Global Journal of Pure and Applied Mathematics.

ISSN 0973-1768 Volume 10, Number 5 (2014), pp. 745-754
© Research India Publications
http://www.ripublication.com

Hadamard Product Of Meromorphic
p-valent Functions with positive coefficients

Moa’ath N. Ogqielat

Department of Mathematics,
Faculty of Science,
Al-Balga Applied University,
P.O.Box: Al-Salt 19117, Jordan.
E-mail: moaath.oqgielat@bau.edu.jo

Abstract

In this research we introduce the new class A(«, 8, A, p) of meromorphic p-valent
functions with positive coefficient.The aim of the paper is to obtain coefficient
inequalities, some distortion theorem, radii of starlikeness, convexity, and convo-
lution properties for i (z) in the class A(w, B8, A, p).
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1. Introduction

Let Z denoted the class of functions of the form:
p

1 o0
f@ =2+ ap2™T (pEN) (1.1)

n=1
which are analytic and p-valent in the punctured disk £ = {z : 0 < |z| < 1}. Further

*
let Z(oc) be the class of Z consisting of function f which satisfies the inequality
P P

Re(_;’;(f)) >p,  ©0<p<p)
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c
and let Z(oz) be the class of Z consisting of function f which satisfies the inequality
p p
Re(—p—zfﬁ(Z)>>p O=p<p)
f'@) ’ -

Clearly, we have

C *
Z(a) & f e Z(a), O<a<p,peN).
p p

This condition is obviously analogous to the well-known Alexander equivalent (see for
details [1]).

For f € Z given by(l.1) and g € Z given by
p P

(" B
3@ ==+ Y bpiaaz?™N (peN) (1.2)

n=1

We define the Hadamard product (convolution) of f and g by

1 -
@) = (f 9@ = =+ Y apsnibpn™ T = @2 N (13)
n=1
Many important properties and characteristics of various interesting subclasses of the
C *

%k
class Z of meromorphic p-valent functions, including the classes Z(a) and Z(a)

p p p
defined above, were studied by Srivastava et al. [2], Aouf et al. [3], Mogra [4], Kulkarni
et al. [5], Moa’ath et al. [6], Saibah and Maslina [7], Ghanim [8], Kamali [9] and
Makinde [10].

A function & given by (1.3) is said to be a member of the class A(x, B, A, p) if it
satisfies
PR () + p

azPt () +[p+ (A —a)(p

_a)]‘ <B. (1.4)

Where

0<,3§1,0<oz<A+p—\/(k+p)2—4p(1+k)

<a<x+p+\/(x+p)2—4p(1+x)gp,
(k+p)2>4p(1+k) and 125—2 forallz € E.

In this paper, sharp results concerning coefficients, distortion theorem and the radius
of convexity for the class A(w, B, A, p, c) are determined. Finally, we prove that the
class is closed under convex linear combination.
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2. Coefficient Inequalities

In this section, we provided a sufficient condtion for a function, analytic in E to be in
A, B, A, p).

Theorem 2.1. A function h defined by (1.3) is in the class A(«, B, A, p) if and only if

D (p+n—DU+aB)apin-1bpin—t < Blp(l —a) + (=) (p —)]  (2.1)

n=1

Where

O<,8§1,O<a<A+p—\/(k+p)2—4p(1+k)

<Ot<A+p+\/(k+p)2—4p(l+)\)§p,

A+ p)2>4p(l+1) and Azg—Z forall z € E.

Proof. <= Let us suppose that

Y (p+n—DU+aB)apin-1bpin-1 < Blp(l —a) + (k. — ) (p — )].

n=1

It suffices to show that

P () + p
azPt (@) +p+ (* —a)(p — a)]
Thus, for 0 < |z| < 1, we have

PP () + p
azPT ' (2) +[p+ (h —a)(p — a)] ‘

Yomei(p4+n—Dapin_1bpin—1z

’ [P —a)+ A —a)(p—a)]+ D 2 a(p+n—Dapin_1bpin_122PH71]
< 3021 (p4n = Dapinibpia|z "
P =)+ O —a)p—a)] =[5 a(p+n— Dapynibpin-ilz]
- Yool i(p+n—Dapin—1bpin—1
Tlpd-—)+ G —a)p )] =20l a(p+n—Dapia-1bpin-1

From (2.1), the last expression satiesfies,

‘5,3, (z € E).

2p+n—1

2p+n—1
]

> (p+n—Dapinibpin_t < Blp(1l—a) + (h —a)(p — a)]

n=1

00
- Zalg(p +n— 1)ap—|—n—1bp+n—l,

n=1
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that is

Y (p+n—DA+ap)apin-1apin1 < Blp( —a) + O — ) (p — a)].

n=1

The inquality above hold true for all (0 < |z| < 1), hence it follows that (1.4) true, and
soh € A(a, B, A, p).

—> Conversely, assume that 7 € A(«, 8, A, p), then

2P+ p
‘ azPtl () +[p+ (h—a)(p — a)]
Yool p+n—1Dapin—1bpin_iz
[p(1—a)+ (A —a)p —al + 3,2 a(p +n— Dapin1bpyn-122P1]
Z,iil(l? +n— 1)ap+n—1bp+n—l <8
[P —a)+ A —a)(p—a)] =32 a(p+n—Dapin—1bpin-1 ~

2p+n—1

that is

Z(p +n— D+ ap)apin-1bpin-12"""1 < Blp + (A — @) (p — a)]-

n=1
The result is sharp for functions h of the form

p+ﬁ[p(1—oe)+(k—a)(p—a)] pn—1
(p+n—1A+af)

hpin-1(2) =z , (=D, 22

[ |
Corollary 2.2. Let the function h be defined by (1.3). If h € A(«, B, A, p), then

Blp(l —a)+ (A —a)(p —a)]
(p+n—0D{+ap)

|@pn—1bpin—i| < . =D @23)

The result is sharp for functions 4, _1(z) given by (2.2).

3. Distortion Theorem
A distortion property for functions in the class & € A(w, B, A, p), 1s given as follows:

Theorem 3.1. If the function h given by (1.3) is in the class A(«, B, A, p), then for
0 < |z| =r < 1, we have
1 Blpd-a)+ A -a)(p -«
rp p(1+ap)

plp(d —) + (L —o)(p — )] ,
p(l +ap)

)]rpi ‘h(Z)‘ < rip-l-
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with equality for

i+ plp(l —a)+ (A —a)(p —a)] ,

"= p(1+ap) S
and
p  Blpd-a)+GA-a)p—a)] , ;1 1|,

s (1 +ap) iz W)
p_ Alpd—a)+ G -a)(p—a)] ,,
— rrtl (14 ap) ’

With equality for,

hp:i+ﬂ[p(l—a)-l-(?»—a)(p—a)]z,,’ ¢ = (ir. +r)

zP p(1+apB)
Proof. Since h € A(a, B, A, p), Theorem 2.1 yields the inequality

d Blp(1 —a) + (h — a)(p — )]
> apen-ibpinai] < TRy e 3.1)

n=1

Thus, for 0 < |z] = r < 1, and making use of (2.1) we have

o0

- -1

h@ < 1277+ ) apin-1bpia-ilzl’™"
n=1

rP 4 Blp(l —a) + (A —a)(p — Ot)]rp
(p+n—1D0+ap)
L BP0 0],
p+ap)

IA

(we substitute in (3.1) whenn = 1)

And

o0
_ —1
h@| = 12177 = apinibpia-ilzl?*"

n=1

_, Blpd-—a)+ O -—a)(p—a)] ,

r — r
(p+n—11+apf)

—, Blpl-—a)+ O -—a)(p—a)] ,

r — re.

B p(1+ap)

Also from Theorem 2.1, it follows that

v

(we substitute in (3.1) whenn = 1)

= Blp(1 —a)+ (A —a)(p — )]
Yo (ptn =D fapnibprn| s S ()

n=1
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Thus
o
W@ < plal™ " 4> (p+n—Dapn_ibpin_ilzl? 2,
n=1
< prr g lp(l —a) + (A —a)(p — Ot)]rp_l,
- (I +ap)
and
o.¢]
W@ = plel ™™ = (P +n—Dappnibpinill?" 2,
n=1
1 O R [t d) WY
- (I +ap)
Hence completes the proof of Theorem 3.1. |

4. Radii of Starlikeness and Convexity

The radii of starlikeness and convexity for the class A(w, B, A, p), is given by the fol-
lowing theorem:

Theorem 4.1. If the function hdefined by (1.3)isinthe class A(«, B, A, p), then h is star-
like of order p(0 < p < p),inthedisk |z| < ri(«, B, A, p, p), where ri(«, B, A, p, p),is
the largest value for which

r1=r1(a/3kpp):inf( (p—pIp+n—-DA+ap)] )zpﬁnl
L ARl n>1 (3p+n_,0—1)ﬁ[p(l—a)+()\‘_a)(p_a)] .

The result is sharp for functions 4, _1(z) given by (2.2).

Proof. 1t suffices to show that

Zh'(2) ‘
+pl < (p—p).
) pl=(—p)
For |z| < r1, we have

zh'(2) ‘ B ‘ZZ;QP +n— Dapin—1bpin_122P!
h(z) 1+ ZZO:1 ap—kn—lbp+n—122p+n_1

ZOO (2p+n—1)ﬁ[p(l—p)+(?»—0t)(P—0¢)])| |2p+n—1
n=1 (pn—1)(I+ep) <
oo  Plp(l=p)+G—a)(p—a)]) -
D D R U7l

< (p—p).
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The inquality above holds true if

o0

Z(3p+n—p—1)ﬁ[p(1—oe)+(k—a)(p—a)
(p+n—1(1+ap)

] _
12127 < (p — p),

n=1

and it follows that

|z|<( (p = PI(p +n =D +ap)] ) o)
“\@p+n—p—-DBlp(d—a)+ A —a)(p—a)] ’ =

then we have,

1

F1(@, B, % p, p) = inf( (p = P)(p +n— (1L +ap)] )
P A D =1\ Gp+n—p—DBlp(l —a)+ h—a)(p —a)] .

as required. [

Theorem4.2. Ifthe function h defined by (1.3)isintheclass A(«, B, A, p), then A is con-
vex of order p(0 < p < p),inthedisk |z| < r2 (e, B, A, p, p), Where ra(«, B, A, p, p),is
the largest value for which

1

r» =nra, B, A, p, p) = inf ( p(p—p)(1+ap) )2[)+n—l
=1\ QBp+n—p—DBlpd —a)+ X —a)(p —a)]

The result is sharp for functions h given by (2.2).

Proof. 1t suffices to show that

Zh//(z)
h'(z)

+0+p)|=(p—0p).

for |z| < rp, we have

Zh//(z)
h'(2)

‘ Y @p4n—1)(p+n—Dappn_ibpin_12PT=1
_p + Z,(zozl(p + n — 1)ap+n_1bp+n_122p+n—1

1—p)+(—a) (p— 2p+n—1
Z;ozl(zp +n—1D(p+n-— l)ﬂ[p((p—fr);—(l)(lo-{{—)g;;) 05)])|Z| p+n

-l-(l-l—p)‘

[p(1—p)+A—a)(p—a)] -
p =52 (p+n— DAL Grnare

= (p—0).
The inquality above holds true if

o¢]

Z [Bp+n—p—DIBlp(1 —a) + (A —a)(p — )] z[2Pn=1
(1+aB)

<plp—0p),

n=1



8 Moa’ath N. Ogielat

and it follows that

1

p(p—p)(1+ap) >2,,+,1_1 , (n>1)

ol = ([(3p +n—p—DIBlpA—a) + (h—a)(p — )]

then we have,

= i f
ra(c. B, 4. p. p) = inf ((3p +n—p—DAp(l—a)+ (. —a)(p — a)]

as required.

S. Convex linear Combination
Our next result involves a linear combination of function £ of the type (2.2).

Theorem 5.1. Let
h,=2z"7,,

and

p+ﬂ[p(1—a)+(>»—a)(p—a)] pn—1

. (mz=2).
(p+n—1DA+aB)

hpin—1(2) =z~

Then h € A(«, B, A, p) if and only if it can be expressed in the form

(0]
WD =) Apin—ihpin-1(2),

n=1
where

oo
)‘p—l—n—l > 0 and Z)\p+n_1 =1.
n=1

Proof. <= From (5.1),(5.2) and (5.3), it is easily seen that

0
h@ = ) hprn—thpin-1(2),

n=1

. i Blp( =) + 0= )P = O pin-t_pin1.
n=1

(p+n—-0D0+ap)

Then it follows that

o0

Z (p+n—-Dd+ap) Blp(l —a) + (A —a)(p = )]Apin—1
plp(l —a) + (A —a)(p — )] (p+n—DA+ap)

n=1

1

p(p—p)(1 +ap) )zp+1—1

(5.1)

(5.2)

(5.3)
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and

0
Z)‘p—l—n—l =1 _)\p <1,
n=1

it follows from Theorem 2.1 that the function & € A(«, B, A, p).

& Conversely, let us suppose that & € A(«, B, A, p). Then

Blp(1 —a) + (A —a)(p — )]
Aptn—1bpin—1 < G- D +ap) (n>1)-

Setting
(p+n—1D0+aB)
Aptn—1 = Ap+n—1 (n>1)
plp(l —a)+ (A —a)(p —a)]
o0
andAp=1—= Apin_1.
n=2
It follows that
0.8]
W@ =Y hprn—ihpin-1(2)
n=1
this complete the proof of the theorem. [

Theorem 5.2. The class A(«, B, A, p) is closed under convex linear combinations.

Proof. Suppose that the functions /; and h, defined by,

0.¢]
hi@) =277+ apinribpin1i" (=1,2z€E) (54

n=1

are in the class A(«, B, A, p).
Setting h(z) = puhi(z) + (1 — w)ha(z) we want to show that h € A(e, B, A, p).
For 0 < u < 1, we can write

0]

h(z) = Z_p+Z {Map+n—l,1bp+n—1,1+(1_M)ap+n—l,2bp+n—l,2}Zp+n_l, (z € E)

n=1
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In view of theorem 2.1, we have

oo
>l +n = DA + B rapia-11pin-1.0 + (= Wapin-12bpin-12}):

n=1

=pu Y [(p+n—DU+ap)lapin1.1bpin-11

n=1

+(1 =W ) [(p+n—DU+ap)apin1.2bpin12
n=1

<wuBlpd—a)+ A —a)(p—a)]+ (A —wpBlp(l —a) + (A —a)(p —a)l,
=Blp(l —a) + (A —a)(p —a)].

which show that & € A(«, B, A, p). Hence the theorem. [ |
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