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ABSTRACT

In this paper the terms, completely prime ideal, prime ideal, completely
semiprime ideal, semiprime ideal, prime radical and complete prime radical in
a po semigroup are introduced. It is proved that in a po semigroup(i) A is a
prime ideal of S,(ii) For a, b € S; <a> <b> C A implies a € A or b € A,(iii)
Fora; b € S; S*aS'b S'c A implies a € A or b € A are equivalent. It is proved
that a po ideal P of a po semigroup S is(1) completely prime iff S\P is either a
po subsemigroup of S or empty(2) prime iff S\P is either an m-system or
empty. It is also proved that every completely prime ideal of a po semigroup is
prime. In a globally idempotent po semigroup, it is proved that every maximal
ideal is prime. It is also proved that a globally idempotent po semigroup
having a maximal ideal contains semisimple elements. It is proved that a po
ideal A of a po semigroup S is completely semiprime if and only if x € S, x* €
A implies x € A. It is proved that if A is a completely semiprime ideal of a po
semigroup S, then x, y € S, xy € A implies that xyS € A, xSy € A and Sxy <
A. It is also proved that every completely semiprime ideal of a po semigroup
is semiprime. It is proved that a po ideal A of a po semigroup S is completely
semiprime if and only if S\A is a d-system of S or empty. It is also proved that
the nonempty intersection of a family of(1) completely prime ideals of a po
semigroup is completely semiprime(2) prime ideals of a po semigroup is
semiprime. And also proved that a po ideal Q of a semigroup S is(1)
semiprime iff S\Q is either an n-system or empty. It is proved that if N is an n-
system in a po semigroup S and a €N, then there exist an m-system M in S
such that a eM and M < N. It is proved that to each po ideal A of a po
semigroup S, we associate four types of sets namely A;, Az, As, A4 and we
proved that Ac A,c A, c A, A. In a commutative po semigroup, it is

proved that A; = A, = Az = Ag and in general po semigroups, it is proved that
A = A, = A, # A, by means of examples. It is proved that in a po semigroup S
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if A, B and C are ideals of S, then i) AcB=>+/A = +/B,, ii) if AnB % @ then

JAB =+VANB =JAN+B and iii) JVA=JA . Ina po semigroup S if Ais

a po ideal, then JA isa semiprime ideal of S. It is proved that a po ideal Q of
a po semigroup S is semiprime iff \/6 =Q. Itis proved that in a po semigroup

S with identity there is a unique maximal ideal M such that vM" =M for all
natural numbers n. Further it is proved that if A is a po ideal of a po semigroup

S then ~/A= { x € S: every m-system of S containing x meets A } i.e., JA = {
{xeS:M(X)n A=},

Mathematical subject classification(2010): 20M07; 20M11; 20M12.

KEY WORDS: completely prime ideal, prime ideal, completely semiprime
ideal, semiprime ideal, prime radical and complete prime radical.

1. INTRODUCTION:

The algebraic theory of semigroups was widely studied by CLIFFORD [2], [3],
PETRICH [5]. The ideal theory in general semigroups was developed by
ANJANEYULU [1]. JIAN TANG and XIANG YUN XIE [4] studied on radicals of
ideals of ordered semigroups. In this paper we introduce the notions of completely
prime po ideal, prime po ideal, completely semiprime po ideal, semiprime po ideal,
prime radical and complete prime radical and characterize completely prime po ideal,
prime po ideal, completely semiprime po ideal, semiprime po ideal, prime radical and
complete prime radical in po semigroups.

2. PRELIMINARIES:
DEFINITION 2.1: A semigroup S is said to be a partially ordered semigroup if S is
a partially ordered set such that a<b =ax <bx, xa<xb forall a,b,x € S.

DEFINITION 2.2: A nonempty subset A of a po semigroup S is said to be po left
ideal of Sifi)be S,;ae A =bhae Aii)ae Aands € Ssuchthat s<a= s e
A.

DEFINITION 2.3: A nonempty subset A of a po semigroup S is said to be po right
ideal of Sifi)be S,ae A = abe Aii)ae Aands € Ssuchthat s<a= s e A

DEFINITION 2.4: A nonempty subset A of a po semigroup S is said to be po two
sided ideal or poideal of Sifi)b € S,a e A = bacA ,ab e Aii)a e Aands € S
suchthat s<a = s e A.

THEOREM 2.5: Let S be a po semigroup and A € S, B © S. Then(i) A
c(A](ID((A]] =(A](ii)(Al(B] <(AB](iv) A < B = A c(B] and(v) A < B =(A] <(B].
THEOREM 2.6: The nonempty intersection of any family of po left ideals(or po
right ideals or po ideals) of a po semigroup S is a po left ideal(or po right ideal or po
ideal) of S.
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3. COMPLETELY PRIME PO IDEALS AND PRIME PO IDEALS:
DEFINITION 3.1. A po(left/right) ideal A of a po semigroup S is said to be a
completely prime(left/right) ideal of S provided x, y € S and xy € A implies either x e
Aory eA.

THEOREM 3.2: A po ideal A of a po semigroup S is completely prime if and only if
X1, X2, ....., Xn € S, n is a natural number, X; X5 ..... Xhn EA=>X;€ Aforsomei=1,2,
3, ...N.

Proof: Suppose that A is a completely prime po ideal of S.

Let X1, X2, ..., Xn € S where n is a natural number and X1 Xz ..... Xn € A,

If n = 1thenclearly x; € A.

Ifn=2thenxix; E A=x; €EA0rx; €A,

If n =3 then x1xoxX3 € A = X1Xo € Aor X3 € A.

=> Xy EAOrx; € Aorxs €A.

Therefore by inductiononn, X; X, ..... X, EA=>x, € Aforsomei=1,2,3, ..... n.

The converse part is trivial.

THEOREM 3.3: A po ideal A of a po semigroup S is completely prime if and only if
S\A is either a subsemigroup of S or empty.

Proof: Suppose that A is a completely prime po ideal of S and S\A = &.

Leta,b e S\A. Thena ¢A, b ¢A.

Suppose if possible abg S\A.Then abe A. Since A is completely prime, either a € A
or b € A. It is a contradiction.

Therefore ab e S\A. Hence S\A is a subsemigroup of S.

Conversely suppose that S\A is a subsemigroup of S or S\A is empty.

If S\A is empty then A = S and hence A is completely prime.

Assume that S\A is a subsemigroup of S.

Leta, beSand abe A,

Suppose if possible a ¢ Aand b ¢A.

Thena eS\A and b e S\A.

Since S\A is a subsemigroup, abe S\A and hence ab & A. It is a contradiction.

Hence either ac A or be A. Therefore A is a completely prime po ideal of S.
DEFINITION 3.4: A po ideal A of a po semigroup S is said to be a prime ideal of S
provided XY are idealsof Sand XYc A = X cAorY cCA

THEOREM 3.5: In a po semigroup S, the following conditions are equivalent:

(i) Ais a prime po ideal of S.

(i)a,b€eS;<a><b>c Aimpliesae Aorb € A

(i) a, b € S; S'aS'b S < A impliesa € Aorb € A.

Proof: (i) =(ii): Suppose that A is a prime po ideal of S. Then(i) =(ii) is obvious.

(i) =(iii): Let a, b € S such that S'aS'b S* € A.

Now <a> <b> =(S'as")(s'bS') c S'aS'h S'c A= acAorbe A

(i) =(i): Suppose that a, b € S; S'aS'bS' C A=>a€Aorb e A.

Let X, Y be the two ideals of S and XY < A.

Suppose if possible X € A, Y € A.

Since X € A, Y € A, there exists a, b € Ssuchthata e Xanda & A,b e Yandb ¢ A.

Now S'aS'hS' € XY € A= a €Aorb €A. It is a contradiction. Therefore X € A or
Y € A and hence A is a prime po ideal of S.
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THEOREM 3.6: A po ideal A of a po semigroup S is prime if and only if X3, X, ...,
X, are ideals of S, n is a natural number, X; X5 ..... Xn € A= X; €A for somei=1,
2,3, ...,Nn.

Proof: Suppose that A is a prime ideal of S.

Let Xj, Xy, ..... , Xn are ideals of S, n is a natural number and X; X5 ..... Xn €A

If n = 1 then clearly X; CA.

Ifn=2then X;X; S A= X; S Aor X; CA.

Ifn=3then X; XoXz3€ A= X X, € Aor X3 CA.

> X1 €AorXa € Aor X €A

Therefore by inductiononn, X; X, ..... Xy, S A= X; S Aforsomei=1,2,3,...,n.
The converse part is trivial.

THEOREM 3.7: Every completely prime po ideal of a po semigroup S is a prime po
ideal of S.

Proof: Suppose that A is a completely prime po ideal of a po semigroup S.

Let a, beSand <a> <b>c< A. Thenab € A.

Since A is a completely prime po ideal of S, eithera e Aorb € A.

Therefore A is a prime po ideal of S.

THEOREM 3.8: Let S be a commutative po semigroup. A po ideal A of S is a prime
po ideal if and only if A is a completely prime po ideal.

DEFINITION 3.9: A nonempty subset A of a po semigroup S is said to be an m-
system provided for any a, b € A implies that(S'aS'bS") n A # @.

THEOREM 3.10: A po ideal A of a po semigroup S is a prime po ideal of S if and
only if S\A is an m-system of S or empty.

Proof: Suppose that A is a prime po ideal of a po semigroup S and S\A = @.

Leta,b eS\A. Thena ¢Aand b ¢ A.

Suppose if possible(S'as'bs!) n S\A = @.

(s'as'bs!) n S\A = ¢ =(S*as'bs?) c A.

Since A is prime, either a e Aor b €A. It is a contradiction.

Therefore(S*aS'bS') n S\A # @.

Hence S\A is an m-system.

Conversely suppose that S\A is either an m-system of S or S\A = @.

If S\A =@, then S = A and hence A is a prime po ideal of S.

Assume that S\A is an m-system of S.

Leta, b eSand <a><b>c A

Suppose if possible ag A and b¢ A. Then a, b € S\A.

Since S\A is an m-system, then(S'aS'hS!) N S\A = @

=(S'as'hs') ¢ A = <a><b> ¢ A. It is a contradiction.

Therefore a e Aor b € A. Hence A is a prime po ideal of S.

THEOREM 3.11: If S is a po semigroup such that S = S? then every maximal po
ideal of S is a prime po ideal of S.

Proof: Let M be a maximal ideal of S. Let A, B be two ideals of S such that AB < M.
Suppose if possible AZE M, B € M.

NowAZ M = M UAisapoidealofSand Mc M UA cS.

Since M is a maximal, M UA =S.
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SimilartlyBZ€M = M uB =S.

Now S=SS=(M UA)(M UB) cM =S <M. Thus M = S. It is a contradiction.
Therefore either A =M or B — M. Hence M is a prime po ideal of S.

THEOREM 3.12: If S is a po semigroup having maximal ideals and S = S? then S
contains semisimple elements.

Proof: Suppose that S is a globally idempotent po semigroup having maximal ideals.
Let M be a maximal ideal of S. Then by theorem 3.11., M is prime.

Now if a € S\M then <a> & M and <a>* ¢ M. Now S = M U <a> = M U <a>’,
Therefore a € <a>? and hence <a> = <a>. Thus a is a semisimple element.

Therefore S contains semisimple elements.

4. COMPLETELY SEMIPRIME PO IDEALS AND SEMIPRIME PO IDEALS:
DEFINITION 4.1: A po ideal A of a po semigroup S is said to be a completely
semiprime po ideal provided x €S, x" € A for some natural number n implies x € A.
THEOREM 4.2: A po ideal A of a po semigroup S is completely semiprime if and
onlyifx € S, X’ € A implies x € A.

Proof: Suppose that A is a completely semiprime po ideal of S.

Thenclearly x €S, x> € A = x € A.

Conversely suppose that x € S, x> € A = x € A.

We prove that x € S, x" € A, for some natural number n = x € A—(1), by induction
onn.

Clearly(2) is true for n = 2.

Assume that(1) is true for n = k. i.e., xX€ A = x € A for some natural number k.
Suppose that xX**e A. Then X"'e A = X1 X' e A = x*e A= ()’ e A= X e A
= X EA.

Therefore xe A = x € A.

By induction, x" € A for some natural number n implies x € A.

Therefore A is completely semiprime.

THEOREM 4.3: If A is a completely semiprime po ideal of a po semigroup S, then
X,y €S, xy € Aimplies that xyS € A, xSy € A and Sxy € A.

Proof: Let A be a completely semiprime po ideal of a semigroup S. Letx,y € S, xy €
A.

(xy)? € A, A is completely semiprime implies xy ¢ A.

Let s € S. Consider(xys)® =(xys)(xys) = xys(xy)s(xy)sy€ A.

(xys)’e A, A is completely semiprime implies xys eA.

Thereforex,y € S, xy e A= xys e Aforalls € S = xyS c A.

Now xy € A=(yx)? =(yx)(yX) = y(xy)(xy)x €A,

(yx)%€ A, A is completely semiprime = yx € A,

Let s € S. Consider(xsy)® =(xsy)(xsy) = xs(yx)s(yx)sy e A.

(xsy)? € A, A is completely semiprime implies xsy € A.

Therefore X,y €S, xsy e Aforall s € S = xSy c A.

If s €S, then(sxy)? =(sxy)(sxy) = s(xys)xy EA.

(sxy)’€A, A is completely semiprime = sxy EA.
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Therefore X,y €S, sxy e Aforalls € S = Sxy c A

COROLLARY 4.4: If a po ideal A of a po semigroup S is completely semiprime
thenX,y €S, xy EA = <x><y>C A,

THEOREM 4.5: Every completely prime po ideal of a po semigroup S is a
completely semiprime po ideal of S.

Proof: Let A be a completely prime po ideal of a po semigroup S. Suppose that x €S
and X’ A. Since A is a completely prime po ideal of S, x €A.

Therefore A is a completely semiprime po ideal.

THEOREM 4.6: Let A be a prime po ideal of a po semigroup S. If A is completely
semiprime po ideal of S then A is completely prime.

Proof: Let X,y € S and xy € A. Since A is completely semiprime, by corollary 4.4, xy
EA=><x><y>C A= x€e Aory € A Hence A is completely prime.

THEOREM 4.7: The nonempty intersection of any family of a completely prime po
ideal of a po semigroup S is a completely semiprime po ideal of S.

Proof: Let {A,} _, be a family of a completely prime po ideals of S such that (] A,

aeA

0.
It is clear that () A, is a po ideal. Let a €S and a’e (A, - Then a’e A, for all

aeA aeA

aeA.

Since A, is completely prime, a € A, forall « e Aand hence a ﬂ A, .

aeA

Therefore ﬂ A, is a completely semiprime po ideal of S.

aeA
DEFINITION 4.8: Let S be a po semigroup. A nonempty subset A of S is said to be a
d-systemof Sifa € A = a" € A for all natural numbers n.
THEOREM 4.9: A po ideal A of a po semigroup S is completely semiprime if and
only if S\A is a d-system of S or empty.
Proof: Suppose that A is a completely semiprime po ideal of S and S\A = & .
Let a e S\A. Thena ¢ A. Suppose if possible a" ¢ S\A for some natural number n.

Then a" eA. Since A is a completely semiprime po ideal then a €A. It is a
contradiction.

Therefore a" € S\A and hence S\A is a d-system.

Conversely suppose that S\A is a d-system of S or S\A is empty.

If S\A is empty then S = A and hence A is completely semiprime.

Assume that S\A is a d-system of S. Leta eS and a" e A.

Suppose if possible a ¢ A. Thena e S\A.

Since S\A is a d-system, a" € S\A. It is a contradiction. Then ae A.

Hence A is a completely semiprime po ideal of S.

DEFINITION 4.10: A po ideal A of a po semigroup S is said to be semiprime po
ideal provided X is po ideal of S and X"< A for some natural number n implies X €
A.
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THEOREM 4.11: A po ideal A of a po semigroup S is semiprime if and only if X is
po ideal of S, X* € A implies X € A.
Proof: Suppose that A is a semiprime po ideal. Then clearly X € A = X € A,
Conversely suppose that X is a po ideal of S, X* S A= X C A.
We prove that X" € A, for some natural number n = X € A —(1), by induction on n.
Since X? € A, then X € A,(1) is true for n = 2.
Assume that X < A for some natural number k, 1 <k <n = X € A,
Now X'c A= X" I X M cAas X ¥ cAa(X)Y’ cA=> XS A= XCA by
assumption. By induction X" € A for some natural number n = X € A,
Therefore A is semiprime.
THEOREM 4.12: Every prime po ideal of a po semigroup S is semiprime.
Proof: Suppose that A is a prime po ideal of a po semigroup S. Let X be a po ideal of
S such that X? € A. Since A is prime, X € A. Hence A is semiprime.
THEOREM 4.14: If A is a po ideal of a po semigroup S then the following are
equivalent.
1. Aisasemiprime ideal.
2. Fora€eS;<a>’c Aimpliesa € A.
3. ForaeS;S'aS'asS' c Aimpliesa € A.
Proof: (i) =(ii): Suppose that A is a semiprime ideal of S. Then(i) =(ii) is obvious.
(i) =(iii): Let a € S such that S'a S'a S' € A.
Now <a>’ =(S'a S')(S'a S') c S'aStaS'c A= ae A
(iii) =(i): Suppose that a € S; S'a S'a S'c A = a €A.
Let X be a po ideal of S and X* € A.
Suppose if possible X € A.
Suppose X & A there existsasuchthata€ Xandag¢ A.ae X =>a’ € X C A.
Now S'a S'a S'c X? € A = a €A. It is a contradiction.
Therefore X € A and hence A is a semiprime po ideal of S.
THEOREM 4.14: Every completely semiprime po ideal of a po semigroup S is a
semiprime po ideal of S.
Proof: Suppose that A is a completely semiprime po ideal of a po semigroup S.
Let a €S and <a>"c A for some natural number n.
Now aaa....a(nterms)e<a™ € <a>" c A>a"€E A>a€eA><a>CA
Therefore A is a semiprime po ideal of S.
THEOREM 4.15: Let S be a commutative po semigroup. A po ideal A of S is
completely semiprime if and only if it is semiprime.
Proof: Suppose that A is a completely semiprime po ideal of S. By theorem 4.14, A is
a semiprime po ideal of S.
Conversely suppose that A is a semiprime po ideal of S.
Let xeS and x" € A for some natural number n.
Now X" e A = <x>"C A = <x>C A = x € A. Since A is semiprime.
Therefore A is a completely semiprime po ideal of S.
THEOREM 4.16: The nonempty intersection of any family of prime po ideals of a
po semigroup S is a semiprime po ideal of S.
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Proof: Let {A,} _ be a family of prime ideals of S such that (] A, = @ .

aeA

Itis clear that (7] A, is a po ideal.

aeA

LetaeS, <a>* c [ A, then<a>* c A forall zeA.

aeA

Since A, isaprime, <a> c A, forall x eA.So<a>e [ A,.

aeA

Therefore ﬂ A, is a semiprime po ideal of S.

aeA

DEFINITION 4.17: A non-empty subset A of a po semigroup S is said to be an n-
system provided a e A implies that(S*a S'a S') n A # 9.

THEOREM 4.18: Every m-system in a po semigroup S is an n-system.

Proof: Let A be an m-system of a po semigroup S. Let a € A. Since A is an m-system,
a €A,(S'aS'asS') n A # @. Therefore A is an n-system of S.

THEOREM 4.19: A po ideal A of a po semigroup S is a semiprime po ideal if and
only if S\A is an n-system of S(or) empty.

Proof: Suppose that A is a semiprime po ideal of a po semigroup S and S\A = .
Leta eS\A. Thena ¢A.

Suppose if possible(S'a S'a S') N S\A = @.

(s'as'as’) nS\A=¢g =>(S'astas’) c A

Since A is semiprime, either a € A. It is a contradiction. Therefore(S'a S'a S') n S\A
* .

Hence S\A is an n-system.

Conversely suppose that S\A is either an n-system or S\A = .

If S\A = ¢ then S = A and hence A is a semiprime ideal.

Assume that S\A is an n-system of S. Let a € S and <a> € A.

Let a € S\A, S\A is an n-system of S =(S'a S'a S') N S\A = @.

Suppose if possible a¢ A. Then aeS\A. Since S\A is an m-system, Then(S'a S'a S%)
c S\A=(S'aS'asS) ¢ A = <a> ¢ A Itis a contradiction. Therefore a € A. Hence
A is a semiprime po ideal of S.

THEOREM 4.20: If N is an n-system in a po semigroup S and a €N, then there exist
an m-system M in S such thata e M and M < N.

Proof: We construct a subset M of N as follows:

Define a, = a, Since a, N and N is an n-system,(S*a; S'a; SY N N #0.

Let a,e(S'a; S*a; S” N N. Since a,eN and N is an n-system,(S*a; S'a; S¥ N N
# ¢ and so on.

In general, if a has been defined with a €N, choose a,, as an element of(S'a, S'a,

i+l

sYnNN.Let M= {a,8,....4,a,,...;. Now ac M and McN.

[P B

We now show that M is an m-system.
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Let a, a; € M(fori<j).
Then a,,, e(S'a S’ S") =(S'ai S'ayS) = a,,, =S'aiS'ayS*. But a
€(S'a; S'a; SHN M,

Therefore M is an m-system.

€M, 80 a;

5. PRIME PO RADICAL AND COMPLETELY PRIME PO RADICAL.:
NOTATION 5.1: If A is a po ideal of a po semigroup S, then we associate the
following four types of sets.

A = The intersection of all completely prime po ideals of S containing A.

A, = {xeS: x" e A for some natural numbers n}

A, = The intersection of all prime po ideals of S containing A.

A, = {xeS:<x>" c A for some natural number n}

THEOREM 5.2: If A'is a po ideal of a po semigroup S, then A ¢ A, c Ac A c
A.

Proof: i) A — A,: Letx e A. Then<x>c A and hence x € A,

Therefore A ¢ A,

ii) A,c A Letx € A,. Then <x>" c A for some natural number n.

Let P be any prime po ideal of S containing A.

Then < x >" < A for some natural number n = < x>" < P.
Since P is prime, <x> < P and hence xeP.

Since this is true for all prime ideals of P containing A, xe A,. Therefore A, c A

iif) A,c A,: Letx € A,. Suppose if possible x ¢ A,.

Then x"¢& A for all natural number n.

Consider Q = U x" for all natural number n, and x S.

Leta, beQ. Thena= (x)", b= (x)® for some natural numbersr, s.

Therefore ab = (x)" (x)° = x"™ €Q and hence Q is a subsemigroup of S.

By theorem 3.3, P = S\Q is a completely prime po ideal of Sand x ¢ P.

By theorem 3.8, P is a prime po ideal of Sand x ¢ P. Therefore x ¢ A,.

Itis a contradiction. Therefore x € A, and hence A, c A,.

iv) A, c A:Letx e A,. Now x € A, = x"€ A for some natural number n.

Let P be any completely prime po ideal of S containing A.

Then x"€ A cP = x"€ P =xeP. Therefore xe A. Therefore A, c A.

HenceAc A Lc Ac A cCA.

THEOREM 5.3: If A is a po ideal of a commutative po semigroup S, then A=A, =
A=A,

Proof: By theorem 5.2, A < A, c A c A, < A.By theorem 3.8, in a commutative
po semigroup S, a po ideal A is a prime po ideal if A is completely prime po ideal. So



578 P. M. Padmalatha et al

A = A,. By theorem 4.15, in a commutative po semigroup S, a po ideal A is
semiprime if and only if A is completely semiprime po ideal. So A,= A, .Hence A=

A=A=A,
NOTE 5.4: In an arbitrary po semigroup A = A, = A = A,.

DEFINITION 5. 5: If A'is a po ideal of a po semigroup S, then the intersection of all
prime po ideals of S containing A is called prime po radical or simply po radical of A

and it is denoted by JAorrad A.

DEFINITION 5. 6: If A'is a po ideal of a po semigroup S, then the intersection of all
completely prime po ideals of S containing A is called completely prime po radical or
simply complete po radical of A and it is denoted by c.rad A.

NOTE 5. 7: If Ais a po ideal of a po semigroup S, thenrad A= A, crad A= A and
rad A € c.rad A.

COROLLARY 5. 8: If ac /A, then there exist a positive integer n such that a" € A
for some natural number n € N.

Proof: By theorem 5. 2, A, A, and hence ae JA= AcA.

Therefore a" € A for some natural number n € N.

COROLLARY 5. 9: If Ais a po ideal of a commutative po semigroup S, then rad A
=c.rad A.

proof: By theorem 5.3, rad A = c.rad A.

COROLLARY 5.10: If A is a po ideal of a po semigroup S then c.rad A is a
completely semiprime po ideal of S.

proof: By theorem 4.5, c.rad A is a completely semiprime po ideal of S.

THEOREM 5.11: If A, B and C are any three ideals of a po ternary semigroup T,
then

)AcB= «/Kg«/g
i) if AN B %= @ then VAB =+vANB =J/ANB
iii) VA = JA.

proof: i) Suppose that Ac B. If P is a prime po ideal containing B then P is a prime

po ideal containing A. Therefore /A = +/B..

ii) Let P be a prime po ideal containing AB. Then ABSP = AcCPorBcP =
AN B < P. Therefore P is a prime po ideal containing AnB..

Therefore rad(An B) < rad(AB).

Now let P be a prime po ideal containing An B .

Then AnBcP =ABS AnB cP = ABCcP.

Hence P is a prime po ideal containing AB. Therefore rad(AB) € rad(An B).
Therefore rad(AB) = rad(An B).

Since AnB # @, itisclearthat AnB isapoidealinS. Letxe vANB.

Then there exists an natural number n € N such that X" € AN B .

Therefore X" € A and X" € B. It follows that x €~/A and x € B . Therefore x €
JAAB .

Consequently, x € JANYB implies that there exists natural numbers n, m € N such
that x" € A and x™ € B. Clearly x"" € A n B.
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Thus x € /ANB . Therefore if An B # @ then VANB =/ANB.
iii) A = The intersection of all prime po ideals of S containing A.

Now \/ﬁ = The intersection of all prime po ideals of S containing JA.
= The intersection of all prime po ideals of S containing A =JA

Therefore \/\/K = «/K

THEOREM 5.12: If A is a po ideal of a po semigroup S then JA isa semiprime po
ideal of S.

proof: By theorem 4.16, JA isa semiprime po ideal of S.
THEOREM 5.13: A po ideal Q of po semigroup S is a semiprime po ideal of S if and

only if \/Q = Q.

Proof: Suppose that Q is a semiprime po ideal. Clearly Q © \/6

Suppose if possible \/Q ¢ Q.

Letae yQanda¢ Q.Nowa& Q = a€ S\Q and Q is semiprime. By theorem
4.19, S\Q is an n-system. By theorem 4.20, there exists an m-system M such that a
eEMCc S\Q.

Q € S\M and now S\M is a prime po ideal of S, a ¢ S\M . It is a contradiction.
Therefore \/Q <Q. Hence \/6:Q.

Conversely suppose that Q is a po ideal of S such that \/6 =Q.

By corollary 5.12, \/6 is a semiprime po ideal of S. Therefore Q is semiprime.

COROLLARY 5.14: A po ideal Q of a po semigroup S is a semiprime po ideal if and
only if Q is the intersection of all prime po ideal of S contains Q.
Proof: By theorem 5.13, Q is semiprime iff Qs the intersection of all prime po

ideals of S contains Q.

COROLLARY 5.15: If A'is a po ideal of a po semigroup S, then JA is the smallest
semiprime po ideal of S containing A.

Proof: We have that /A is the intersection of all prime po ideals containing A in S.
Since intersection of prime po ideals is semiprime, we have JA s semiprime.
Further, let Q be any semiprime po ideal containing A, i.e. ASQ. So JA g\/ﬁ.
Since Q is semiprime, By theorem 5.13, \/6:Q . Therefore VA < Q.

Hence /A is the smallest semiprime po ideal of S containing A.

THEOREM 5.16: If P is a prime ideal of a po semigroup S, then +/(P)" = P for all
natural numbersn € N.

Proof: We use induction on n to prove JP" =P.

First we prove that+/P = P. Since P is a prime ideal, P c VP c P = /P =P.
Assume that\/a =P for natural number k such that 1<k <n.
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Now~/P*L =P P = /P* AP =P AP =A/P =P.

Therefore +P**? = P . By induction +/P" = P for all natural numbers ne N.
THEOREM 5.17: In a po semigroup S with identity there is a unique maximal ideal

M such that 4/(M)" = M for all natural numbersn € N.

Proof: Since S contains identity, S is a globally idempotent po semigroup.
Since M is a maximal ideal of S, by theorem 3.11, M is prime.

By theorem 5.16, +/(M)" = M for all natural numbers n.

Theorem 5.18: If A is a po ideal of a po semigroup S then JA= { x € S: every m-
system of S containing X meets A } i.e., VA ={xeS:M(X) A= J}.

Proof: Suppose that x JA. Let M be an m-system containing x.
Then S\M is a prime po ideal of Sand x ¢ S\M. IfM n A= & then A € S\M.

Since S\M is a prime po ideal containing A, v/A € S\M and hence x € S\M.
It is a contradiction. Therefore M(x) NA =& . Hence xe {xeS:M(x)n A= J}.

Conversely suppose that x e {x e S: M (x) " A= J}.

Suppose if possible x ¢ JA . Then there exists a prime po ideal P containing A such
that x ¢ P. Now S\P is an m-system and x € S\P.
ACP = S\PnA = = x ¢{xeS:M(X)nA=J}. It is a contradiction.

Therefore x € VA . Thus ~/A ={xeS:MX)nA=I}.
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