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Abstract

In this paper we obtain some characterizations of S2 1
2

spaces. We obtain conditions
for a compact set and a point not in the set for having disjoint closed neighborhoods
in S2 1

2
spaces. We have also obtained a characterization for an S1 space to be S2 1

2
.

AMS subject classification: 54D10, 54A20, 54D99.
Keywords: θ -closed, θ -convergence, S2 1

2
, S2, S1, weakly θ -Urysohn, net.

1. Introduction and Preliminaries

In [2], Dorsett introduced the concept of weakly Urysohn spaces and showed that these
spaces lie strictly between the S3 and S2 of Császár [1] and were weaker than the well
known separation axiom of Urysohn (T2 1

2
). Also it was proved that for rim-compact

spaces the concepts of S3, S2 and weakly Urysohn coincide. In [9], weakly Urysohn
was introduced in a refined form and was utilized to obtain some map gluing theorems
on sθ -continuity of maps. In [3], Dorsett obtained some characterizations of R0 and
R1 spaces in terms of nets and closures. In [5], Dube has given several conditions for a
compact set and a point outside the set to have disjoint neighborhoods in an R1 space and
proved that the set of points whose images under two given continuous functions into
an R1 space have the same closure, is closed. In [6], Dunham introduced the concept of
weakly Hausdorff spaces and proved it to be equivalent to R1 space.

As weakly Urysohn spaces are obtained from T2 1
2
, and lie strictly between the S3

and S2 separation axioms we preferred to call them S2 1
2

spaces in [10]. In this paper
analogous to weakly Hausdorff spaces we have defined weakly θ -Urysohn spaces and
have proved it to be equivalent to S2 1

2
spaces [Theorem 2.3 below]. We have also given

some conditions for a compact set and a singleton disjoint from it to have disjoint closed
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neighborhoods in an S2 1
2

space [Theorem 2.4 below] and have proved that the set of
points whose images under two given continuous functions into an S2 1

2
space have the

same closure, is θ -closed [Theorem 2.5 below]. Further a condition was obtained where
the S1 and S2 1

2
separation axioms coincide [Theorem 2.9 below]. A characterization of

S2 1
2

space was obtained in terms of regular open sets [Theorem 2.10 below].
Throughout, by a space X we shall mean a topological space and cl(A), int (A) and

AC will denote the closure, interior the complement of A in X respectively.
For a topological space X and a subset A of X, a point x ∈ X is said to be in the θ -

closure of A denoted by clθ (A) if for every neighborhood U of x we have cl(U) ∩ A �=
φ. The subset A is θ -closed if A = clθ (A) and regular open if A = int (cl(A)) or
equivalently if it is interior of some closed set. Also, a point x ∈ ker(A) if cl{x}∩A �= φ

and < x >= cl{x} ∩ ker{x}. A point x ∈ X is a θ -convergent point of a net P in X,
if the net is eventually in the closure of every neighborhood containing x. A set which
can be expressed as the closure of a singleton is said to be a point closure set. Further a
space X is said to be,

1. Urysohn (T2 1
2
) space [9] if for every pair of distinct points x and y in X there exist

neighborhoods U of x and V of y such that cl(U) ∩ cl(V ) = φ.

2. S3 (regular) space [1] if for any point x and a closed set F not containing x there
exist disjoint neighborhoods containing them.

3. S2 1
2

space [1] (S-S2 in sense of [9], weakly Urysohn in sense of [2]) if for every
pair of distinct points x and y in X, whenever cl{x} �= cl{y} then there exist
neighborhoods U of x and V of y such that cl(U) ∩ cl(V ) = φ.

4. S2 space [1] (R1 in sense of [2] [3] [5] [7] [8]) if for every pair of distinct x and y

in X, whenever cl{x} �= cl{y} then there exist disjoint neighborhoods containing
them.

5. S1 space [1] (R0 in sense of [3] [4]) if for every pair of distinct points x and y,
whenever x has a neighborhood not containing y, then y has a neighborhood not
containing x.

In this paper we shall use the following results.

Lemma 1.1. [8] For each x, y ∈ X, < x >=< y > if and only if cl{x} = cl{y} if and
only if ker{x} = ker{y}.
Lemma 1.2. [1] In an S2 space X and K ⊂ X if K is compact then cl(K) is compact.

Lemma 1.3. [4] For any space X the following statements are equivalent:

(a) X is S1 .

(b) For any x, y ∈ X, y ∈ cl{x} if and only if cl{x} = cl{y}.
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Lemma 1.4. [8] For any topological space X the following statements are equivalent:

(a) X is S2.

(b) For any x ∈ X, cl{x} = clθ {x}.
Lemma 1.5. A map f : X → Y is continuous if and only if cl(f −1(B)) ⊂ f −1(cl(B))

for all B ⊂ Y .

2. Results

Definition 2.1. A space X is weakly θ -Urysohn if and only if for any x, y ∈ X, cl{x} =
cl{y} whenever there is a net P : D → X in X which θ -converges to both x and y.

Theorem 2.2. X is weakly θ -Urysohn if and only if for each x, y ∈ X one of the
following holds.

(a) cl{x} = cl{y}.
(b) There exist neighborhoods U of x and V of y such that cl(U) ∩ cl(V ) = φ.

Proof. The proof is similar to [6, Theorem 2.2], and hence is omitted. �

Theorem 2.3. X is weakly θ -Urysohn if and only if S 1
2
.

Proof. The proof follows from Theorem 2.2 and is similar to [6, Theorem 2.7] and hence
is omitted. �

Theorem 2.4. In an S2 1
2

space, for a compact set F and x ∈ X such that x /∈ F , have
disjoint closed neighborhoods for the following cases:

(a) x /∈ cl{F }.
(b) y ∈ F implies cl{y} ⊂ F .

(c) y ∈ F implies ker{x} �= ker{y}.
(d) y ∈ F implies cl{x} �= cl{y}.
(e) y ∈ F implies < x > �=< y >.

Proof. The proof follows from Lemma 1.1 and Lemma 1.2, is straightforward and hence
is omitted. �

Theorem 2.5. If f and g are two continuous functions from a topological space (X, T )

to an S2 1
2

topological space (X∗, T ∗) then the set A = {x ∈ X : clf (x) = clg(x)} is
θ -closed in X.
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Proof. The proof follows from Lemma 1.5 is similar to [5, Theorem 3.5] and hence is
omitted. �

In [7], it is proved that a space X is S2 is equivalent to the condition that for any
x, y ∈ X, y ∈ clθ {x} if and only if every net which converges to y converges to x. We
prove that in an S2 space for any points x, y ∈ X, y is in the θ -closure of x if and only
if every net which θ -converges to y θ -converges to x. We also show that unlike above
in [7] this condition in terms of θ -convergence is not equivalent for a space to be S2.

Theorem 2.6. For any S2 space X and x, y ∈ X, y ∈ clθ {x} if and only if every net
which θ -converges to y θ -converges to x.

Proof. Let y ∈ clθ {x}.Let P : D → X be a net in X such that P θ -converges to y. Since
y ∈ clθ {x} implies x ∈ clθ {y}. As space X is S2, by Lemma 1.4 we have x ∈ cl{y}.
Thus P θ -converges to x.

Conversely, let every net which θ -converges to y θ -converges to x. Let P = y, be
a constant net in X which θ -converges to y and thus θ -converges to x which implies
x ∈ clθ {y} and hence y ∈ clθ {x}. �

The following example shows that the converse of Theorem 2.6 does not hold.

Example 2.7. Let X = {0, 1}, together with the topology T = {φ, {0}, X}. Such a
topological space is well known as Siperinski space. This space satisfies the condition
that for any x, y ∈ X, y ∈ clθ {x} if and only if every net which θ -converges to y θ-
converges to x. But since cl{0} �= cl{1} and {0}, {1} do not have disjoint neighborhoods,
the space is not S2.

In the next example we show that Theorem 2.6 does not hold if the space is not S2.

Example 2.8. Let X = Z+, the set of all positive integers together with the topology
T = {G ⊂ X : 0 /∈ G} i.e. all those sets are open which do not contain the point 0.
Let x ∈ X be any point distinct from 0. Then as cl{0} �= cl{x} and {0}, {x} do not have
disjoint neighborhoods, the space is not S2. As, {0} ∈ clθ {1} and a sequence and hence
a net defined as {1, 2, 3, 4 . . .} θ -converges to 0 but does not θ -converges to 1, Theorem
2.6 does not hold.

Theorem 2.9. Any S1 topological space X is S2 1
2

if and only if for every θ -convergent
net P in X the set of all θ -convergent points of the net P , is a point closure set.

Proof. Let X be any S1 space which is also S2 1
2
. Let P be a θ -convergent net in X such

that P θ -converges to some point x ∈ X. Let G be the set of all θ -convergent points of
the net P and let y ∈ G. Then by Theorem 2.3 cl{x} = cl{y} which implies y ∈ cl{x}
and thus G ⊂ cl{x}. If y ∈ cl{x} ⊂ clθ {x} then x ∈ clθ {y} and since every S2 1

2
is S2

by Theorem 2.6 we have P θ -converges to y. Thus, y ∈ G and it implies cl{x} ⊂ G.
Therefore, G = cl{x} and is a point closure set.

Converse follows from Lemma 1.3 and Theorem 2.3. �
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Theorem 2.10. For any topological space X the following statements are equivalent:

(a) X is S2 1
2
.

(b) If x, y ∈ X such that cl{x} �= cl{y} then there exists regular open sets U1 and U2
such that x ∈ U1, y /∈ U1, y ∈ U2, x /∈ U2 such that X = U1 ∪ U2.

Proof. (a) ⇒ (b) Let X is an S2 1
2

space. Let for any x, y ∈ X be such that cl{x} �=
cl{y}.Then as space X is S2 1

2
, there exist open sets V containing x and W containing y

such that, cl(V ) ∩ cl(W) = φ. Then, int (WC) = U1 and int (V C) = U2 being interior
of closed sets are regular open sets such that x ∈ U1, y /∈ U1 , y ∈ U2, x /∈ U2 such that
X = U1 ∪ U2.

(b) ⇒ (a) Let x, y ∈ X be such that cl{x} �= cl{y}. Then there exists regular open
sets U1 and U2 such that x ∈ U1, y /∈ U1, y ∈ U2, x /∈ U2 such that X = U1 ∪U2. Since
regular open sets are open and (U1)

C∩(U2)
C = φ ⇒ (int (cl(U1)))

C∩(int (cl(U2)))
C =

φ ⇒ cl(int (U1
C))∩ cl(int (U2

C)) = φ ⇒ cl(int (U2))∩ cl(int (U1)) = φ ⇒ cl(U2)∩
cl(U1) = φ. Therefore, there exist open sets U1 containing x and U2 containing y such
that, cl(U1) ∩ cl(U2) = φ and hence the space X is S2 1

2
. �

References

[1] À. Csàszàr, 1978, General Topology, A. Hilger Ltd., Bristol.

[2] Dorsett, C., 1988, Generalized Urysohn Spaces, Revista Colombiana de Matemti-
cas, 22, pp. 149–160.

[3] ______, 1978, R0 and R1 topological spaces, Mat. Vesnik, 2(15) (30), pp. 117–122.

[4] Dube, K. K., 1974, A note on R0 topological spaces, Mat. Vesnik, 11(26), pp.
203–208.

[5] ______, 1982, A note on R1 topological spaces, Period. Math. Hungar., 13(4), pp.
267–271.

[6] Dunham, W., 1975, Weakly Hausdorff spaces, Kyungpook Mathematical Journal,
15, pp. 41–50.

[7] Jankovic̀, D., 1981, On R0 and R1 topological spaces, Mat. Vesnik, 5(18) (33), pp.
163–171.

[8] ______, 1980, On some separation axioms and θ -closure, Mat. Vesnik, 32(4), (17),
pp. 439–449.

[9] Noorie, N. S. and Kaur, S., 2014, Map gluing theorems for theta-continuous and θ -
continuous maps on topological spaces, Journal of Advanced Studies in Topology,
5(1), pp. 9–13.

[10] Noorie, N. S. and Singh, A., 2014, Remarks on QHC and θ -closed sets, Journal of
Advanced Studies in Topology, 5(4), pp. 25–30.




	b.pdf
	Page 1



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


