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Abstract

In this paper we investigate n-approximately weak amenability of a Banach
algebra A, and show that for n > 2, n-approximately weak amenability
passes from A" to A, where A" is the second dual of A equipped with the
first Arens product. Also we prove that under certain condition n-
approximately weak amenability inherits by closed subalgebras of A.

Introduction
Let A be a Banach algebra and let X be a Banach «A-bimodule. A bounded linear
mapping D: A — X is said to be a derivation if

D(ab) =a-D(b)+D(a)-b (ab e A.

For example, let x € X, and define
6y(aA)=a-x—x-a (a€A).

Then 6, is a derivation; such derivation is called inner derivation. We denote by
Z1(A, X), the space of all continuous derivation from A into X and by N1(A, X),
the space of all inner derivation from A into X. Also we denote by # (A, X) the
quotient space Z1(A,X)/N1(A,X), which is called the first Banach cohomology
group of A with coefficients in X [5].

The concept of n-weak amenability of Banach algebras are introduced in [6]. A
Banach algebra A is said to be n-weakly amenable if every derivation from A into
nt" dual space A™ is inner or equivalently, H*(A,A™) = {0}. A derivation
D:A — X is called (weakly) approximately inner if there exists a net (x;) in X such
that, for all a € A, D(a) = lim;6,,(a) in the norm topology (in the weak topology),
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[9].

The Banach algebra A is approximately amenable if every derivation from A into
every dual «A-module X' is approximately inner. In [9], Ghahramani and Loy have
introduced the notation of approximate amenability and shows that approximate
amenability of A" implies that of A, see also [8].

The next result which is contained in [10], plays a key role in the sequel.

Proposition 1.1 A derivation D: A — X is approximately inner if and only if it is
weakly approximately inner.

Throughout this paper, the first and second Arens products are denoted by o and ¢,
respectively. These products can be defined as follows

oo¥ = w* — limlima;b;, ®¥Y = w" — limlima;b;
i j j i

where (a;) and (b;) are nets in A such that a; » @ and b; — ¥ in w*-topology. The
Banach algebra A is said to be Arens regular if the products o and 4 coincide on A",
see[1] and [7].

We identify a Banach space with its canonical image in its second dual and we use

k,: A™ — A™F2) for the canonical embedding. In particular, we denote by k, the
canonical embedding from A into A"

n-Approximately weak amenability

The concept of n-approximately weak amenability of Banach algebras are
investigated in [11]. A Banach algebra A is said to be n-approximately weakly
amenable if every derivation from A into n** dual space A™ is approximately inner.
If n =1, then we say that A is approximately weakly amenable. We remark that
approximately weak amenability passes from A"’ to A under each of the following
conditions [8].

1) Aisaleftideal in A".

2) A is dual Banach algebra.

3) A isregular and every derivation from A into A’ is weakly compact.

In this paper we study n-approximately weak amenability of A and show that for
n = 2, n-approximately weak amenability inherits from A" to A. Also we prove that
for each closed subalgebra B of A, n-approximately weak amenability of A implies
that of B, if there exist closed ideal I of A such that A = B @ I as a direct sum.

Lemma 2.1 Let A be a Banach algebra and n € N.
() fD: A - A®™M is a derivation, then so is D": A" — AZ7+2),
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(iIfn>2and D: A - AV s a derivation, then so is

(k(zn-2)) e D" A" — ACMD),
Proof. See [2].

Theorem 2.2 Let A be a Banach algebra. Then for n > 2, n-approximately weak
amenability of A" implies that of A.

Proof. It is enough to prove the theorem for n = 2m, m € N. If n=2m + 1, the
proof completely similar to the even case. Let m € N and D: A —» A®™ be a
derivation. Then by preceding lemma D" is also a derivation. Since A" is (2m)-

approximately weakly amenable, D" = lim;§ _m+2) for some agzm”) € ACZMF2) In

particular,
D(a) = lim;6 em+»(a),

and regarding D(a) in A®™, we have D = lim;§_em). Thus D is approximately

inner and so A is (2m)-approximately weakly amenable.

For a Banach algebra A, let A°P be the Banach algebra with underlying Banach
space same as A and with product o given by a o b = ba. Then it is easy to check that
A isn-approximately weakly amenable amenable if and only ifA°Pis n-
approximately weakly amenable amenable.

Now let A be a commutative Banach algebra. Then for all ®,¥ € A", we have
oO¥ =VYed and so (A",0) = (A", #)°P. It follows that (A”,O) is n-
approximately weakly amenable if and only if (A", #) is n-approximately weakly
amenable. A similar fact is valid if there exist a continuous involution on A.
Therefore we have the next result.

Proposition 2.3 Let A be a Banach algebra which is commutative or there exist a
continuous involution on A. Then (A",0) is n-approximately weakly amenable if
and only if (A", #) is n-approximately weakly amenable.

Suppose that 8: A — B is a continuous homomorphism from a Banach algebra A into
a Banach algebra B. Then B™ is a Banach A-bimodule by the following module
structures

(a,b™) = 0(a) - b™, (b™,a) »b™ .0(a) (a€ A b™eBM),
It is easy to check that the adjoints (™ of 6 are B-module morphisms.
Theorem 2.4 Let A be a Banach algebra such that A = B @ I for some closed ideal

I and closed subalgebra B. Then n-approximately weak amenability of .4 implies that
of B.
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Proof. Let 6 be the natural projection from A onto B and let J be the natural injection
from B into A. Then clearly 8 and J are continuous homomorphisms with 8 o ] = Iz.
We prove the theorem for n = 2m, m € N. For the odd case n = 2m — 1, the proof is
similar. Let m € N and let D:B - B®™ pe a continuous derivation. Take D =

J@™ o Do p:A - AP, then D is a derivation and so D = lim;§ _(zm) fore some
agzm) € A®™ . Let x € B, then D(J(x)) = lim; (8 @m (J(x))) in the weak topology

and so for each u € B@™*+1 we have

(1, D)) = (™D 0 GE™DY (1), D(6 o ] (x)
= (0@ (), JEM(D 0 H(J(x))))

= (6@™ (W), DU (X))

= tim (0™ (), 8 ,om ()

= lim (1, 6™ (8 ,@m (X))

— ll{n (‘Ll, x - H(Zm)(agzm)) _ H(Zm)(alQm)) 'X).

Therefore D(x) = lim; (x - @™ (@®™) — @™ (@*™) . x) in the weak
topology and so D is weakly approximately inner. Thus D is approximately inner by
proposition 1.1. Hence B is (2m)-approximately weakly amenable.

We recall that an element ®, € A" is called mixed unit if it is a right unit for
(A",0) and a left unit for (A", #). It is well-known that an element &, € A" is a
mixed unit if and only if it is a weak * cluster point of some bounded approximate
identity (ey)qes in A, see [3].

Let ®, be a mixed unit for A"'. Then by proposition 5.9 of [7], we have

CAII:(CAI'CA)I®(CAI.CA)_L,

where (A’ - A)*, is the annihilator of A" - A in A". The dual (A’ - A)" of A" - A
can be identified with the closed subspace ®,o0A4" of A" and the mapping
k:®,0A" - (A - A)' define by (k(®,0®),f - a) = (D, f - a) is a Banach algebra
isomorphism, which is an isometry if || &, [|I= 1.

Now as an consequence of theorem 2.4, we deduce the next results.

Corollary 2.5 Let A be a Banach algebra with a bounded approximate identity of
norm 1. Then n-approximately weak amenability of A" implies that of (A’ - A)".

Example 2.6 (i) Let G be a locally compact group and A = L*(G) be its group
algebra. Since A has an approximate identity bounded by 1 and A’ - A = LUC(G),
the space of bounded left uniformly continuous functions on G, therefore by above
result n-approximately weak amenability of A" implies that of LUC(G)'.
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(i) Let G be a locally compact discrete group and A = [1(G). Then by theorem 3.2
of [4], we have A" = A®C; , as a direct sum, where C; is a closed two-sided ideal
inA"". Thus,n-approximately weak amenability of A" implies that of A by theorem
2.4.

Let A be a 2-weakly amenable Banach algebra. Then A dose not necessarily
have the property that H(A, A) = {0}. For example let G be an infinite, compact,
non-abelian group and take A = L(G). Then A is 2-weakly amenable but
H1(A,A) # {0}, for details see [6]. The next result shows that for 2-weakly
amenable dual Banach algebra A, every derivation on A4 must be inner.

Theorem 2.7 Let A be a dual Banach algebra such that A is 2-weakly amenable.
Then H1(A, A) = {0}.

Proof. Let d: A — A be a continuous derivation and let D = kyod. Then D is a
derivation from A into A" Since A is 2-weakly amenable there exist ® € A" such
that D(a) = é4(a) for each a € A. Let E be the predual space of A and suppose that
J:E > A" be the canonical mapping. Then it is easy to check that J' is a
homomorphism from (A", 0) onto A. Set x = J'(®P), then we have

JE———

d(a) = J'(d(a)) = J'(D(a))
Ja-®—®-a)
a-J(®)—J(®) a

= a-r—=Ir-a

Therefore d(a) = 6,(a) for all a€e A and so d:A — A is inner. Thus
H(A,A) = {0}].

Theorem 2.8 Let A be a Banach algebra. Then every derivation on A is
approximately inner, in each of the following conditions.

(i)<A is dual and 2-approximately weakly amenable.
(ii)A is 2-weakly amenable.

Proof. By the similar argument to the proof of above theorem, the assertion (i) is
clear. Assume that (ii) hold and let d: A - A be a continuous derivation. Set
D = kq o d. Then D is a derivation from A into A" and so by assumption there exist
® € A" such that D(a) = 84(a) for each a € A. Let (x;) be a net in A such that
x; = @ in weak™ topology. Then for all f € A', we have
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(f.da)) = (f,D(a))
= {(f,a- &D—D.qa)
= (O, f-a—a-f)
= lim (Tiyfra—a-f)

= 111_11 (fia-z;i—x;-a).

Therefore d(a) = lim;6y,(a) in the weak topology of A". Thus d is weakly
approximately inner and so is approximately inner by proposition 1.1.

Let A = L1(G), for an infinite, compact, non-abelian group G. Then A is 2-
weakly amenable and so by above theorem every derivation on A is approximately
inner. However, H (A, A) # {0}.
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