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 :ܜ܋܉ܚܜܛ܊ۯ
 

Some advanced mathematical properties of semi magic squares are discussed 
in this paper. 
 
 Magic Square, Magic Constant, Abelian Group, Commutative :࢙ࢊ࢘࢕ࢃ ࢟ࢋࡷ
Ring, Field 
 
−MSC 2010, 12 :࢕ࡺ ࢔࢕࢏࢚ࢇࢉ࢏ࢌ࢏࢙࢙ࢇ࢒࡯ ࡿࡹ࡭ ܺܺ 
 
 

૚.   :࢔࢕࢏࢚ࢉ࢛ࢊ࢕࢚࢘࢔ࡵ
A magic square of order ‘݊’ is an ݊௧௛ order matrix such that the sum of elements in 
every row/column/diagonal remains the same. The common sum is known as ‘magic 
constant’ or ‘magic number’. ‘Cornelius Agrippa’ (1486 B.C. to 1535 B.C.) of China 
is believed to be the first to take up construction of magic squares. There it was called 
‘Loh Shu’. Interest in magic squares spread from China to Japan, India and the middle 
East. They were introduced to Europe in Byzantine times. The first magic square of 
order 4 in the first century was introduced in India by a mathematician named 
‘Nagarjuna’. In real life situations, some problems relating to division of objects equal 
in numbers and value can be easily solved by constructing a magic square in 
accordance with the given conditions.  
 Apart from the recreational aspect of magic squares, it is found that they posses 
several advanced mathematical properties. A few among them are discussed here. The 
main aim is to construct a field from a proper subset of the set of all magic squares. 
 
 
૛.࢙ࢋ࢏࢘ࢇ࢔࢏࢓࢏࢒ࢋ࢘ࡼ ࢒ࢇࢉ࢏࢚ࢇ࢓ࢋࢎ࢚ࢇࡹ ࢊ࢔ࢇ ࢙࢔࢕࢏࢚ࢇ࢚࢕ࡺ  
( Most of the concepts in this section are taken from [૚], [૜] ) 
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૛.૚ ࢋ࢘ࢇ࢛ࢗࡿ ࢉ࢏ࢍࢇࡹ:  
A magic square of order ‘݊’ is an ݊௧௛ order matrix [ܽ௜௝] such that 
  ∑ ܽ௜௝ = ݇௡

௝ୀଵ , for ݅ = 1,2,3, … … … , ݊   (1) 
   ∑ ௝ܽ௜ = ݇௡

௝ୀଵ , for ݅ = 1,2,3, … … …݊   (2) 
   ∑ ܽ௜௜ = ݇௡

௜ୀଵ  and ∑ ܽ௜,௡ି௜ାଵ = ݇௡
௜ୀଵ ,   (3)  

 
 Where ′݇′ is a constant and the above mentioned ܽ௜௝’s and ௝ܽ௜’s are the row and 
column elements and ܽ௜௜’s & ܽ௜,௡ି௜ାଵ’s are the left and right diagonal elements of the 
magic square respectively.  
 
૛.૛ ࢚࢔ࢇ࢚࢙࢔࢕࡯ ࢉ࢏ࢍࢇࡹ:  
The constant ′݇′ in the above definition is known as the magic constant or magic 
number. Magic constant of the magic square ܣ is denoted as (ܣ)ߩ. 
 For example, the below given magic squares ܣ ݀݊ܽ ܣ′ are of order 3 and 
(ܣ)ߩ = (ᇱܣ)ߩ & 21 = 15  

 
 

  Here sum of elements of each row/column =  30. Sum of the left diagonal 
elements = 8 + 2 + 14 = 24 and sum of the right diagonal elements = 12.  
 
૛.૜ ࢖࢛࢕࢘ࡳ:  
A nonempty set ܩ together with an operation * is known as a group if it satisfy the 
following properties 
ܽ ,.is closed with respect to *. i.e ܩ (݅) ∗ ,ܽ ∀,ܩ ߳ ܾ ܾ ∈  .ܩ is associative in * (݅݅).ܩ 
i.e., ܽ ∗ (ܾ ∗ ܿ) = (ܽ ∗ ܾ) ∗ ܿ ∀ ܽ,ܾ, ܿ ∈ .ܩ (݅݅݅) ∗ ݁ such that ,ܩ ߳ ݁ ∈   ܽ = ܽ ∗  ݁ =
ܽ,∀ ܽ ∈   .* with respect to ܩ Here ݁ is called the ‘identity element’ in .ܩ
∋ ܽ ∀ (ݒ݅) ∈,ܩ ܾ ∈ ∗ ܽ such that ܩ  ܾ = ܾ ∗  ܽ = ݁, where ′݁′ is the identity 
element. Here ܾ is called the ‘inverse of ܽ and similarly vice versa. The inverse of the 
element ܽ is denoted as ܽିଵ.  
 
 〈∗,ܩ〉 is a group with respect to *, it is denoted as ܩ If :ࢋ࢚࢕ࡺ
 
૛.૝ ࢍ࢔࢏ࡾ:  
A non – empty set ܴ together with two binary operations called ‘addition’ and 
‘multiplication’ denoted by ‘+’ and ‘.’ respectively is called a Ring, if the following 
postulates are satisfied. 
(݅) 〈ܴ, +〉 is an abelian group.(If 〈ܩ,∗〉 is an abelian group, then ܽ ∗ ܾ = ܾ ∗ ܽ,∀ܽ, ܾ ∈
 .(ܩ
(݅݅) Multiplication is associative, i.e., ܽ. (ܾ. ܿ) = (ܽ.ܾ). ܿ ∀ܽ,ܾ, ܿ ∈ ܴ. (݅݅݅) 
Multiplication is distributive with respect to addition, i.e., ∀ܽ, ܾ, ܿ ∈ ܴ, ܽ. (ܾ + ܿ) =
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ܽ. ܾ + ܽ. ܿ (Left distributive law) and (ܾ + ܿ).ܽ = ܾ.ܽ + ܿ.ܽ (Right distributive law). 
 
૛.૞ ࢚࢟࢏࢔࢛ ࢎ࢚࢏࢝ ࢍ࢔࢏ࡾ:  
If in a ring ܴ,∃ an element denoted by 1, such that 1. ܽ = ܽ. 1 = ܽ,∀ܽ ∈ ܴ, then ܴ is 
called a ring with unit element. Here ′1′ is called the unit element of the ring and is 
obviously the multiplicative identity. If a ring possesses multiplicative identity, then it 
is called a ring with unity. 
 
૛.૟ ࢍ࢔࢏࢘ ࢋ࢜࢏࢚ࢇ࢚࢛࢓࢓࢕࡯:  
If in a ring ܴ, the multiplication is also commutative, i.e., if ܽ.ܾ = ܾ.ܽ,∀ܽ, ܾ ∈ ܴ, 
then ܴ is called a commutative ring.  
 
૛.ૠ ࢊ࢒ࢋ࢏ࡲ:  
A ring ܴ with at least two elements is called a field if it, (݅) is commutative (݅݅) has 
unity (݅݅݅) is such that each non zero element possesses multiplicative inverse. 
 
૛.ૡ:  
We use (݅)ℜ to denote the set of all real numbers. (݅݅) ܯௌ to denote the set of all ݊௧௛ 
order magic squares.(݅݅݅) ௃ܵೌ to denote the set of all ݊௧௛ order magic squares of the 
form ൣܽ௜௝൧, where ܽ௜௝  =  ܽ, for ݅, ݆ =  1,2,3, … … ,݊,ܽ ∈ ℜ. ൫ൣܽ௜௝൧൯ߩ = ݊ܽ. For 
convenience, ܣ ∈ ௃ܵೌ is represented as [ܽ]. (݅ݒ) ܫ௡ to denote the identity matrix of 
order ݊. 
 
 
૜. ܛܕ܍ܚܗ܍ܐ܂ ܌ܖ܉ ܛܖܗܑܜܑܛܗܘܗܚ۾ 
  .૜.૚: ௃ܵೌ forms an abelian group with respect to matrix addition ࢓ࢋ࢘࢕ࢋࢎࢀ
 
 ௌ is an abelian group with respect to matrix addition ( byܯ We know that :ࢌ࢕࢕࢘ࡼ 
[2] ) and ௃ܵೌ ⊂  ௌ. For that it isܯ ௌ, we need to show that ௃ܵೌ is a subgroup ofܯ 
enough to show that ܣ − ܤ ∈ ௃ܵೌ , whenever ܤ,ܣ ∈ ௃ܵೌ . Let ܣ = [ܽ] and ܤ = [ܾ] ∈
௃ܵೌ. Then, by simple calculations it can be shown that ܣ − ܤ = [ܽ − ܾ]. Hence 
ܣ − ܤ ∈ ௃ܵೌ . This completes the proof. 
 
ܤ,ܣ ૜.૚: If ࢔࢕࢏࢚࢏࢙࢕࢖࢕࢘ࡼ ∈ ௃ܵೌ , then ܤ.ܣ ∈ ௃ܵೌ ܤ.ܣ ݀݊ܽ  = .′ where ;ܣ.ܤ ′ denotes 
matrix multiplication. 
 
ܤ,ܣ Since  :ࢌ࢕࢕࢘ࡼ ∈ ௃ܵೌ , they will be of the form ܣ = ܤ & [ܽ] = [ܾ] ܽ, ܾ ∈ ℜ. Then 
it can be shown that ܤ.ܣ = [ܾ݊ܽ] = [ܾ݊ܽ] = ܤ.ܣ Hence .ܣ.ܤ ∈ ௃ܵೌ and matrix 
multiplication is commutative in ௃ܵೌ . 
 
〉 :૜.૛ ࢓ࢋ࢘࢕ࢋࢎࢀ ௃ܵೌ , +, . 〉 forms a commutative ring with unity, where ′ + ′ and ′. ′ 
denote the addition and multiplication of matrices respectively. 
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 .Multiplication of matrices is associative and distributive over addition :ࢌ࢕࢕࢘ࡼ
Usually for square matrices ܫ௡ will act as the unity element under matrix 
multiplication. But unfortunately here, ܫ௡ ∉  ௃ܵೌ . So we have to find another option. 
We need an element ܧ in ௃ܵೌ such that ܧ.ܣ = ܣ.ܧ = ܣ ∀,ܣ = [ܽ] ∈  ௃ܵೌ ,ܽ ∈ ℜ. It 
can be shown that ܧ = ቂଵ

௡
ቃ ∈  ௃ܵೌ  and ܧ.ܣ = [ܽ]. ቂଵ

௡
ቃ = ቂଵ

௡
ቃ . [ܽ] = ܣ.ܧ = ܣ ∀,ܣ ∈

 ௃ܵೌ . i.e., ܧ = ቂଵ
௡
ቃ ∈  ௃ܵೌ  will act as the unity element. The rest of the proof will follow 

from Theorem 3.1 and Proposition 3.1.  
 
ܣ ૜.૛: If ࢔࢕࢏࢚࢏࢙࢕࢖࢕࢘ࡼ ≠ 0 ∈ ௃ܵೌ , then ܣ has a multiplicative inverse in ௃ܵೌ . 
 
Proof:  ܣ ≠ 0 ∈ ௃ܵೌ . Let ܣ = [ܽ]. We have to show that ܣ has a multiplicative 
inverse. i.e., we need an element ܤ in ௃ܵೌ such that ܤ.ܣ = ܣ.ܤ = ܧ = ቂଵ

௡
ቃ. Let 

ܤ = ቂ ଵ
௡మ௔

ቃ. Then it can be verified that ܤ ∈ ௃ܵೌ  and ܤ.ܣ = [ܽ]. ቂ ଵ
௡మ௔

ቃ = ቂ ଵ
௡మ௔

ቃ . [ܽ] =

ܣ.ܤ = ቂଵ
௡
ቃ =  .This completes the proof .ܧ

 
〉 :૜.૜ ࢓ࢋ࢘࢕ࢋࢎࢀ ௃ܵೌ , +, . 〉 forms a field, where ′ + ′ and ′. ′ denote the addition and 
multiplication of matrices respectively. 
 
Proof:  It immediately follows from Theorem 3.2 and Proposition 3.2. Proposition 
3.2 shows that ∀ܣ ∈ ࢇࡶࡿ , ∃ an inverse under matrix multiplication. 
 
 
૝. ۱ܖܗܑܛܝܔ܋ܖܗ 
Here we have seen some important properties of the subset ௃ܵೌ of ܯௌ under the 
operations of matrix addition and multiplication. It is proved that ௃ܵೌ is an abelian 
group under matrix addition. ௃ܵೌ is a commutative ring with unity under matrix 
addition and multiplication. Finally, it is showed that ௃ܵೌ is a field under the same 
operations. 
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