bza] b%a (H[l] ’ ea3,abaeaba,b2a) €abab?a

And so on. Since the subgroup that we pick is Hs, is the smallest normal subgroup
containing < y# > so to get the diagram groups we will duplicate to get eight vertices
namely H[1], Hlegaa]s Hlea®abaCabanzals

H [ea3,abaeaba,b2aebza,baZ ebaz,a3]’ H [ea3,abaeaba,b2aebza,baZ €pha? a3 ea3,aba]’

H [ea3,abaeaba,b2aeb2a,ba2]a

H [ea3,abaeaba,b2aebza,ba2 €pa?,q3 ea3,abaeaba,b2a]a

H[e3 abaCabab?aCb?aba?€ba? o €a® abaCabab?aCi?apa?): We will call this
diagram .

g (Z)r,,31

Now the first four edges branch out from the first four edges are

(H[l]' ea3,aba)r (H [ea3,aba]' ea3,azbea2b,abz)’

(H [ea3,abaeaba,bza]' €a3,a2p€a?b,ab? eabz,b3)a

(H[ea3,abaeaba,b2aeb2a,ba2]'ea3,a2beb2a,ba2)' And the other four edges are given in

the figure 7. By this notion H[y] = H[B] < [y '] € H we know that H[ea3,azb] *
. -1 -1 -1 —1

H[ea3,abaeaba,b2aeb2a,bazebaz,a3] SINCE €43 42p€p2, 13€p20 pa2Capab?aCadava € H

also H[ea3,a2b eazb’abz] * H[ea3,abaeaba,b2aeb2a,ba2 ebaz,aseas,aba] since
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-1 -1 -1 -1 -1 -1
€a3,a%b €a?b,ab?€a3,aba®pa?,a3€b2a,ba?€pa? a3 eaba,bzaeeas‘aba ¢ H and so on.
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Figure 8: The covering graph Kys;

Now let @y : Ky, — Kj defined by ¢, (H[a]) = a®,py(H[a],x) = x, we can
view this map as locally bijective. Therefore K, Hslis the covering graph for K5. To sum

up If Hz is the smallest normal subgroup of G containing< y;' > then KH31is the

covering graph for Kj. |



Covering Graph for Diagram Subgroups 171
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Figure 9: The covering graph Kysy,.
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