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Abstract 

 
In this paper, we obtain some new sufficient conditions for oscillation of all 
solutions of the first order linear neutral delay difference equations are 
established. Our new results improve many well known results in the 
literature. Some examples are considered to illustrate our results. 
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Introduction 
During the last several years many research papers on the oscillatory behavior of 
solutions of neutral delay difference equations have appeared in the literature, as these 
equations occur as mathematical models of some real world problems, see [4,8]. 
     In this paper, we consider the linear first-order neutral delay difference equation of 
the form 
     ∆ ൣ r(n)൫ ݔ(n) +  p(n)ݔ(n −  τ)൯൧+  q(n)ݔ(n − σ) =  0, n ≥  n଴,                (1) 

     where ∆ is the forward difference operator given by ∆ ݔ(n) = ݔ(n+1) – ݔ(n), {p(n)} 
is a sequence of real numbers, {r(n)}, {q(n)} are sequences of positive real numbers 
and  τ, σ are positive integers. 
     Let us choose a positive integer ݊∗ > max ,. By a solution of (1) on  
ܰ(݊଴) = {݊଴,݊଴ + 1, … } , we mean a nontrivial real sequence { ݔ (n)} which is 
defined on n ≥ n0 – n* and which satisfies (1) for nN(n0). A solution { ݔ(n)} of (1) 
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on N(n0) is said to be oscillatory if for every positive integer N0 > n0 there exists n ≥ 
N0 such that ݔ (n) ݔ(n+1) ≤ 0, otherwise { ݔ(n)} is said to be nonoscillatory. 
     Recently some investigations have appeared which are concerned with the 
oscillation as well as the nonoscillation behavior of (1). For the oscillation of (1) 
when r(n) ≡ 1 and p(n) and q(n) are constants, we refer the readers to the articles by 
D. A. Georgiu et al. [5] and Györi and Ladas [6]. For the oscillation of (1) when r(n) = 
1 and p(n) is equal to a constant, we refer the readers to the paper by B. S. Lalli [7] 
and the references cited there in. For further oscillation results on the oscillatory 
behavior of solutions of (1), we refer the readers to the monographs by R. P. Agarwal 
[1, 2] as well as the papers of Ying Gao and Guang Zhang [11], M. P. Chen et al. [3], 
X. H. Tang et al. [10] and Ö. Öcalan and O. Duman [9] and the references cited there 
in. The purpose of this work is to find some sufficient conditions for oscillations of all 
solutions of the first order neutral delay difference equation (1). 
 
Remark 1.1. 

I. When we write a functional inequality we assume that it holds for all 
sufficiently large n. 

II. Without loss of generality, we will deal only with the eventually positive 
solutions of (1). 

     In the proof of our main results, we need the following lemmas. The Lemmas 1.4, 
1.5 and 1.6 are the discrete analogues of the Lemmas 1.5.1, 1.5.2, and 1.5.3 
respectively in [6]. 
 
Lemma 1.2.  [6] Assume that k is a positive integer with k > 1. Let {h(n)} be a 
sequence of nonnegative real numbers and suppose that  
                         

     lim inf
௡→∞

෍ ℎ(ݏ) > 
௡ିଵ

௦ ୀ ௡ି௞

൬
݇

݇ + 1൰
௞ାଵ

                                                                                 (2) 

Then  
(i) the delay difference inequality 

(݊)ݔ∆      +  ℎ(݊)ݔ(݊ − ݇) ≤ 0, ݊ ≥ ݊଴,                                                                           (3) 
     has no eventually positive solution. 
 

(ii) the delay difference inequality 
(݊)ݔ∆      +  ℎ(݊)ݔ(݊ − ݇) ≥ 0,       ݊ ≥ ݊଴,                                                                     (4)  
      has no eventually negative solution. 
 
Lemma 1.3. [6] Assume that k is a positive integer with k > 1. Let {h(n)} be a 
sequence of nonnegative real numbers and suppose that  

    ݈݅݉
௡→∞

݂݅݊ ෍ ℎ(ݏ) > 
௡ା௞ିଵ

௦ ୀ ௡ାଵ

൬
݇ − 1
݇ ൰

௞

.                                                                                     (5) 
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Then 

(i) the advanced difference inequality   
−(݊)ݔ ∆      ℎ(݊)ݔ(݊ + ݇) ≤ 0,    ݊ ≥ ݊଴,                                                                        (6)  
      has  no eventually negative solution. 

(ii) the advanced difference inequality 
−(݊)ݔ ∆  ℎ(݊)ݔ(݊ + ݇) ≥  0,     ݊ ≥  ݊଴,                                                                          (7) 
      has no eventually positive solution. 
 
Lemma 1.4.  Let {f(n)} and {g(n)} be sequence of real numbers such that 

f(n) = g(n) + μg(n – c);    n ≥ n0 + max {0,c}, 
     where μ   R, μ ≠ 1 and c is a positive integer. Assume that ݈݅݉௡→∞ ݂(݊) = ݈  ܴ  
exist and ݈݅݉ ݅݊ ௡݂→∞ ݃(݊) = ܽ  ܴ.  Then l = (1+p)a. 
 
Lemma 1.5.  Let {f(n)}, {g(n)} and {λ(n)} be sequences of real numbers and c is a 
positive integer such that 

f(n) = g(n) + λ(n)g(n – c);       for     n ≥ n0  +  max {0,c}, 
     Assume that -1 ≤  λ(n) ≤ 0.  Suppose that g(n) > 0 for  n ≥ n0, lim ݅݊ ௡݂→∞ ݃(݊) = 0  
and that ݈݅݉௡→∞ ݂(݊) =  . ܴ exist. Then L = 0 ܮ
 
Lemma 1.6.  Let 0 ≤ λ < 1, c be a positive integer and n0   N and {ݔ(n)} be a 
sequence of positive real numbers and assume that for every  > 0 there exists a nє  ≥  
n0 such that  

 .   for      n ≥ nє + (n – c)ݔ (λ + ) ≥  (n)ݔ
     Then 

lim
௡→∞ 

(݊)ݔ = 0. 
 
Lemma 1.7.  Assume that 
     ∑ (݊)ݍ = ∞.∞

௡ୀ௡బ                                                                                                                  (8) 

     Let {ݔ(݊)}  be an eventually positive solution of equation (1).  Set  
(݊)ݖ      = (݊)ݔ  + ݊)ݔ(݊)݌  −  ߬).                                                                                       (9) 
     Then the following statements are true.  

(i) if  p(n)  ≤  -1 then z(n) < 0; 
(ii) if  -1 ≤  p(n) ≤ 0 and {r(n)} is a decreasing sequence of positive real numbers, 

then z(n) > 0 and   ݈݅݉௡→ஶ (݊)ݖ = 0. 
     Proof.  (i) Otherwise,   z(n) > 0 and so  

(݊)ݔ ≥ ݊)ݔ(݊)݌− − ߬) ≥ ݊)ݔ − ߬) 
     which implies that { ݔ(n)} is bounded from below by a positive constant, say m. 
From (1) and (9), we have 
((݊)ݖ(݊)ݎ)∆      = ݊)ݔ(݊)ݍ− − (ߪ ≤  (10)                                                             (݊)ݍ݉−
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     which in view of  (8)  implies that 

lim
௡→ஶ

൫ݖ(݊)ݎ(݊)൯ =  −∞. 

     This is a contradiction and so the proof of (i) is complete. 
(i)   First we claim that z(n) > 0. Otherwise, z(n) < 0, which implies that  

(݊)ݔ < ݊)ݔ(݊)݌− − ߬) ≤ ݊)ݔ − ߬) 
     and so {ݔ(n)} is bounded sequence. Hence {ݖ(n)} is also bounded. Since {ݎ(n)} is 
decreasing sequence, {ݖ(n)} is also decreasing sequence. Then both the limits  
lim௡→∞(ݖ(݊)ݎ(݊)) and lim௡→∞   .exists (݊)ݖ
Let              

     lim
௡→∞

൫ݖ(݊)ݎ(݊)൯ =  ݈ଵ ܴ,                                                                                                (11) 

     and 
lim
௡→∞

(݊)ݖ =  ݈ଶ ܴ.                                                                                                                 (12) 

     But then because of (8), 
     lim inf௡→∞ (݊)ݔ = 0.                                                                                                      (13) 
     Otherwise, by summing (10) from n1 to ∞, with n1 sufficiently large, we are lead to 
the contradiction that 

lim
௡→∞

൫ݖ(݊)ݎ(݊)൯ = −∞. 

     In view of (12) and (13), by applying Lemma 1.5, we find that l2=0. This implies 
that z(n) >0, which contradicts our hypothesis that z(n)<0. Therefore we have 
established that z(n) >0. But then (12) and (13) are also true and by Lemma 1.4, l2 = 0. 
The proof of (ii) is complete. 
 
Lemma 1.8.  Assume that (8) holds and let { ݔ(n)} be an eventually positive solution 
of the neutral difference equation 
(݊)ݔ]∆      + ݊)ݔ݌ − ߬)] + ݊)ݔ(݊)ݍ − (ߪ = 0,    ݊ ≤ ݊଴,                                            (14) 
     where p is a real numbers with p ≠ 1, { ݍ (n)} is a τ – periodic sequence of positive 
real numbers and τ and σ are positive integers. Set 
(݊)ݖ      = (݊)ݔ  + ݊)ݔ ݌  −  ߬)                                                                                          (15) 
and   
(݊)ݓ       = (݊)ݖ + ݊)ݖ݌ − ߬).                                                                                            (16) 
Then 
  is a decreasing sequence and either {(n)ݖ}     
     lim

௡→∞
(݊)ݖ = −∞ ,                                                                                                                (17) 

or  
     lim

௡→∞
(݊)ݖ = 0.                                                                                                                    (18) 

(a) The following statements are equivalent:  



Sufficient Conditions for Oscillation of First Order Neutral et. Al. 759 
 

(i) (17) holds; 
(ii) P < -1; 
(iii) ݈݅݉௡→∞ (݊)ݔ =  ∞; 
(iv) w(n) >0, ∆ ݓ(݊) >  0. 

 
(b)  The following statements are equivalent : 

(i) (18) holds; 
(ii) P > -1; 
(iii)  ݈݅݉௡→∞ (݊)ݔ =  0; 
(iv) w(n) > 0,  ∆w(n) > 0. 

 
     Proof. (a) We have  
∆z(n) = −q(n)ݔ(n − σ) < 0                                                                                              (19) 
     and so {ݖ(n)} is strictly decreasing sequence. If (17) is not true, then there exits ݈ 
R such that  lim௡→∞ (݊)ݖ = ݈. By summing (19) from n1 to ∞, with n1 sufficiently 
large, we find  

݈ − (ଵ݊)ݖ = − ෍ ݏ)ݔ(ݏ)ݍ − .(ߪ
∞

௦ୀ௡₁

                                                                                     (20) 

     In view of (8) this implies that  lim inf௡→∞ (݊)ݔ = 0 and so by Lemma 1.4, ݈ = 
(1+p) 0 = 0. The proof of (a) is complete.  
     Now we turn to the proofs of (b) and (c). First assume that (17) holds. Then p must 
be negative and{ ݔ (n)}  is unbounded. Therefore there exists an integer n* ≥ n0 such 
that z(n*) < 0 and  

(∗݊)ݔ ≥ max
௦ஸ௡∗

(ݏ)ݔ > 0. 
Then  

0 > (∗݊)ݖ = (∗݊)ݔ + ∗݊)ݔ݌  − ߬) 
≥ 1)(∗݊)ݔ +  (݌

     which implies that p < -1. Also z(n) = ݔ(݊) + ݊)ݔ݌  −  ߬) > ݊)ݔ݌  − ߬) and (17) 
implies that lim௡→∞ (݊)ݔ = ∞. Now assume that (18) holds. If ݌ ≥ 0, then from (15), 
it follows that lim௡→∞ (݊)ݔ = 0. Next assume that p (-1,0). Then by Lemma 1.6, 
lim௡→∞ (݊)ݔ = 0. Finally if    p  ≤ -1, then ݔ(n) > -pݔ(n- ߬) ≥ ݔ(݊ − ߬) which shows 
that { ݔ(n)} is bounded from below by a positive constant, say m. Then (20) yields. 

    ݈ − (₁݊)ݖ + ݉ ෍ (ݏ)ݍ ≤ 0
∞

௦ୀ௡₁

, 

     which is a contradiction. Therefore, if (18) holds, p> -1. Observe that under the 
hypothesis (17), we have  
(݊)ݓ∆      = ݊)ݖ(݊)ݍ− − σ) > 0.                                                                                      (21) 
     If  (17)  holds, then   
lim
௡→∞

(݊)ݓ = ∞.                                                                                                                        (22) 
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     From (21) and (22), we have ݓ(n) > 0 eventually. By a similar proof, under the 
hypothesis (18), we have ∆ݓ(n) <0 and ݓ(n) > 0. On the basis of the above 
discussions, the proofs of (b) and (c) are now obvious. 
 
Main Results 
In this section we give some new sufficient conditions for all solutions of the neutral 
delay difference equation (1) to be oscillatory. 
 
Theorem 2.1. Assume that (8) holds, p(n) ≤ -1, τ- σ > 1, and 

݈݅݉
௡→∞

݂݅݊ ෍ ൜
(ݏ)ݍ

ݏ)ݎ− + ߬ − ݏ)݌(ߪ + ߬ − ൠ(ߪ
௡ାఛିఙିଵ

௦ୀ௡ାଵ

 > ൬
߬ − ߪ − 1
߬ − ߪ ൰

ఛିఙ

. 

     Then every solution of (1) is oscillatory. 
     Proof. Assume, for the sake of a contradiction, that (1) has an eventually positive 
solution { ݔ (n)}. Set 
(݊)ݖ      = (݊)ݔ + ݊)ݔ(݊)݌ − ߬).                                                                                       (23) 
     Then by Lemma 1.7 (i), 
(݊)ݖ      <  0.                                                                                                                           (24) 
     Observe that 
(݊)ݖ      > ݊)ݔ(݊)݌ − ߬).                                                                                                     (25) 
     From which we find eventually 

     ∆൫ݖ(݊)ݎ(݊)൯ + ୯(୬)
௣(௡ାఛିఙ)

 z(n + τ − σ) < 0.                                                               (26) 

     Set ݕ(݊) =   Substituting in (26) yields .0 > (݊)ݕ  This implies that .(݊)ݖ(݊)ݎ

(݊)ݕ∆      +
(݊)ݍ

݊)ݎ + ߬ − ݊)݌(ߪ + ߬ − (ߪ ݊)ݕ + ߬ − (ߪ < 0,                                         (27) 

     Or 

−(݊)ݕ∆      ቀ ௤(௡)
ି௥(௡ାఛିఙ)௣(௡ାఛିఙ)ቁݕ(݊ + ߬ − (ߪ < 0.                                                     (28) 

     In view of (22) and Lemma 1.3 (i), it is impossible for (28) to have an eventually 
negative solution. This contradicts the fact that y(n) < 0 and the proof is complete. 
 
Example 2.2. Consider the first order neutral delay difference equation  

∆ ቈ
݁௡

݊ + 1 ቆݔ
(݊)− ൬

݊ + 1
݊ ൰ݔ(݊ − 3)ቇ቉+ ݁௡ାଶ ݊)ݔ − 1) = 0,   ݊

= 1,2,3,  (ଵܧ)                            .…

     Here we have 

(݊)݌ = −
݊ + 1
݊  ≤ (݊)ݍ     ,1− = ݁௡ାଶ, 
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(݊)ݎ =  
݁௡

݊ + 1 ,           ߬ = ߪ ݀݊ܽ 3 = 1. 

     Then all the hypotheses of Theorem 2.1 are satisfies where  
   

݈݅݉
௡→∞

݂݅݊ ෍ ቊ
(ݏ)ݍ

ݏ)ݎ− + ߬ − ݏ)݌(ߪ + ߬ − ቋ(ߪ
௡ାఛିఙିଵ

௦ୀ௡ାଵ

= ݈݅݉
௡→∞

݂݅݊(݊ + 2) =  ∞. 

     Hence every solution of (E1) is oscillatory  
 
Remark 2.3. Theorem 2.1 is an extent of [6, Theorem 7.5.1]. 
 
Theorem 2.4. Assume that (8) hold, -1 ≤ p(n) ≤ 0, {ݎ(n)} is a decreasing sequence of 
positive real numbers and  

     lim inf
௡→∞

෍
(ݏ)ݍ

ݏ)ݎ − (ߪ > ቀ
ߪ

ߪ + 1ቁ
ఙାଵ

௡ିଵ

௦ୀ௡ିఙ

 .                                                                        (29) 

     Then every solution of equation (1) oscillates. 
     Proof. Assume, for the sake of contradiction, that (1) has an eventually positive 
solution {ݔ(n)}. Set  
(݊)ݖ      = (݊)ݔ  +  (30)                                                                                             .(݊)ݔ(݊)݌ 
     Then by Lemma 1.7 (ii), it follows that 
(݊)ݖ      >  0.                                                                                                                            (31) 

As ݔ(݊) >  it follows from (1), that  ,(݊)ݖ

     ∆൫ݖ(݊)ݎ(݊)൯ + ݊)ݖ(݊)ݍ − (ߪ ≤ 0.                                                                             (32) 

     Set 
(݊)ݕ      =  (33)                                                                                                              .(݊)ݖ(݊)ݎ
     This implies that y(n) > 0. From (32) and (33), we have 

(݊)ݕ∆      + ୯(୬)
୰(୬ି஢)ݕ(݊ − (ߪ ≤ 0.                                                                                       (34) 

     In view of Lemma 1.2 (i), it is impossible for (34) to have an eventually positive 
solution. This contradicts the fact that y(n) > 0 and the proof is complete. 
Example 2.5. Consider the first order neutral delay difference equation 

∆ ൤
1

݊ + 1 ቀݔ
(݊)−

݊
݊ + 1 ݊)ݔ − 2)ቁ൨+

1
݊ ݊)ݔ  − 1) = 0,        ݊

= 1,2,3,  (ଶܧ)                      .…
     Note that all the hypotheses of Theorem 2.4 are satisfied: 
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lim inf
௡→∞

෍
(ݏ)ݍ

ݏ)ݎ − (ߪ = 1 >
௡ିଵ

௦ୀ௡ିఙ

1
4. 

     Therefore every solution of (ܧଶ) is oscillatory. 
 
Remark 2.6. Theorem 2.4 is an extent of [6, Theorem 7.5.1] 
 
Theorem 2.7. Assume that ݌(݊) ≡ ݌ > −1, (݊)ݎ ≡ ݎ > 0,  , is a ߬ periodic (݊)ݍ
ߪ > ߬ and  

     
1

1)ݎ + (݌ lim inf
୬→∞

෍ (ݏ)ݍ > ቀ
ߪ − ߬

ߪ − ߬ + 1ቁ
ఙିఛାଵ

.
௡ିଵ

௦ୀ௡ିఙାఛ

                                                 (35) 

     Then every solution of equation (1) is oscillatory. 
     Proof. Assume, for the sake of contradiction, that (1) has an eventually positive 
solution { ݔ(݊)}.   Set  

(݊)ݖ      = (݊)ݔ + ݊)ݔ݌ − τ) 
And 

(݊)ݓ = (݊)ݖ + ݊)ݖ݌ − ߬). 
     It is easily seen, by direct substituting, that {z(n)} and { ݓ(n)} are also solutions of 
(35). 
That is, 
(݊)ݖ∆ݎ      + ݊)ݖ∆ݎ݌ − ߬) + ݊)ݖ(݊)ݍ − (ߪ = 0,                                                          (36)                          
     And 
(݊)ݓ∆ݎ      + ݊)ݓ∆ݎ݌ − ߬) + ݊)ݓ(݊)ݍ − (ߪ = 0.                                                        (37)    
By Lemma 1.8, {ݖ(݊)} is decreasing ݓ(݊) > 0 and ∆ݓ(݊) > 0. We claim that 
     
݊)ݓ∆ − ߬) ≤          (38)                                                                                                            .(݊)ݓ∆
Indeed,  

(݊)ݓ∆ =
−1
r q(n)z(n − σ) ≥

−1
    r q(n)z(n − σ − τ) 

−1
ݎ ݊)ݍ − ݊)ݖ(߬ − ߪ − ߬) 

= ݊)ݓ∆ − ߬). 
     Using (38) in (37) implies  
1)ݎ      + ݊)ݓ∆(݌ − ߬) + ݊)ݓ(݊)ݍ − (ߪ ≤ 0,                                                               (39) 
Or 

݊)ݓ∆      − ߬) + ୯(୬)
୰(ଵା୮) w(n − σ) ≤ 0.                                                                              (40) 

     Since q(n) is a periodic of period ߬  , we find 
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(݊)ݓ∆      + ୯(୬)
୰(ଵା୮) w൫n − (σ− τ)൯ ≤ 0.                                                                           (41) 

     In view of Lemma 1.2 (i) and (35), it is impossible for (41) to have an eventually 
positive solution. This contradicts the fact that ݓ(n) > 0 and the proof is complete. 
 
Theorem 2.8.  Assume that p(n) ≡ p < -1, r(n) ≡  r  > 0, q(n) is a τ periodic, τ −  σ >
1 and  

1
1)ݎ− + (݌ lim inf

୬→∞
෍ (ݏ)ݍ > ൬

τ − σ − 1
τ− σ

൰
τିσnାτିσି1

sୀnା1

   .                    

     Then every solution of (1) is oscillatory. 
     Proof of the theorem is similar to that of the Theorem 2.7. 
 
 
References 
 
[1] R. P. Agarwal, Difference Equations and Inequalities: Theory, Methods, and 

Applications, Marcel Dekker Inc., New York , 2000. 
[2] R. P. Agarwal, Advanced Topics in Difference Equations, Kluwer Academic 

Publishers Inc., 1997.  
[3] M. P. Chen, B. S. Lalli and  J. S. Yu, Oscillation in neutral delay  difference 

equations with variable coefficients, Comput. Math. Appl., 29 (3) (1995), 5-
11. 

[4] R. Devancy, An Introductions to Chaotic Dynamical System, Addison –
Wesley Publishing Company Inc., California Benjamin / Cummings, 1989.  

[5] D. A. Georgiu, E. A. Grove, and G. Ladas,  Oscillations of neutral difference 
equations, Appl. Anal., 33(1989), 243-253. 

[6] I. Györi,  and G. Ladas,  Oscillation Theory of Delay Differential Equations 
with Applications, Oxford University Press, Oxford, (1991). 

[7] B. S. Lalli,  Oscillation theory for neutral difference equations, Comput. Math. 
Appl., 28(1994), 191-202. 

[8] R. E. Mickens, Difference Equations, Van Nostrand Reinhold Company Inc., 
New York 1987. 

[9] Ö. Öcalan,  O. Duman,  Oscillation analysis of neutral difference equations 
with delays, Chaos, Solitons and Fractals, 39(2009), 261-270. 

[10] X. H. Tang,  J. S. Yu and D. H. Peng, Oscillation and nonoscillation of neutral 
difference equations with positive and negative coefficients, Comput. Math. 
Appl., 39(2000), 169-181. 

[11] Ying Gao. and Guang Zhang, Oscillation of nonlinear first order neutral 
difference equations, App. Math. E-Notes, 1(2001), 5-10. 

 
 
 
 
 



764       A.Murugesan and R. Suganthi 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


