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Abstract

The objective of this paper is to present common fixed point theorems under ex-
tended strict contractive condition by using g-reciprocal continuity and absorbing
maps. These results extend and generalize the recent results of R.U. Joshi et al. [5]
and we illustrate these results by suitable examples.
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1. Introduction and Preliminaries

The study of common fixed points under strict contractive conditions using noncompati-
ble mappings was initiated by Pant [2,3]. But the study of strict contractive conditions do
not ensure the existence of common fixed points, unless very strong conditions like com-
pactness are assumed. However, the concept of g-reciprocal continuity, a new analogue
of reciprocal continuity ensures the existence of common fixed points without assuming
any strong conditions on the space or on the mappings. Many works under the analogue
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of reciprocal continuity have come through from past few years(see [8]-[11] and the
references therein). Recently, Pant et al. [4], have introduced this notion of g-reciprocal
continuity, which ensures the existence of common fixed point under strict contractive
conditions without assuming any stronger conditions on the space. Following this work,
R.U. Joshi et al. [5] have proved a fixed point theorem for a generalized strict contrac-
tive condition, wherein the mappings involved are assumed to be g-compatible which
enforce commutativity at its coincidence points.

In the present paper, we use the notion of absorbing maps [6], which are neither
a subclass of compatible maps nor a subclass of noncompatible maps, as they do not
enforce commutativity at its coincidence points. Further these results are the extension
and generalization of the result of R.U. Joshi etal. and many more results in the literature.

Definition 1.1. [1] Two self maps f and g of a metric space (X,d) are called compatible
if

lim d(fgxn, gfx,) =0,
n—oo
whenever {x,} is a sequence in X such that

lim fx, = lim gx, =t
n—oo n—oo

for some ¢ in X. Thus the mappings f and g will be noncompatible if there exists at least
one sequence {x,} such that

lim fx, = lim gx, =¢
n— oo n— oo

for some 7 in X but
lim d(fgxn, &f xn)
n— oo

is either nonzero or nonexistent.

Definition 1.2. [3] Two self mappings f and g of a metric space (X, d) are called
reciprocally continuous if lim fgx, = ft and lim gfx, = gt whenever {x,} is a
n—oo n—oo
sequence in X such that
lim fx, = lim gx, =t
n—oo

n—o0

for some ¢ in X.

Definition 1.3. [4] Two self mappings f and g of a metric space (X, d) are called g-

reciprocally continuous iff lim ffx, = fr and lim gfx, = gt whenever {x,} is a
n— oo n—oo

sequence in X such that
lim fx, = lim gx, =¢
n—oo n—oo

for some ¢ in X.
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Definition 1.4. Two self mappings f and g of a metric space (X, d) are called g-
compatible if lim d(ffx,, gf,) = 0 whenever {x,} is a sequence in X such that
n—o0

lim fx, = lim gx, =t
n—oo n—o0

for some ¢ in X.

Definition 1.5. [6] A pair of self mappings (f,g) of a metric space (X, d) is called g-
absorbing if there exists some real number R > O such that d(gx, gfx) < Rd(fx, gx)
for all x in X.

Example 1.6. Let X = [0, 1], d be the usual matric on X. Define f,g : X — X by
fx=1ifx #1, f1 = 0and gx = 1 for all x. Then one can easily verify that f is
g-absorbing but it is not g-compatible.

In 2002, M. Aamri and D. El Moutawakil [7] introduced the property (E.A.), which
is a true generalization of non compatible maps in metric spaces. For works on (E.A.)
property refer [12-13].

Definition 1.7. [7] Let f, g be two self mappings of a metric space (X, d). Then we say
that f and g satisfy the property (E.A.), if there exists a sequence {x,} in X such that

lim fx, = lim gx, =t
n—oo n—oo

for somet € X.

Definition 1.8. Let (f, g) and (S, T) be two pairs of self mappings of a metric space
(X, d). Then we say that (f, g) and (S, T') satisfies the common (E.A.) property, if there
exists two sequences {x,} and {y,} in X such that

lim fx, = lim
n— oo n— oo

gx, = lim Sy, = lim Ty, =t
n—oo n—oo

forsomer € X.

2. Main Result

We now state and prove our first main result.

Theorem 2.1. Let f, g and S be three self mappings of a metric space (X,d) satisfying

1. Common (E.A.) Property

2. d(fx,Sy) < max {d(gx, gy), > , >

Vx #y.

d(fx,gx)+d(Sy,gy) d(fx,gy) +d(Sy, gx) }
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3. fand S are g-absorbing.
If one of the pair (f,g) or (S,g) is g-reciprocally continuous, then f, g and S have a unique
common fixed point.

Proof. Given that (f, g) and (S, g) satisfies Common (E.A.) Property. Then there exists
two sequences {x,} and {y,} in X such that

lim fx, = lim
n—oo n—oo
gx, = lim Sy, = lim gy, =1t
n—oo n—oo
for some t € X.
If (f, g) is g-reciprocally continuous, then ffx, — ftand gfx, — gt asn — oo.
Since f is g-absorbing, there exists Ry > 0 such that
d(gx,gfx) <Ry d(fx,gx) forallx € X.

Consider d(gx,, gfxn) < R1d(fxy, gx,,). On letting n — oo we obtain gt = ¢. Now
we will prove that fr = ¢. Consider

d(ffxn, 8f xn) +d(Syn, 8yn)
5 )

d(ffxn, Syn) < max {d(gfxn, gyn),

d(ffxn, gyn) +d(Syn, gfxn)}
2

d(ft, 1)
2

letting n — oo we obtain d( ft,t) < which gives ft =t = gt.

Similarly consider

d(ffxn, St) < maX{d(gfxn, g,

d(ffxn, 8fxn) +d(St, gt) d(ffxn, gt) +d(St, gfxn)
2 ’ 2

letting n — oo we obtain ft = St = gt = t. Thus ¢ is a common fixed point of f, g

and S.

Next, suppose that (S, g) is g-reciprocally continuous, then SSy, — St and gSy, —
gt asn — o0. Since S is g-absorbing, there exists R, > 0 such that

d(gx, gSx) < Ryd(Sx, gx) forallx € X.

Consider d(gyn, gSyn) < Rad(Syn, gyn). On letting n — 0o we obtain gt = t. Now
we will prove that St = ¢. Consider

d(fxn, 8xp) +d(SSyn, 8Syn)
2 9

d(fxn, SSyn) < max {d(gxn’ gSyn),

d(fxn, §Syn) + d(SSyn, §xn) }
2
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letting n — oo we obtain d (¢, St) <

d(St,t . ) ..
( > ) which gives St = t = gt. Similarly

consider

d(ft, gt) +d(SSyn, gSyn)
2 9

d(ft, §Sy,) < max {d(gt, gSyn),

d(ft,8Syn) +d(SSyn, gt)}
2

letting n — oo we obtain ft = St = gt = t. Thus ¢ is a common fixed point of f, g
and S.

Uniqueness: Let # and v be the two common fixed points of f, g and S. Then u =
fu=gu=Suandv = fv = gv = Sv. Now we have to prove that u = v. Suppose
that u # v. Then,

du,v) =d(fu, Sv) < max{d(gu, gv),

d(fu, gu) +d(Sv, gv) d(fu,gv)+d(Sv, gu)
2 ’ 2
which gives d(u, v) < d(u, v), a contradiction. Hence u = v. |

The above theorem is illustrated by the following example.

Example 2.2. Let X = [2, 10] and d be the usual metric on X. Define f, g, S: X — X
by

2 ifx=2
_ )2 ifx=2o0rx>5 ] 6 if2<x<5
Sx=2 VreX fx_{4 if 2 <x<5 EYEY x4+1
if x>5

The mappings (f, g) and (S, g) are g-reciprocally continuous. To see this, let {x,} =

1 2 1
5+ —¢ and {y,} = {5+ —} be two sequences in X where — — 0 asn — oo.
n n n

1 2
Thenfxn:2,gxn:2—|—3——>2,Syn=2,gyn:2+3——>2asn—>oo.

n n
ffxn=f2)=2,gfx, =g12)=2,55y, = S2) =2and gSy, = g(2) = 2. Thus
(f, g) and (S, g) satisfies the common (E.A.) property and are g-reciprocally continuous.
Also for all x € X we have

d(gx,gfx) < Rid(fx,gx) and d(gx,gSx) < Rd(Sx,gx) where R, Ry > 1.

Therefore f and S are g-absorbing. Further, f, g and S satisfy all the conditions of
Theorem 2.1 and have a unique common fixed point at x = 2.
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As a corollary of Theorem 2.1, we derive the following fixed point result for two self
mappings, which is a sharpened version of Theorem 3.1 contained in R.U. Joshi [5].

Corollary 2.3. Let f and g be g-reciprocally continuous self mappings of a metric space
(X,d) satisfying

1. (E.A.) Property

5 d(fx’fy)‘<’nax{d(gx’gy)’d(fx,gX);-d(fy,gy)’d(fx,gy);-d(fy,gX)}
Vx # y.
3. fis g-absorbing.
Then f and g have a unique common fixed point.
Proof. Put § = f in Theorem 2.1. [

Example 2.4. Let X = [1, 10] and d be the usual metric on X. Define f,g : X — X
by

4 if x>5 if x<5

. 10 if x >5
fx:{s if x <5 gx:{x—l—S

1
The mappings (f, g) is g-reciprocally continuous. To see this, let {x,} = {5 — —} be a
n

) 1
sequence in X where — — 0 asn — oo. Then
n

1
fxn :5,gxn:5—2——>5asn—> oo, ffxp= f(5) =5,8fx, =g(05) =5.
n
Thus the pair (f, g) satisfies the (E.A.) property and is g-reciprocally continuous. Also

d(gx,gfx) < Rd(fx,gx) forallx € X where R > 1.

Therefore f is g-absorbing. Further, f and g satisfies all the conditions of Corollary 2.2
and have a unique common fixed point at x = 5.

Theorem 2.5. Let f, g, S and T be four self mappings of a metric space (X,d) satisfying
1. Common (E.A.) Property

2.d(fx,Sy) < max{d(gx, Ty),
Vx #y.

3. fis g-absorbing and S is T-absorbing.

d(fx,gx)+d(Sy, Ty) d(fX,Ty)4-d(Sy,gX)}
2 ’ 2
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4. (f,g) and (S,T) are g-reciprocally continuous

Then f, g, S and T have a unique common fixed point.

Proof. Given that (f, g) and (S, T') satisfies Common (E.A.) Property. Then there exists
two sequences {x,} and {y,} in X such that

lim fx, = lim gx, = lim Sy, = lim Ty, =t forsomet € X.
n—oo n—oo n—oo n—oo

Since f is g-absorbing and S is T-absorbing, there exists Ry, R» > 0 such that
d(gx,gfx) < Rid(fx,gx) and d(Tx,TSx) < Rxd(Sx,Tx) forallx € X.
(f, g) and (S, T) are g-reciprocally continuous implies

ffxn — ft,gfx, > gt and SSy, — St and
TSy, - Tt as n — oo.
Consider d(gx,, gf xn) < Rid(fxy, gx,). On letting n — oo we obtain gt = t.

Similarly d(Ty,, T Sy,) < Rad(Syn, Ty,) gives Tt = t. Now we will prove that
ft =t. Consider

d(ffxn, Syn) < max{d(gfxn, Tyn), d(ffXn, gfxn)2+ d(Syn, Tyn),

d(ffxn, Tyn) +d(Syn, &f xn)
2

d(ft,t)
2

}

Letting n — oo we obtain d(ft,t) <

which gives ft =1t = gt.
Again Consider

d , d(SSy,, TS
d(fx,, SSy,) < max{d(gx,, TSy,), (f%n, 8%n) +2 (SSyn Yn),

d(fxna TSyn) + d(SSyn, gxn)}
2

d(St,t)

letting n — oo we obtain d(t, St) <

which gives St = t = Tt. Hence
ft =gt =S8t=Tt=t.1ie. tis acommon fixed point of f, g, Sand 7.

Uniqueness: Let # and v be the two common fixed points of f, g, S and 7. Then,
u=fu=gu=Su=Tu and v= fv=gv=Sv="Tv
Now we have to prove that u = v. Suppose that u # v. Then,

du,v) =d(fu, Sv)

{ d(fu, gu) +d(Sv, Tv) d(fu,Tv)—i—d(Sv,gu)}
< max {d(gu, Tv), > ) 5
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which gives d(u, v) < d(u, v), a contradiction. Hence u = v. [ |
Now we present an example to illustrate Theorem 2.3.

Example 2.6. Let X = [1, 10] and d be the usual metric on X. Define f, ¢, S, 7T : X —
X by

Fx = 3 ifx<3 _J6—x if x<3
*Z14 ifx>3 =11 ifx>3
2 if x <3 9 if x <3
= = 2
Sx x+3 it x> 3 Tx x+3 it x> 3

The mappings (f, g) and (S, T') are g-reciprocally continuous. To see this, let {x,} =

1 1 1
{3 — —} and {y,} = {3 + —} be two sequences in X where — — 0 as n — oo. Then
n n n

asn — 00,
1 1 2
fx,=3,8%,=3+-—=>3,8,=3+——>3,Ty, =3+-——3
n 2n1 3n ,
ffx,,:f(3)=3,gfxn=g(3)=3,SSyn=3+4——>3andTSy,,=3+3——>3
n n

Therefore (f, g) and (S, T') satisfies common (E.A.) property and are g-reciprocally
continuous. Also d(gx, gfx) < Rid(fx, gx)andd(Tx, T Sx) < Ryd(Sx, Tx) for all
x € X where R; > 1, R, > 2. Therefore f is g-absorbing and S is T-absorbing.

Further, f, g, S and T satisfies all the conditions of Theorem 2.3 and have a unique
common fixed point at x = 3.

References

[1] Jungck G, 1986, Compatible mappings and common fixed points, Int. J. Math.
Math. Sci., 9, pp. 771-779.

[2] Pant R.P., 1999, Discontinuity and fixed points, J. Math. Anal. Appl., 240, pp. 284—
289.

[3] Pant R.P., 1998, Common fixed points for four mappings, Bull. Cal. Math. Soc.,
90, pp. 281-286.

[4] Pant R.P., Bisht R.K., 2013 Common fixed points of pseudo compatible mappings,
RACSAM, doi:10.1007/S13398-013-0119-5.

[5] JoshiR.U., BishtR.K., BhattA., 2012, Common fixed points under strict contractive
condition and g-reciprocal continuity, J. Int. Acad. Phys. Sci., 16(1), pp.1-6.

[6] Gopal D.,PantR.P., Ranadive A.S., 2008, Common fixed points of absorbing maps,
Bull. Marathwada Math. Soc., 9(1), pp.43-48.



Fixed point theorems on g-reciprocal continuity 9

[7] M. Aamri, D.El. Moutawakil, 2002, Some new common fixed point theorems under
strict contractive conditions, J. Math. Anal. Appl., 270, pp.181-188.

[8] Pant R.P., Bisht R.K., Arora D., 2011, Weak reciprocal continuity and fixed point
theorems, Ann. Univ. Ferrara, 57(1), pp. 181-190.

[9] Giniswamy, Jeyanthi C., Maheshwari P.G., 2012, Fixed point theorems for com-
patible and noncompatible self maps, J. Int. Acad. Phys. Sci., 16(1), pp. 13-26.

[10] Giniswamy, Maheshwari P.G., 2014, Fixed point theorems for reciprocally contin-
uous mappings, Bull. Cal. Math. Soc, 106(1), pp. 19-30.

[11] Giniswamy, Maheshwari P.G., 2014, Fixed point theorems on f-reciprocal continu-
ity, Aryabhatta J. Math. Info., 6(1), pp. 109-114.

[12] S.Manro, AnithaT., 2014, Common fixed point theorems using property (E.A.) and
its varients involving quadratic terms, Ann. Fuzzy Math. Inform., 7(3), pp. 473—
484.

[13] Gopal D., Imdad M., Vetro C., 2011, Impact of common property (E.A.) on fixed
point theorems in fuzzy metric space, Fixed Point Theory Appl., Article ID: 297360.






	b.pdf
	Page 1



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


