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Abstract 
 

In this paper we investigate ݊-approximately weak amenability of a Banach 
algebra ࣛ, and show that for ݊ ൒ 2, ݊-approximately weak amenability 
passes from ࣛԢԢ to ࣛ, where ࣛԢԢ is the second dual of ࣛ equipped with the 
first Arens product. Also we prove that under certain condition ݊-
approximately weak amenability inherits by closed subalgebras of ࣛ. 

 
 
 
Introduction  
Let ࣛ be a Banach algebra and let ܺ be a Banach ࣛ-bimodule. A bounded linear 
mapping ܦ: ࣛ ՜ ܺ is said to be a derivation if 
ሺܾܽሻܦ   ൌ ܽ ڄ ሺܾሻܦ ൅ ሺܽሻܦ ڄ ܾ      ሺܽ, ܾ א ࣛሻ. 
 
 For example, let ݔ א ܺ, and define  
௫ሺܽሻߜ   ൌ ܽ ڄ ݔ െ ݔ ڄ ܽ      ሺܽ א ࣛሻ. 
 
 Then ߜ௫ is a derivation; such derivation is called inner derivation. We denote by 
ࣴଵሺࣛ, ܺሻ, the space of all continuous derivation from ࣛ into ܺ and by ࣨଵሺࣛ, ܺሻ, 
the space of all inner derivation from ࣛ into ܺ. Also we denote by ࣢ଵሺࣛ, ܺሻ the 
quotient space ࣴଵሺࣛ, ܺሻ/ࣨଵሺࣛ, ܺሻ, which is called the first Banach cohomology 
group of ࣛ with coefficients in ܺ [5]. 
 The concept of ݊-weak amenability of Banach algebras are introduced in [6]. A 
Banach algebra ࣛ is said to be ݊-weakly amenable if every derivation from ࣛ into 
݊௧௛ dual space ࣛሺ௡ሻ is inner or equivalently, ࣢ଵሺࣛ, ࣛሺ௡ሻሻ ൌ ሼ0ሽ. A derivation 
:ܦ ࣛ ՜ ܺ is called (weakly) approximately inner if there exists a net ሺݔ௜ሻ in ܺ such 
that, for all ܽ א ሺܽሻܦ ,ࣛ ൌ lim௜ߜ௫೔ሺܽሻ in the norm topology (in the weak topology), 
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[9]. 
 The Banach algebra ࣛ is approximately amenable if every derivation from ࣛ into 
every dual ࣛ-module ܺԢ is approximately inner. In [9], Ghahramani and Loy have 
introduced the notation of approximate amenability and shows that approximate 
amenability of ࣛԢԢ implies that of ࣛ, see also [8]. 
 
 The next result which is contained in [10], plays a key role in the sequel.  
 
Proposition 1.1 A derivation ܦ: ࣛ ՜ ܺ is approximately inner if and only if it is 
weakly approximately inner.  
 
Throughout this paper, the first and second Arens products are denoted by □ and ᇟ, 
respectively. These products can be defined as follows  
  ΦᇝΨ ൌ כݓ െ lim

௜
lim

௝
ܽ௜ ௝ܾ,    ΦᇟΨ ൌ כݓ െ lim

௝
lim

௜
ܽ௜ ௝ܾ 

 
where ሺܽ௜ሻ and ሺ ௝ܾሻ are nets in ࣛ such that ܽ௜ ՜ Φ and ௝ܾ ՜ Ψ in כݓ-topology. The 
Banach algebra ࣛ is said to be Arens regular if the products □ and ᇟ coincide on ࣛԢԢ, 
see[1] and [7]. 
 We identify a Banach space with its canonical image in its second dual and we use 
݇௡: ࣛሺ௡ሻ ՜ ࣛሺ௡ାଶሻ for the canonical embedding. In particular, we denote by ݇଴ the 
canonical embedding from ࣛ into ࣛԢԢ.  
 
 
n-Approximately weak amenability 
The concept of ݊-approximately weak amenability of Banach algebras are 
investigated in [11]. A Banach algebra ࣛ is said to be ݊-approximately weakly 
amenable if every derivation from ࣛ into ݊௧௛ dual space ࣛሺ௡ሻ is approximately inner. 
If ݊ ൌ 1, then we say that ࣛ is approximately weakly amenable. We remark that 
approximately weak amenability passes from ࣛԢԢ to ࣛ under each of the following 
conditions [8]. 
1)  ࣛ is a left ideal in ࣛԢԢ. 
2)  ࣛ is dual Banach algebra. 
3)  ࣛ is regular and every derivation from ࣛ into ࣛԢ is weakly compact. 
 
 In this paper we study ݊-approximately weak amenability of ࣛ and show that for 
݊ ൒ 2, ݊-approximately weak amenability inherits from ࣛԢԢ to ࣛ. Also we prove that 
for each closed subalgebra ࣜ of ࣛ, ݊-approximately weak amenability of ࣛ implies 
that of ࣜ, if there exist closed ideal ܫ of ࣛ such that ࣛ ൌ ࣜ ْ  .as a direct sum ܫ
 
Lemma 2.1 Let ࣛ be a Banach algebra and ݊ א Գ. 

ሺ݅ሻ If ܦ: ࣛ ՜ ࣛሺଶ௡ሻ is a derivation, then so is ܦԢԢ: ࣛԢԢ ՜ ࣛሺଶ௡ାଶሻ. 
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ሺ݅݅ሻIf ݊ ൒ 2 and ܦ: ࣛ ՜ ࣛሺଶ௡ିଵሻ is a derivation, then so is  
 
  ሺ݇ሺଶ௡ିଶሻሻԢ ל :ԢԢܦ ࣛԢԢ ՜ ࣛሺଶ௡ାଵሻ. 
 
Proof. See [2].  
 
Theorem 2.2 Let ࣛ be a Banach algebra. Then for ݊ ൒ 2, ݊-approximately weak 
amenability of ࣛԢԢ implies that of ࣛ. 
 
Proof. It is enough to prove the theorem for ݊ ൌ 2݉, ݉ א Գ. If ݊ ൌ 2݉ ൅ 1, the 
proof completely similar to the even case. Let ݉ א Գ and ܦ: ࣛ ՜ ࣛሺଶ௠ሻ be a 
derivation. Then by preceding lemma ܦԢԢ is also a derivation. Since ࣛԢԢ is ሺ2݉ሻ-
approximately weakly amenable, ܦԢԢ ൌ lim௜ߜ௔೔

ሺమ೘శమሻ for some ܽ௜
ሺଶ௠ାଶሻ א ࣛሺଶ௠ାଶሻ. In 

particular,  
ሺܽሻܦ   ൌ lim௜ߜ௔೔

ሺమ೘శమሻሺܽሻ, 
 
and regarding ܦሺܽሻ in ࣛሺଶ௠ሻ, we have ܦ ൌ lim௜ߜ௔೔

ሺమ೘ሻ. Thus ܦ is approximately 

inner and so ࣛ is ሺ2݉ሻ-approximately weakly amenable. 
 For a Banach algebra ࣛ, let ࣛ௢௣ be the Banach algebra with underlying Banach 
space same as ࣛ and with product ל given by ܽ ל ܾ ൌ ܾܽ. Then it is easy to check that 
ࣛ is݊-approximately weakly amenable amenable if and only ifࣛ௢௣is ݊-
approximately weakly amenable amenable. 
 Now let ࣛ be a commutative Banach algebra. Then for all Φ, Ψ א ࣛԢԢ, we have 
ΦᇝΨ ൌ ΨᇟΦ and so ሺࣛԢԢ, ᇝሻ ൌ ሺࣛԢԢ, ᇟሻ௢௣. It follows that ሺࣛԢԢ, ᇝሻ is ݊-
approximately weakly amenable if and only if ሺࣛԢԢ, ᇟሻ is ݊-approximately weakly 
amenable. A similar fact is valid if there exist a continuous involution on ࣛ. 
Therefore we have the next result. 
 
Proposition 2.3 Let ࣛ be a Banach algebra which is commutative or there exist a 
continuous involution on ࣛ. Then ሺࣛԢԢ, ᇝሻ is ݊-approximately weakly amenable if 
and only if ሺࣛԢԢ, ᇟሻ is ݊-approximately weakly amenable.  
 
Suppose that ߠ: ࣛ ՜ ࣜ is a continuous homomorphism from a Banach algebra ࣛ into 
a Banach algebra ࣜ. Then ࣜሺ௡ሻ is a Banach ࣛ-bimodule by the following module 
structures 

  ሺܽ, ܾሺ௡ሻሻ հ ሺܽሻߠ ڄ ܾሺ௡ሻ,      ሺܾሺ௡ሻ, ܽሻ հ ܾሺ௡ሻ ڄ ሺܽሻ      ሺܽߠ א ࣛ, ܾሺ௡ሻ א ࣜሺ௡ሻሻ. 
 
 It is easy to check that the adjoints ߠሺ௡ሻ of ߠ are ࣜ-module morphisms. 
 
Theorem 2.4 Let ࣛ be a Banach algebra such that ࣛ ൌ ࣜ ْ  for some closed ideal ܫ
 and closed subalgebra ࣜ. Then ݊-approximately weak amenability of ࣛ implies that ܫ
of ࣜ. 
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Proof. Let ߠ be the natural projection from ࣛ onto ࣜ and let ܬ be the natural injection 
from ࣜ into ࣛ. Then clearly ߠ and ܬ are continuous homomorphisms with ߠ ל ܬ ൌ  .ࣜܫ
We prove the theorem for ݊ ൌ 2݉, ݉ א Գ. For the odd case ݊ ൌ 2݉ െ 1, the proof is 
similar. Let ݉ א Գ and let ܦ: ࣜ ՜ ࣜሺଶ௠ሻ be a continuous derivation. Take ܦ ൌ
ሺଶ௠ሻܬ ל ܦ ל :ߠ ࣛ ՜ ࣛሺଶ௠ሻ, then ܦ is a derivation and so ܦ ൌ lim௜ߜ௔೔

ሺమ೘ሻ fore some 

ܽ௜
ሺଶ௠ሻ א ࣛሺଶ௠ሻ. Let ݔ א ࣜ, then ܦሺܬሺݔሻሻ ൌ lim௜ሺߜ௔೔

ሺమ೘ሻሺܬሺݔሻሻሻ in the weak topology 

and so for each ߤ א ࣜሺଶ௠ାଵሻ we have  
 

,ߤۃ   ۄሻݔሺܦ ൌ ሺଶ௠ାଵሻܬሺۃ ל ,ሻߤሺଶ௠ାଵሻሻሺߠ ߠሺܦ ל  ۄሻݔሺܬ
  ൌ ,ሻߤሺଶ௠ାଵሻሺߠۃ ܦሺଶ௠ሻሺܬ ל  ۄሻሻሻݔሺܬሺߠ

  ൌ ,ሻߤሺଶ௠ାଵሻሺߠۃ  ۄሻሻݔሺܬሺܦ
  ൌ lim

௜
,ሻߤሺଶ௠ାଵሻሺߠۃ   ௔೔ߜ

ሺమ೘ሻሺܬሺݔሻሻۄ 

  ൌ lim
௜

,ߤۃ   ௔೔ߜሺଶ௠ሻሺߠ
ሺమ೘ሻሺݔሻሻۄ 

  ൌ lim
௜

,ߤۃ   ݔ ڄ ሺଶ௠ሻሺܽ௜ߠ
ሺଶ௠ሻሻ െ ሺଶ௠ሻሺܽ௜ߠ

ሺଶ௠ሻሻ ڄ  .ۄݔ
 
 Therefore ܦሺݔሻ ൌ lim௜  ሺݔ ڄ ሺଶ௠ሻሺܽ௜ߠ

ሺଶ௠ሻሻ െ ሺଶ௠ሻሺܽ௜ߠ
ሺଶ௠ሻሻ ڄ  ሻ in the weakݔ

topology and so ܦ is weakly approximately inner. Thus ܦ is approximately inner by 
proposition 1.1. Hence ࣜ is ሺ2݉ሻ-approximately weakly amenable. 
 We recall that an element Φ଴ א ࣛԢԢ is called mixed unit if it is a right unit for 
ሺࣛԢԢ, ᇝሻ and a left unit for ሺࣛԢԢ, ᇟሻ. It is well-known that an element Φ଴ א ࣛԢԢ is a 
mixed unit if and only if it is a weak  cluster point of some bounded approximate כ
identity ሺ݁ఈሻఈאூ in ࣛ, see [3]. 
 Let Φ଴ be a mixed unit for ࣛԢԢ. Then by proposition 5.9 of [7], we have  
  ࣛԢԢ ൌ ሺࣛԢ ڄ ࣛሻԢ ْ ሺࣛԢ ڄ ࣛሻୄ, 
 
where ሺࣛԢ ڄ ࣛሻୄ, is the annihilator of ࣛԢ ڄ ࣛ in ࣛԢԢ. The dual ሺࣛԢ ڄ ࣛሻԢ of ࣛԢ ڄ ࣛ 
can be identified with the closed subspace Φ଴ᇝࣛԢԢ of ࣛԢԢ and the mapping 
݇: Φ଴ᇝࣛԢԢ ՜ ሺࣛԢ ڄ ࣛሻԢ define by ݇ۃሺΦ଴ᇝΦሻ, ݂ ڄ ۄܽ ൌ ,Φۃ ݂ ڄ  is a Banach algebra ۄܽ
isomorphism, which is an isometry if צ Φ଴ ൌצ 1. 
 Now as an consequence of theorem 2.4, we deduce the next results.  
 
Corollary 2.5 Let ࣛ be a Banach algebra with a bounded approximate identity of 
norm 1. Then ݊-approximately weak amenability of ࣛԢԢ implies that of ሺࣛԢ ڄ ࣛሻԢ.  
 
Example 2.6 ሺ࢏ሻ Let ܩ be a locally compact group and ࣛ ൌ  ሻ be its groupܩଵሺܮ
algebra. Since ࣛ has an approximate identity bounded by 1 and ࣛԢ ڄ ࣛ ൌ  ,ሻܩሺܥܷܮ
the space of bounded left uniformly continuous functions on ܩ, therefore by above 
result ݊-approximately weak amenability of ࣛԢԢ implies that of ܥܷܮሺܩሻԢ. 
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ሺ࢏࢏ሻ Let ܩ be a locally compact discrete group and ࣛ ൌ ݈ଵሺܩሻ. Then by theorem 3.2 
of [4], we have ࣛᇱᇱ ൌ ࣛ ⊥⊕ 0C , as a direct sum, where ⊥

0C is a closed two-sided ideal 
inࣛԢԢ. Thus,݊-approximately weak amenability of ࣛԢԢ implies that of ࣛ by theorem 
2.4. 
 Let ࣛ be a 2-weakly amenable Banach algebra. Then ࣛ dose not necessarily 
have the property that ࣢ଵሺࣛ, ࣛሻ ൌ ሼ0ሽ. For example let ܩ be an infinite, compact, 
non-abelian group and take ࣛ ൌ  ሻ. Then ࣛ is 2-weakly amenable butܩଵሺܮ
࣢ଵሺࣛ, ࣛሻ ് ሼ0ሽ, for details see [6]. The next result shows that for 2-weakly 
amenable dual Banach algebra ࣛ, every derivation on ࣛ must be inner. 
 
Theorem 2.7 Let ࣛ be a dual Banach algebra such that ࣛ is 2-weakly amenable. 
Then ࣢ଵሺࣛ, ࣛሻ ൌ ሼ0ሽ. 
 
Proof. Let ݀: ࣛ ՜ ࣛ be a continuous derivation and let ܦ ൌ ݇଴ ל ݀. Then ܦ is a 
derivation from ࣛ into ࣛԢԢ. Since ࣛ is 2-weakly amenable there exist Φ א ࣛԢԢ such 
that ܦሺܽሻ ൌ ܽ ஍ሺܽሻ for eachߜ א ࣛ. Let ܧ be the predual space of ࣛ and suppose that 
:ܬ ܧ ՜ ࣛԢ be the canonical mapping. Then it is easy to check that ܬԢ is a 
homomorphism from ሺࣛԢԢ, ᇝሻ onto ࣛ. Set ݔ ൌ  ԢሺΦሻ, then we haveܬ

   
 
 Therefore ݀ሺܽሻ ൌ ܽ ௫ሺܽሻ for allߜ א ࣛ and so ݀: ࣛ ՜ ࣛ is inner. Thus 
࣢ଵሺࣛ, ࣛሻ ൌ ሼ0ሽ. 
 
Theorem 2.8 Let ࣛ be a Banach algebra. Then every derivation on ࣛ is 
approximately inner, in each of the following conditions. 
ሺ݅ሻࣛ is dual and 2-approximately weakly amenable.  
ሺ݅݅ሻࣛ is 2-weakly amenable.  
 
Proof. By the similar argument to the proof of above theorem, the assertion ሺ݅ሻ is 
clear. Assume that ሺ݅݅ሻ hold and let ݀: ࣛ ՜ ࣛ be a continuous derivation. Set 
ܦ ൌ ݇଴ ל ݀. Then ܦ is a derivation from ࣛ into ࣛԢԢ and so by assumption there exist 
Φ א ࣛԢԢ such that ܦሺܽሻ ൌ ܽ ஍ሺܽሻ for eachߜ א ࣛ. Let ሺݔ௜ሻ be a net in ࣛ such that 
௜ݔ ՜ Φ in wea݇כ topology. Then for all ݂ א ࣛԢ, we have  
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 Therefore ݀ሺܽሻ ൌ lim௜ߜ௫೔ሺܽሻ in the weak topology of ࣛԢ. Thus ݀ is weakly 
approximately inner and so is approximately inner by proposition 1.1. 
 Let ࣛ ൌ -Then ࣛ is 2 .ܩ ሻ, for an infinite, compact, non-abelian groupܩଵሺܮ
weakly amenable and so by above theorem every derivation on ࣛ is approximately 
inner. However, ࣢ଵሺࣛ, ࣛሻ ് ሼ0ሽ. 
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