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Abstract

In the present paper, universal symbolic expression of the normalized inner
product of the position and velocity vectorsc of conic motion is developed in
recursive power series forms. The importance of the quantity o is due to its
appearance in both, the initial and boundary value problems of space
dynamics. Moreover, cis related to the flight-path angle y which is useful for

specifying satellite’s orientation or attitude. This orientation is crucial to
determining the effective cross-sectional area required for both drag and solar-
radiation perturbations. On the other hand, the importance of this analytical
power series representation is that they are invariant under many operations
because, addition, multiplication, exponent ion, integration, different ion, etc
of a power series is also a power series. A fact which provides excellent
flexibility in dealing with analytical as well as computational developments of
the problems related toc For computational developments, full recursive
algorithm is developed for the coefficients of the series. Also an efficient
method using continued fraction theory is provided for series evolution,
moreover two devices are purposed to secure the convergence when the time
interval (t-t,) is lager. In addition the algorithm dose not need the solution of

Kepler’s equation and its variants for parabolic and hyperbolic orbits.
Numerical applications of the algorithm are given for three orbits of different
eccentricities, the results showed that it is accurate for any conic motion.
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1. Introduction

It is undoubtly true that, the analytical formulae of space dynamics usually offer much
deeper insight into the nature of the problems to which they refer. Moreover, the
nowadays existing symbols used for manipulating digital computer programs, opened
the gate towards establishing new branch of space dynamics known as the
algorithmization of space dynamics [Brumberg, 1995]. A great effort has been
devoted up to now, and is being devoted at present to develop symbolic computing
algorithms for some problems of astrodynamics as well as astrophsics [e. g. Sharaf
and Saad, 1997; Sharaf, et al, 1998;Sharaf, 2005, Sharaf, 2008, Sharaf and Sendi,
2011, Sharaf, et al, 2012, Sharaf and Saad, 2013].

In the absence of closed analytical solution of a given differential system the
power series solution (which of course assumed to be convergent) can serve as the
analytical representation of its solution. Moreover, it is worth noting that the power
series is one of the most powerful methods of mathematical analysis and is some —
times more convenient than the elementary functions especially when the problems
are to be studied on computers. In fact, most computers often use series in the
calculations of the majority of the elementary functions.

Coping with the above important line of recent approach, the present paper is
devoted to establish universal symbolic expression for o of conic motion.

The importance of the quantity o is due to its appearance in both, the initial and
boundary value problems of space dynamics. Moreover, cis related to the flight-path
angle y which is useful for specifying satellite’s orientation or attitude. This
orientation is crucial to determining the effective cross-sectional area required for
both drag and solar-radiation perturbations. On the other hand, the importance of
these analytical power series representation is that, they are invariant under many
operations because, addition, multiplication, exponent ion, integration, different ion,
etc of a power series is also a power series. A fact which provides excellent flexibility
in dealing with analytical as well as computational developments of the problems
related to radial distance For computational developments, full recursive algorithm is
developed for the coefficients of the series. Also an efficient method using continued
fraction theory is provided for series evolution, moreover two devices are purposed to
secure the convergence when the time interval (t-t,) is lager. In addition the

algorithm dose not need the solution of Kepler’s equation and its variants for
parabolic and hyperbolic orbits.

2. Basic Formulations
2. 1 Differential equation
The polar equation of the relative motion of the two —body problem is given as

'r'—r62=—u/r2, 1)

where r is the radial distance, 0 the true anomaly, p is the gravitational parameter and
ézw/up/ r?, where p is the orbital parameter. Here a dot over a symbol denotes the
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derivative with respect to the time t. Since p is constant for the two body problem then
Equation(1) could be written as

qz-eq, (2)
where

q=r-p, 3)

= H

ré’

2. 2. Lagrange's Fundamental Invariants
Lagrange’s fundamental invariants [Battin, 1999] € , A and y are defined as

e= ris (4. 1)
A= ri2<r, v) 4.2)
V= i<v v), (4-3)

r

where <A, B) is used to denote the scalar product of two the vectors Aand B. The

quantities € , A and y are “invariant” because they are independent of the selected
where <A, B) is used to denote the scalar product of two the vectors Aand B. The
quantities € , A and y are “invariant” because they are independent of the selected

coordinate system and “fundamental” because they form a closed set under the
operation of time derivative, where

de

SE€_ 3en, 5.1
it S (5.1)
di )

o y—e -2, 5.2
il (5.2)
?j—‘i’ = —2(e +v). (5.3)

3. Solution by Power Series
3. 1 The basic differential equations
The basic differential equations that concerns us in the subsequent analysis are
Equations (2) and (5) written as:

d*q
—+e0=0, 6.1
gz € (6.1)
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9€ 3ca-o, (6.2)
dt

Z—th 2x(e +y),=0 (6. 3)
%+e+2k2—w:0, (6. 4)

where € ,hand y are defined by Equations (4).

3. 2 Power series solutions
Power series solutions for the above set of differential equations could be developed
as follows Battin, [1999]

Expand each of the functions q, € ,A and y in a Taylor’s series in time we
have

a=3 a,(-t)" (7.1)
:z e (t-t,), (7.2)
x:i‘; A, (T-t,)", (7.3)
v=3 v () (7-4)

The procedure is to substitute the four series given by Equations (7) into the four
differential Equations (6) and then solve for the coefficients q, ,€, ,A, and y by
comparison of the coefficients of power of time. The central mathematical device
used is the general relation

00 n

(i“nxnj (iﬁnx”]f 2, o Boy X, (®)

n=0 v=0
which converts the product of two infinite series to a double summation.

3. 3 Recurrence relations
The resulting recurrence relations are

n

-1
O —m ;Ei Qosi »

-3 n
- E A 9.2
en+l n+l e| n—i ( )

i=0

9. 1)
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1 n
Ay =—— —€. 2> A A, 9.3
n+l n +1{Wn en ; i n—|} ( )
-2 n
Vi :m z A (en—i +\Vn—i)- 9.4)

3. 4. The starting values
The starting values for the recurrence relations of Equations (9) areq, sq(to),

q, =4d(t,), e,=e(t,), A, =A(t,) and y, =w(t,) could be obtained from the

known position and velocity vectors r,(X,,Y,,Z,)and 1,(X,,¥,,2,) at the time t,
from the following algorithm

1-r, :(x§+y§+z§)%;

2- & :H/ro3 )
3- g, = (Xoxo +YOyo +Zozo)/ro;

4- Ay =01, ;
5— o = (X2 +y2+22)I2;

6- N, =Yo2'-2, ¥y ;
7—h, =7,Xg=XoZ, ;

8- hz :Xoyo_yoxo ;
9-qy=r,—(?+h2+h?)p ;

10-End

Having obtained the q's,e's,A'sand W'scoefficients recursively from the

Equations (9), then the power series expansion of r is valid for any conic orbits.
(elliptic, parabolic, hyperbolic).

r=ro+>.q,(t-t,)" (10)
n=1

4. Symbolic and Numerical Applications
4. 1 Symbolic expansions
Using the symbolic manipulation capability of the software package Mathematica, we
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generate the coefficients q; ; j=2,3,..10in terms of the known initial values

0o, d:.€, A, and y,and are listed in Table A of Appendix A..

4. 2 Numerical applications
The numerical evaluation of power series g (say):

qzzqn(t_tO)n’
n=0

may diverges when A =(t—t,) is large. To avoid this difficulty, the following two
devices could be used:

4. 2. 1Canonical units
We uses the following transformations rules [Vallado, 1997]

Rules 1: Physical to Canonical
[ =398600.4415km® /sec? - n =1ER?/TU®

|Distance p in km — Distance p” in ER such that p* = p/ER
[Time tin sec—Time t™ in TU such that t" =t/f,

[Speed s in km/sec — Speed s” in ER/TU such that s” =s/f,
where, ER =6378.1363kmis the mean equatorial radius of the Earth,,
f, =806.8109sec.and f, = 7.90536km/sec.

After performing the computations using these canonical units, we can convert the
results into the physical units by applying the following rules 2

Rules 2: Canonical to Physical
fu=1ER?/TU® — p =398600.4415km? /sec?

|Distance p” in ER —Distance p in kmsuch that p = p” xER
[Time t" in TU —Time t insecsuchthat t =t" xf,

[ Speeds”in ER/TU —Speed s in km/secsuch that s=s" xf,

If the time interval A were still large (because in orbit determination, Ais usually
small, but we include the device to cover all possibilities that may occurred )we can
use the following device

4. 2. 2 Division of the time interval

In the case in which the time interval is large we can use the process of repeat
decrementing of the time interval several times, so each time interval could be made
as small as we desired.

4. 2. 3Continued fraction
In fact, continued fraction expansions are, generally far more efficient tools for
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evaluating the classical functions than the more familiar infinite power series. Their
convergence is typically faster and more extensive than the series. Due to the
importance of accurate evaluations and the efficiency of continued fractions, We
purpose to use them as the computational tools for evaluating the radial distance. To
do so, two steps are to be performed:

1 Transform the given power series into continued fraction(poin a)

2 Evaluating the resulting continued fraction (point b)

a-Euler’s transformation

Generally an infinite series (a power series is special case of it) of functions could be
converted into a continued fraction according to Eulers transformation (Battin, 1999)
which is

iu _ n, _ n, n, ng ng
« = =
k=0 d + n, d1+ d2+d3+d4+
! n
d, + 3n
d, +—*
where

n=Uy,;n,=U; n,=-U,_,xU,;,Vi=>3

d=1;d,=U,+U,,Vi>2.

b. Top-down continued fraction evaluation

There are several methods available for the evaluation of continued fraction.
Traditionally, the fraction was either computed from the bottom up, or the numerator
and denominator of the nth convergent were accumulated separately with three-term
recurrence formulae. The draw back of the first method is, obviously, having to
decide far down the fraction to being in order to ensure convergence. The draw back
to the second method is that the numerator and denominator rapidly overflow
numerically even though their ratio tends to a well defined limit. Thus, it is clear that
an algorithm that works from top down while avoiding numerical difficulties would
be ideal from a programming standpoint.

Gautschi (1967) proposed very concise algorithm to evaluate continued fraction
from the top down and may be summarized as follows. If the continued fraction is
written as

n, n, n,

d+ d,+ d,+ =

q

then initialize the following parameters
a, =1, b,=n,/d;, q,=n,/d,

and iterate (k=1, 2, ...) according to
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1

n k+1

d kd k+1
by ={a]x - 1}b]x :

ak+l =

1+ a,

Qyr = Ay TPy -
In the limit, the g sequence converges to the value of the continued fraction
4. 2. ANumerical examples
In what follows, we shall consider three orbits the first is elliptic, the second is
parabolic, while the third is hyperbolic
The initial position and velocity vectors of the orbits are listed in Tables | and 11

Table I: The initial position vector

Orbit X (km) Yo (km) Z, (km)
1 5096. 530625 | 3997. 328251 | -1767. 35171
2 -1616. 940994 | 7756. 699643 | -7712. 188395
3 10000 0.0 0.0

Table I1: The initial velocity vector

Orbit | x, (km/sec) Y, (km/sec) z, (km/sec)
1 4. 683016085 | 0.602386847 | 4.217758697
2 -0. 6730303137 | 8. 434930957 | 0. 7055483746
3 0.0 0.0 9.2

For all three orbits we take t, =0,t=t=500sec.,m =10, where m is the number

of terms in the series of Equation (10). Applying the recurrent computations of
Section 3together with Rules 1 of Section 4. 2. 1 we get respectively for the value of
q,0f the three orbits the values q., =0.481275ER, q,, = -0.266446ER and

0o = 0.481275ER. The other coefficientsq; j=1,2,---,mare listed in the first three

columns of Table Il together with the value A’ in the fourth column. Finally we
compare the value of the radial distance r at t =500sec = 0.619724 TU as computed
from the above algorithm with its exact value, these comparisons are listed in Table
IV for the three orbits
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Table 111: The values of the g's coefficients & A’for the three orbits
] gl dr3 iy L
1 0.354604 0.658714 0.615724
2 0.206308 0. 0255706 0.228516 0.384058
3 0.0188254 0.0326577 0.2380
4 0.00328605 0. 0170653  0.0215942 0.1475
5 © 0.0036932 0. 006597602 0.0914055
6 0.00443825 0.00219 0.00362221 0.0566486
7 0.00398278 0.00035086% 0.0351065
B 0.00313643 0.0001675967 - 0.000745091 0.0217563
9 ©0.0023212 0.00020834 0.0134825
10 0.00164355 0.000131368 0.000170544 0.00835569

Table 1V: Comparison between the computed and exact values of r

Orbit | Computed r (ER) | Exact r(ER)
1 1. 1969909
2 2.17063610
3 1. 6526248

Although we used relatively small number of terms for the power series, Table 1V
shows that the present algorithm is accurate enough (~ O(10°)) for predicating radial
distance of any conic orbit.

In concluded the present paper, we stress that, universal symbolic expression for
radial distance of conic motion in recursive power series forms is developed. The
importance of this analytical power series representation is that, they are invariant
under many operations because, addition, multiplication, exponent ion, integration,
different ion, etc of a power series is also a power series. A fact which provides
excellent flexibility in dealing with analytical as well as computational developments
of the problems related to radial distance. For computational developments, full
recursive algorithm is developed for the coefficients of the series. Also an efficient
method using continued fraction theory is provided for series evolution, moreover two
devices are purposed to secure the convergence when the time interval (t-t,) is lager.

In addition dose not need the solution of Kepler’s equation and its variants for
parabolic and hyperbolic orbits.

Numerical applications of the algorithm are given for three orbits of different
eccentricities, the results showed that it is accurate for any conic motion.
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Appendix A
Table A: Symbolic expressions of the " coefficients
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