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Abstract 
 

A new method namely, separation and bound method is proposed to find an optimal 
intuitionistic fuzzy (IF) solution to fully intuitionistic fuzzy linear programming 
(IFLP) problems, in which ranking functions are not used. The proposed method is 
based on the crisp linear programming (LP) technique. In the optimal solution of the 
fully IFLP problem obtained by the proposed method, the values of the decision 
variables do not contain any negative part. Separation and bound method is an 
appropriate method to apply for finding an optimal solution of IFLP problems 
occurring in real life situations.  
 
Key words: Triangular intuitionistic fuzzy number, linear programming problems, 
intuitionistic fuzzy linear programming problems, separation and bound method. 
 
 
1. Introduction 
In operations research, linear programming (LP) is a one of the most important and 
applicable technique. In our daily life moments, we frequently deal with vague or 
imprecise information. Sometimes information available is inexact or insufficient. 
Vagueness is usually expressed by linguistic terms intervals, fuzzy numbers or 
intuitionistic fuzzy (IF) numbers. In 1965, Zadeh [8] proposed the fuzzy set theory for 
handling the vague data. After the introduction of the concept of fuzzy sets, 
Atanassov [1] introduced the concept of IF sets which is found to be highly useful to 
deal with vagueness. The major advantage of IF set over fuzzy set is that IF set 
separates the degree of membership and the degree of non-membership of an element 
in the set. In practice, it is realized that human expressions like perception, knowledge 
and behavior are represented by IF sets rather than fuzzy sets. IF set is applied in 
many fields such as medical diagnosis, decision making and logic programming etc... 
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IF optimization was introduced by Nehi [6].Dipti Dubey [2] solved the LP with 
Triangular IF numbers in which triangular IF numbers are converted into crisp set and 
solved. Parvathi and Malathi [7] solved IFLP problems by non-linear programming 
technique. Nachammai and Thangaraj [3] proposed a new method of ranking of 
generalized IF number and solved IFLP problem using the ranking function. 
Nagoorgani and Ponnalagu [4, 5] obtained an optimal solution to IFLP problem 
without converting it into crisp LP problem.  
In the existing methods [2, 3, 4, 5, 6, 7] the optimal solution of some of the IF 
decision variables to the IFLP problem have negative part which depicts that quantity 
of the product may be negative. But the negative quantity of the product has no 
physical meaning. Therefore, the solution obtained in [2, 3, 4, 5, 6, 7] for IFLP 
problems are not realistic and not applicable.  
In this paper, we develop a new method namely, separable and bound method for 
obtaining an IF optimal solution to a fully IFLP problem where all parameters are IF 
triangular numbers. The proposed method is based on algorithm of the crisp LP 
problem and provides non-negative optimal IF solution when compared with the 
existing methods [2, 3, 4, 5, 6, 7] for solving fully IFLP problem. Ranking functions 
are not used in the proposed method. With the help of numerical example, the 
proposed method of solving the fully IFLP problem is explained. The separable and 
bound method is an appropriate method for finding an applicable optimal solution to 
IFLP models for the real life problems. 
 
 
2. Preliminaries 
We need the following mathematical orientated definitions of IF set, triangular IF 
number and membership function and non-membership function of an IF set/number 
which can be found [2, 3, 4, 5, 6, 7]. 
 
Definition 2.1: Let X denote a universe of discourse and XA  . Then, an IF set of A 
in X, IA~  is defined as follows: 

  XxxxxA II AA
I  ;)(),(,~

~~   
Where    1,0:)(),( ~~ Xxx II AA   are functions such that 1)()(0 ~~  xx II AA  , 
for all Xx . For each Xx in , )(and)( ~~ xx II AA   represent the degree of 
membership and non-membership values of x in the set XA  . 
 
Definition 2.2: A fuzzy number Ia~  is a triangular IF number denoted by 
   531432 ,,,, aaaaaa  where 54321 and,,, aaaaa  are real numbers such that 

54321 aaaaa   and its membership function )(~ xIA  and non-membership 



Solving Intuitionistic Fuzzy Linear Programming Problems 543 
 

 

function )(~ xIA  are given below: 
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Let )(RIF  be a set of all triangular IF numbers over R , a set of real numbers. Based 
on ordering relation in interval theory/fuzzy set theory, we define the following: 
 
Definition 2.3: Let Ia~ =    531432 ,,,, aaaaaa  and Ib~ =    531432 ,,,, bbbbbb  be in 

)(RIF . Then,  
(a) Ia~  and Ib~  are said to be equal if ii ba  , 5,4,3,2,1i  ; 

(b) Ia~  is said to be less than or equal Ib~  if ii ba  , 5,4,3,2,1i ; 

(c) Ia~  is said to be greater than or equal Ib~  if ii ba  , 5,4,3,2,1i  ; 

(d) Ia~  is said to be equal Ib~  if ii ba  , 5,4,3,2,1i . 
 
Definition 2.4: Let Ia~ =    531432 ,,,, aaaaaa  be in )(RIF . Then, Ia~  is said to be 

positive  IIa 0~~   if 0ia . 
Consider the following fully IFLP problem 

(IFLP) Max 



n

j
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j

I
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I xcZ
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~~~  subject to  

  I
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j

I
ij bxa ~,,~~

1
 



,  (1) 

0~~ I
jx , for mi ,...,2,1 , nj ,...,2,1 ,  (2) 

where I
ija~ , I

jc~ , I
j

I
i xb ~,~

 are )( nm , )1( n , ,)1( m )1( n  triangular IF number.  
A set of triangular IF numbers 

    1,2,...njand,...,2,1,,,,,~ 531432  mixxxxxxX jjjjjj
I  is said to be a feasible IF 

solution to the problem (IFLP) if 
   1,2,...njand,...,2,1,,,,,~ 531432  mixxxxxxX jjjjjj

I  satisfies the condition (1) 
and (2).  
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A feasible IF solution    ,,,,,~ 531432
jjjjjj

I xxxxxxX  1,2,...njand,...,2,1  mi  
of the problem (IFLP) is said to be an optimal IF solution to the problem (IFLP) if 
   II UZXZ ~~   for all feasible  IU~  of the problem (IFLP). 

Here, the parameters I
i

I
j

I
j

I
ij bxca ~and~,~,~  be the IF triangular numbers 

   531432 ,,,, ijijijijijij aaaaaa ,    531432 ,,,, jjjjjj cccccc ,    531432 ,,,, jjjjjj xxxxxx  and 

  531432 ,,,, iiiiii bbbbbb  respectively. Then, the problem (FILP) can be written as 
follows:  
(IFLP) Maximize    531432 ,,,, zzzzzz   

       531432

1

531432 ,,,,,,,, jjjjjj

n

j
jjjjjj xxxxxxcccccc 



 

subject to  

        531432531432

1

531432 ,,,,},,{,,,,,,,, iiiiiijjjjjj

n

j
ijijijijijij bbbbbbxxxxxxaaaaaa  



,  

   0~   ,,,, 531432
jjjjjj xxxxxx . for mi ,...,2,1  and nj ,...,2,1 .  

Now, since    531432 ,,,, jjjjjj xxxxxx  is a triangular fuzzy intuitionistic number, then 
54321

jjjjj xxxxx    (3) 
The relation (3) is called triangular IF number constraints.  
Now, using the arithmetic operations and partial ordering relations, decompose the 
given IFLP problem as follows: 
Maximize 1z  =      531432

1

531432 ,,,,,,,, of efirst valu jjjjjj

n

j
jjjjjj xxxxxxcccccc 



 

Maximize 2z  =      531432

1

531432 ,,,,,,,, of  valuesecond jjjjjj

n

j
jjjjjj xxxxxxcccccc 



 

Maximize 3z  =      531432

1

531432 ,,,,,,,, of  valuethird jjjjjj

n

j
jjjjjj xxxxxxcccccc 



  

Maximize 4z  =      531432

1
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n

j
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Maximize 5z  =      531432

1

531432 ,,,,,,,, of efifth valu jjjjjj

n
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subject to           531432531432

1
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n

j
ijijijijijij bbbbbbxxxxxxaaaaaa  


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
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1
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for all mi ,...,2,1 , nj ,...,2,1  and all decision variables are non-negative.  
From the above decomposition problem, construct the following crisp LP problems 
namely, )3(P , )2(P , )4(P , )1(P  and )5(P as follows: 

)3(P : Maximize 3z  =      531432

1

531432 ,,,,,,,, of  valuethird jjjjjj

n

j
jjjjjj xxxxxxcccccc 



 

subject to Constraints in the decomposition problem in which at least one decision 
variable of the )3(P occurs and all decision variables are non-negative. 

)2(P : Maximize 2z  =      531432

1

531432 ,,,,,,,, of  valuesecond jjjjjj

n

j
jjjjjj xxxxxxcccccc 



 

subject to 

32 zz    
Constraints in the decomposition problem in which at least one decision variable of 
the )2(P  occurs and are not used in )3(P ; all variables in the constraints and 
objective function in )2(P  must satisfy the fuzzy triangular intuitionistic bounded 
constraints ; replacing all values of the decision variables which are obtained in )3(P  
and all decision variables are non-negative; where 

3z is the optimal objective value of 
the problem )3(P .  

)4(P : Maximize 4z  =      531432

1

531432 ,,,,,,,, of efouth valu jjjjjj

n

j
jjjjjj xxxxxxcccccc 



 

subject to 


34 zz    
Constraints in the decomposition problem in which at least one decision variable of 
the )4(P  occurs and are not used in )3(P  and )2(P ; all variables in the constraints 
and objective function in )4(P  must satisfy the fuzzy triangular intuitionistic bounded 
constraints ; replacing all values of the decision variables which are obtained in )3(P  
and all decision variables are non-negative; where 

3z  is the optimal objective value 
of the problem )3(P . 

)1(P : Maximize 1z  =      531432

1

531432 ,,,,,,,, of efirst valu jjjjjj

n

j
jjjjjj xxxxxxcccccc 



 

subject to 

21 zz    
Constraints in the decomposition problem in which at least one decision variable of 
the )1(P  occurs and are not used in )2(P , )3(P  and )4(P ; all variables in the 
constraints and objective function in )1(P  must satisfy the fuzzy triangular 
intuitionistic bounded constraints ; replacing all values of the decision variables which 
are obtained in )2(P , )3(P  and )4(P  and all decision variables are non-negative; 
where 

2z  is the optimal objective value of the problem )2(P . and  

)5(P : Maximize 5z  =      531432

1

531432 ,,,,,,,, of efifth valu jjjjjj

n

j
jjjjjj xxxxxxcccccc 



 

subject to 

45 zz    
Constraints in the decomposition problem in which at least one decision variable of 
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the )5(P  occurs and are not used in )1(P , )2(P , )3(P  and )4(P ; all variables in the 
constraints and objective function in )5(P  must satisfy the fuzzy triangular 
intuitionistic bounded constraints ; replacing all values of the decision variables which 
are obtained in )1(P , )2(P , )3(P  and )4(P  and all decision variables are non-
negative; where 

4z  is the optimal objective value of the problem )4(P .  
 
 
3. The Separation and Bound Method 
We need the following theorem which is used in the proposed method namely, 
separation and bound method to solve the fully FILP problem. 
 
THEOREM 3.1 Let } 1,2,3,4,5kandn1,2,...,j , {][  k

jj xx   be an optimal 
solution of the problems )1(P , )2(P , )3(P , )4(P  and )5(P  respectively. Then 

}...,,2,1,),,)(,,(~{]~[ 531432 njxxxxxxxx jjjjjj
I

j
I

j    is an optimal IF solution to the given 
problem (IFLP). 
 
PROOF: Since ][],[],[],[ 4321 

jjjj xxxx  and ][ 5
jx  are feasible solution of )1(P , )2(P , 

)3(P , )4(P  and )5(P  respectively.,     njxxxxxxxx jjjjjj
I

j
I

j ,...,2,1,,,,,~]~[ 531432    
is a feasible IF solution to the problem (IFLP). 
Let     njyyyyyyyy jjjjjj

I
j

I
j ,...,2,1,,,,,~]~[ 531432   be a feasible solution of (IFLP). 

Clearly, ][],[],[],[ 4321
jjjj yyyy  and ][ 5

jy  are feasible solution of )1(P , )2(P , )3(P , 
)4(P  and )5(P  respectively. 

Now, since ][],[],[],[ 4321 
jjjj xxxx  and ][ 5

jx  are optimal solution of )1(P , )2(P , 
)3(P , )4(P  and )5(P  respectively, we have  

])([])([ 1
1

1
1 jj yZxZ   ; ])([])([ 2

2
2

2 jj yZxZ   ; ])([])([ 3
3

3
3 jj yZxZ   

])([])([ 4
4

4
4 jj yZxZ   and ])([])([ 5

5
5

5 jj yZxZ   

This implies that ])~([])~([ I
j

I
j yZxZ  , for all feasible solution of the problem (IFLP). 

Therefore,     njxxxxxxxx jjjjjj
I

j
I

j ...,,2,1,,,,,~]~[ 531432    is an optimal IF solution 
to the given problem (IFLP). 
Hence the theorem.  
 
Remark 3.1: In the optimal IF solution, the values of the decision variables 

    njxxxxxxxx jjjjjj
I

j
I

j ...,,2,1,,,,,~]~[ 531432    are positive. 
Now, we propose a new algorithm namely, Separation and Bound method for solving 
IFLP problem. 
The proposed method proceeds as follows. 
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STEP 1: Construct )3(P , )2(P , )4(P , )1(P and )5(P  problems from the given the 
fully IFLP problems. 
 
STEP 2: Using existing linear programming technique, solve the problem )3(P , then 
the problems )2(P and )4(P , then the problems )1(P and )5(P  in the order only and 
obtain the values of all real decision variables 51432    and    , ,, jjjjj xxxxx  for 

nj ,...,2,1  and the values of all objectives 51432   and  ,,, zzzzz . Let the decision 

variables values be  51432    and    , ,, jjjjj xxxxx  for nj ,...,2,1  and the objective 

values be 

51432   and  ,,, zzzzz . 
 
STEP 3: The optimal FI solution to the given IFLP problems is 

I
jx ~

    531432 ,,,, jjjjjj xxxxxx , nj ,...,2,1  and the maximum IF objective value is 

  

531432 ,,,,~ zzzzzzz I   (by the Theorem 3.1.). 
 
Remark 3.2: Integer IFLP problem can be solved by using the separation and 
decomposition method after replacing the linear programming technique by integer 
linear programming technique in the solution procedures.  
Now, the separation and bound method for solving IFLP problem is illustrated using 
the following numerical examples. 
 
Example 3.1: Consider the following IFLP problem: 
Maximize       III xxZ 21

~5.4,3,5.14,3,2~5.3,2,5.03,2,1~    
Subject to  
       36,10,5.0)27,10,1(~5.3,2,5.03,2,1~5.2,1,02,1,0 21 

II xx   
       38,11,5.1)28,11,2(~5.2,1,02,1,0~5.3,2,5.03,2,1 21 

II xx    
Ixx 0~   ~,~ I

2
I

1  . 
Let ),,)(,,(~

5314321 xxxxxxx I  , ),,)(,,(~
5314322 yyyyyyx I   and  

),,)(,,(~
531432 ZZZZZZZ I   be triangular fuzzy intuitionistic numbers. 

Now, the problem )3(P  is given below:  
)3(P : Maximize 333 32 yxz   

subject to  
102 33  yx ; 112 33  yx ;  

0, 33 yx .  
Now, solving the problem )3(P  using simplex method, the optimal solution is 

3;4 33  yx and the maximum value of 173 z . 
Now, the problem )2(P is given below: 
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)2(P : Maximize 222 2yxz   
subject to  

10 22  yx ; 20 22  yx ; 32 xx   ; 32 yy   ; 322 2 zyx  ; 
0, 22 yx .  

Now, solving the problem )2(P  with 3;4 33  yx  and 173 z  using simplex 
method, the optimal solution is 1;2 22  yx and the maximum value of 42 z . 
Now, the problem )4(P  is given below: 

)4(P : Maximize 444 43 yxz   
subject to 

2732 44  yx ; 2823 44  yx ; 34 xx   ; 34 yy   ; 344 43 zyx   
0, 44 yx . 

Now, solving the problem )4(P  with 3;4 33  yx  and 173 z  using simplex 
method, the optimal solution is 5;6 44  yx and the maximum value of 384 z . 
Now, the problem )1(P is given below: 

)1(P : Maximize 111 5.15.0 yxz   
subject to  

5.05.00 11  yx ; 5.105.0 11  yx ; 21 xx   ; 21 yy   ; 211 5.15.0 zyx  ; 
0, 11 yx .  

Now, solving the problem )1(P  with 1;2 22  yx and 42 z using simplex method, 
the optimal solution is 1;2 11  yx and the maximum value of 5.21 z . 
Now, the problem )5(P  is given below: 

)5(P : Maximize 555 5.45.3 yxz   
subject to 

365.35.2 55  yx ; 385.25.3 55  yx ; 45 xx   ; 45 yy   ; 455 5.45.3 zyx   
0, 55 yx . 

Now, solving the problem )4(P  with 5;6 44  yx and 384 z , using simplex 
method, the optimal solution is 17.5;17.7 55  yx and the maximum value of 

33.485 z . 
Therefore, the optimal IF solution to the given IFLP problem is  

),,)(,,(~
5314321 xxxxxxx I   = )17.7,4,2)(6,4,2( ; 

),,)(,,(~
5314322 yyyyyyx I   = )17.5,3,1)(5,3,1( ; 

and the maximum IF objective value is ),,)(,,(~
531432 ZZZZZZZ I  =

)33.48,17,5.2)(38,17,4( . 
 
Example 3.2: Consider the following IFLP problem: 
Maximize       III xxZ 21

~5.4,3,5.14,3,2~5.3,2,5.03,2,1~    
Subject to  
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       36,10,5.0)27,10,1(~5.3,2,5.03,2,1~5.2,1,02,1,0 21 
II xx   

       38,11,5.1)28,11,2(~5.2,1,02,1,0~5.3,2,5.03,2,1 21 
II xx    

III    x,x 0~~~
21  . 

Let ),,)(,,(~
5314321 xxxxxxx I  , ),,)(,,(~

5314322 yyyyyyx I   and  
),,)(,,(~

531432 ZZZZZZZ I   be triangular fuzzy intuitionistic numbers. 
Now, the problem )3(P  is given below:  

)3(P : Maximize 333 32 yxz   
subject to  

102 33  yx ; 112 33  yx ;  
0, 33 yx .  

Now, solving the problem )3(P  using simplex method, the optimal solution is 
3;4 33  yx and the maximum value of 173 z . 

Now, the problem )2(P is given below: 
)2(P : Maximize 222 2yxz   

subject to  
10 22  yx ; 20 22  yx ; 32 xx   ; 32 yy   ; 322 2 zyx  ; 

0, 22 yx .  
Now, solving the problem )2(P  with 3;4 33  yx  and 173 z  using simplex 
method, the optimal solution is 1;2 22  yx and the maximum value of 42 z . 
Now, the problem )4(P  is given below: 

)4(P : Maximize 444 43 yxz   
subject to 

2732 44  yx ; 2823 44  yx ; 34 xx   ; 34 yy   ; 344 43 zyx   
0, 44 yx . 

Now, solving the problem )4(P  with 3;4 33  yx  and 173 z  using simplex 
method, the optimal solution is 5;6 44  yx and the maximum value of 384 z . 
Now, the problem )1(P is given below: 

)1(P : Maximize 151 5.15.0 yxz   
subject to  

5.05.00 51  yx ; 5.105.0 11  yx ; 21 xx   ; 21 yy   ; 211 5.15.0 zyx  ; 

45 xx   ; 45 yy   ; 0,,, 5511 yxyx .  
Now, solving the problem )1(P  with 1;2 22  yx ; 5;6 44  yx and 42 z using 
simplex method, the optimal solution is 5;6;1;0 5511  yxyx and the 
maximum value of 5.11 z . 
Now, the problem )5(P  is given below: 

)5(P : Maximize 555 5.45.3 yxz   
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subject to 
365.35.2 55  yx ; 385.25.3 55  yx ; 45 xx   ; 45 yy   ; 455 5.45.3 zyx   

0, 55 yx . 
Now, solving the problem )4(P  with 5;6 44  yx ; 5;6 55  yx  and 384 z , the 
maximum value of 5.435 z . 
Therefore, the optimal IF solution to the given IFLP problem is  

),,)(,,(~
5314321 xxxxxxx I   = )6,4,0)(6,4,2( ; ),,)(,,(~

5314322 yyyyyyx I   =
)5,3,1)(5,3,1( ; and the maximum IF objective value is ),,)(,,(~

531432 ZZZZZZZ I  =
)5.43,17,5.1)(38,17,4(  . 

 
 
4. Conclusion  
The main advantage of the separable and bound method is that the decision values of 
an optimal IF solution to fully IFLP problems are non-negative IF numbers. Since the 
proposed method is based on the classical linear programming algorithm so it can be 
easy to compute and to apply. The proposed method provides a meaningful and an 
applicable solution to IFLP problems. The separable and bound method can serve an 
appropriate solving tool for decision makers while they are handling real life linear 
programming problems having IF parameters. 
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