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Abstract

Starting from proper coloring of vertices, various types of vertex colorings have
been studied. Recognizable colorings [1], detectable colorings [2], irregular colo-
rings [3], are coloring of vertices which distinguish the vertices in some manner.
A slight variation of irregular colorings is the Neighborhood distinguishing colo-
rings. In this case, the code of the vertex does not involve the color assigned to
the vertex. Whereas irregular coloring exists in any graph, Neighborhood Distin-
guishing Coloring exists in a graph if and only if any two non-adjacent vertices
do not have the same neighbor. The definition and some of the properties of this
coloring are given in [4] . In this paper, graph G with xypc(G) = 2 are characteri-
zed. Necessary and sufficient conditions for existence of ND-coloring in trees are
derived. A lower and upper bound for xy p¢ of union of two graphs have been found.

AMS subject classification: 05C15.
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1. Introduction

A (proper) coloring of a graph G is a function ¢ : V(G) — N having the property
that c(u) # c(v) for every pair u, v of adjacent vertices of G, where N is the set of
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positive integers. A k-coloring of G uses k colors. The chromatic number x (G) of G
is the minimum positive integer k for which there is a k-coloring of G. For a positive
integer k and a proper coloring ¢ : V(G) — {1,2,...,k} of the vertices of a graph
G, the color code of a vertex v of G (with respect to c) is the ordered (k+1)-tuple
code.(v) = (ap,ai, ... ,ax) , where ag is the color assigned to v (that is, ag = c(v))
and for 1 < i < k, a; is the number of vertices adjacent to v that are colored i . If the
coloring c is clear, we write code.(v) as code(v) or simply, code(v) = apayas ... a;.
k
Therefore, if ag = i, thena; = 0, for 1 <i < k and Zai = deggv. The coloring c is
i=1

called irregular if distinct vertices have distinct color codes and the irregular chromatic
number y;,(G) of G is the minimum positive integer k for which G has an irregular
k-coloring [3]. For any vertex u € V(G), u is assigned a k-tuple (ay, az, ... ,ax) where
a; 1s the number of vertices adjacent to u that are colored i, and if distinct vertices have
distinct codes then the coloring is called ND-coloring. The minimum cardinality of a
NDC-partition is called the ND-coloring number of G and is denoted by xypc(G) [4].
Characterization of trees which admit NDC and charaterization of bipartite graphs for
which xypc(G) = 2 are done. The xn pc number of the union of two graphs has been
found to lie between the maximum of xypc’s of the two graphs and the sum of the
xnpc’s of the two graphs.

2. Main Results

Theorem 2.1. xnypc(G) = 2if and only if G is bipartite graph satisfying the following:
Let Vi, V; be the partite sets of G. Then

@ Vil = V2l = 1.
(ii) G has one isolated vertex if ||Vi| — |V2|| = 1 and no isolated vertex if [Vi| = [V2].

(iii) Suppose Vi = {uj,us,... ,ux}and Vo = {vy,va,... ,vky1}. Thenu; hask —i + 1

neighbors in V5, 1 < i < k and V; has an isolated vertex. If |V|| = |V»| then y;
has k — i + 1 neighbors in V>, 1 < i < k and v; has k — i + 1 neighbors in V7,
1<i<k.

Proof. Let G be a bipartite graph satisfying the hypothesis. Then, clearly xy pc(G) = 2.
Conversely, Suppose xnypc(G) = 2. Then, x(G) < xnypc(G) = 2. If x(G) = 1, then
G = K,. In this case, G admits NDC if and only if r = 1. Thatis, G = K. Hence
xnpc(G) = 1, a contradiction. Therefore, x(G) = 2. Then G is bipartite. Let Vi, V>
be the partite sets of G. Suppose |Vi| > |Vo| + 2. Let Vi = {uy,un,... ,ux} and
Vo = {vi,va,..., v} where k > [ 4+ 2. Since m = {Vj, Va} is xnypc - partition of G,
the code of u; is (0, |N(u;)|). Therefore, |N(uy)|, |[N(u2)l,... ,|N(ug)| are all distinct.
Therefore |Vo| > k— 1. ie.,l > k — 1, a contradiction. Since /! < k — 2. Therefore
k <1l+1. ie., |[|Vi] — |Val| < 1. Suppose, ||Vi| — |V2|| = 1. Let without loss of
generality | V| = |Va| + 1. Let |Vi| = k + 1. Then |V;,| = k. Also, u; as k neighbors
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in V2, up has k — 1 neighbors in V,, ... ,ux41 has no neighbor in V>. i.e., G has one
isolated vertex. If |V| = |V»2| = k, then G has no isolated vertex and u; has k —i + 1
neighbors in V5, v; has k — i + 1 neighbors in V. Hence G satisfies the hypothesis.

Theorem 2.2. Let G be a graph of order n with xypc(G) = k > 2. Then G is a k-partite
graph satisfying the following: Let Vi, V,, - - -, Vi be the elements of a xy pc-partition
of G.

@ Vil =1Vjll < L foralli,j,1 <i,j <k.

(ii) If |V;| —|V;| = 1 and if | V;| > |V;| then there exists exactly one vertex in V; which
is not adjacent with any vertex in V;.

(iii) If |V;| = |V}, every vertex of V; is adjacent with some vertex of V; and vice versa.

@v) If V., ={uy,uo,--- ,ux}and Vg = {vy,va,- - - ,vkt1}, thenu; has k —i + 1 neighbors
in Vg, 1 <i < k and V; has exactly one vertex which is not adjacent with any
vertex of V,. Also, if |V,| = | V|, then u; has k —i 4+ 1 neighborsin Vs, 1 <i <k
and v; has k —i + 1 neighborsin V,, 1 <i <k.

Proof. The Proof follows on the same lines as in theorem 2.1. [

Remark 2.3. The maximum number of edges that a graph G with n vertices and

xNpc(G) = 2 can have is M

Proof.
Case(i) : n is even. Say n = 2k. Then the partite sets of G have equal cardinality,

kke+1) _[5]([5]+D
: .

namely k. By condition (iii) the number of edges is

Case(ii) : n is odd. Say n = 2k + 1. Then the partite sets of G have cardinalities
k(k +1)

>
L%J(Lz%J +1 m

k,k + 1. Also, G has an isolated vertex. Therefore, number of edges of G is

Theorem 2.4. Let T be a tree. If there exist a vertex in 7 which supports two pendant
vertices, then 7" does not admit NDC.

Proof. Obvious. [

Theorem 2.5. Let 7 be a tree. Then T admits NDC if and only if any support vertex
supports exactly one pendant vertex.

Proof. Suppose T is a tree in which any support vertex supports exactly one pendant
vertex. Let u and v be two non-adjacent vertices of 7.

Case (i) u and v are pendant vertices. Clearly N(u) # N(v).
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Case (ii) One of u or v is a pendant vertex. Then also N(u) # N(v).

Case (iii) Both « and v are not pendant vertices. Suppose u or v is a support vertex.
Then N(u) # N(v).

Case (iv) u and v are neither pendant vertices nor support vertices. If # and v have more
than one vertex as a common neighbor, then there exists a cycle, a contradiction.
Therefore, u and v have atmost one vertex as a common neighbor. Therefore,
N(u) # N(v) for any two non adjacent vertices u, v of T. Therefore, T admits
NDC. Conversely, suppose T admits NDC. Then, any support vertex supports
exactly one pendant vertex. |

Theorem 2.6. Let G be a uni-cyclic graph with g(G) > 5. Then, G admits NDC if and
only if any support vertex supports exactly one pendant vertex.

Proof. Let G be a uni-cyclic graph with g(G) > 5 and any support vertex supports
exactly one pendant vertex. Let u and v be two non-adjacent vertices.

Case (i) Letdeg(u) > 2 and deg(v) > 2. If N(u) = N(v), then g(G) < 4. Therefore,
N(u) # N(v).

Case (ii) deg(u) = 1. If deg(v) > 2, then N(u) # N(v). If deg(v) = 1, then u and v
are pendant vertices of different supports and hence N(u) # N(v). Therefore, G
admits NDC. Conversely, let G be a uni-cyclic graph with g(G) > 5 which admits
NDC. Clearly any support vertex can support exactly one pendant vertex. |

Theorem 2.7. Let G and H be two graphs such that atmost one of G, H contains an
isolate vertex. Then xypc(G U H) < xnpc(G) + xnpc(H).

Proof. Let G and H be two graphs such that atmost one of them has an isolate (Note that if
both G and H have isolates then G U H will not admit NDC-partition). Assume that both
G and H admit NDC-partition. Letmy = {V1, Va,..., Vx} bea xnypc - partition of G and
wy = {Wi,Ws,...,W;}bea xypc - partition of H. Letm = m Umg. Ifu,v € V(G),
then C,(u) = (ay,a,...,a;,0,0,...,0) and C,(v) = (b1,by,...,b:,0,0,...,0).
Since Cr,(u) # Cr,(v), Cx(u) # Cr(v). If u,v € V(H), then also C(u) # Cr(v).
Ifu e V(G)and v € V(H), then C;(u) = (ay,an,...,a;,0,0,...,0) and C;(v) =
0,0,...,0,b1,b2,...,b)). Cr(u) = Cr(v)if and only if ¢; = 0,1 < i < k and
bj =0,1 < j <. Thatisuand v are isolates in G U H, a contradiction. Therefore,
Cr(u) # Cr(v). Therefore, w isa xy pc - partition of GUH . Therefore, xxpc(GUH) <

xNpc(G) + xnpc(H). [

Remark 2.8. Let G = C5 U Cyq1. Suppose xypc(G) < 5. Any vertex of G has degree
2. There are 16 vertices. Since there are atmost 5 classes there should be 16 different
codes with 5-coordinates each of which contains either 2 in exactly one place or 1 in
exactly two placces. There are 5 different codes with 2 in exactly one place. If a code
has 1 in the first place then there are four choices for the other one in the code. If 1
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occurs in the second place, the first placce is 0 and there are three choices for another
1. If 1 occurs in the third place, the first two places must be 0 and there are two choices
for another 1. If 1 occurs in the fourth place, then the first three places are 0’s and there
is only one choice for another 1. Hence, there are 10 choices for different codes with
two 1’s. Therefore, there are only 15 possible codes with 2 in exactly one place or 1 in
exactly two places. But, Sixteen different codes are required. Therefore, xypc(G) > 5.
Let V(C1y) = {1,2,3,4,5,6,7,8,9,10,11} and V(Cs) = {1',2/,3",4",5'}. Letm =
{{8,3,5'},{2,4,2'},{5,7,10},{3,11},{6,9},{1,1’,4'}}. Then 7 is a NDC-partition for
G =CsUC11. xNpc(CsUCr11) =6 < xnpc(Cs) + xnpc(Crr1) = 8.

Theorem 2.9. Max {xnpc(G), xnpc(H)} < xnpc(G U H).

Proof. Suppose m is a NDC-partition of G U H such that |7| < xypc(G), xnpc(H).
Letwr = {Vi,Va,...,Vi}. Letm = {V{,V;,...,V[} where V/ = V; N V(G). Let
u,v € V(G). Cr(u) # Cr(v). Since |N(uw)Nv;| = ‘N(u)ﬂv; , Cri(u) # Cry(v).

Therefore, m; is a NDC - partition of G. || < k = |7n| < xnpc(G), a con-
tradiction. Therefore, |7| > xnypc(G). Similarly, || > xnypc(H). Therefore,
Max{xnpc(G), xnpc(H)} < || = xnpc(G U H). u
Corollary 2.10.

() Letmy = {V1,Va,..., Vi) and mp = (W, Wa,..., W} be xnypc - partitions of
two graphs G and H respectively. Let k < [. Let for any v € V(H), atleast
one element at a co-ordinate greater than k in the code for v is non zero. Then

xnpc(G U H) = max{xnpc(G), xnpc(H)}.

Proof. Letmr ={ViUW,VoUW>,, ..., Vi UWi, Witr,..., W} Letu,v € V(GUH).
If u,v € V(G), oru,v € V(H), then Cr(u) # Cr(v). If u € V(G)and v € V(H),
then C; (1) = (ay,a,...,a;,0,0,...,0)and C,(v) = (b1, b2, ...,bg, bi+1,...,b;). By
hypothesis by+; # 0 for some ¢t,1 < t < [ — k. Therefore, C(u) # Cr(v). The-
refore, 7 1s a NDC-partition of G U H. Therefore, xypc(G U H) < |n| =1 =
max{xnpc(G), xnpc(H)}. But, xypc(G U H) > max{xnpc(G), xnpc(H)}. The-
refore, xypc(G U H) = max{xnpc(G), xnpc(H)}. u

(ii) Let G and H be two graphs which admits xnpc - partition and let G U H have
atmost one isolate. Let m; = {Vi, Vo,..., Vi) and mo = {Wy, Wa, ..., W)} be
xnpc-partitions of two graphs G and H respectively. Let k < [. Letnm =
(ViuW, Vo UWa, ..., Vi U Wi, Wist, ..., Wil Suppose for any v € V(H) for
which C(v) has 0’s in all the co-ordinates from k+1 to 1, C(u) # Cx(v) for any
u € V(G). Then, xnpc(G U H) = max{xnpc(G), xnpc(H)}.

Proof. If uj,up € V(G), then Cr(u;) # Cr(uz). So is the case if uj,up € V(H).
Suppose u; € V(G)and u; € V(H) and N (up) N Wy, is non empty for some ¢, 1 <t <
I — k. Then C;(u1) # Cx(u2). Suppose N(uz) N Wiy, = ¢ forevery t,1 <t <[ —t.
Then by hypothesis, Cr (u1) # Cy(uz). Therefore,  is a NDC-partition of G. Therefore,



34 R. Ramar and V. Swaminathan

xvpc(GU H) < |n| =1 = max{xnpc(G), xnpc(H)}. But, xnpc(G U H) >
max{xnpc(G), xypc(H)}. Therefore, xnpc(G U H) = max{xnpc(G), xnpc(H)}.
[ |

Remark 2.11. There exist Graphs G and H for which xy pc(GUH) > max{xnpc(G),
xnvpc(H)}. See remark 2.

Remark 2.12. In the following, an example is given where

xnpc(G U H) = max{xnpc(G),

xnpc(H)}. Let G = Cg and H = Cs. Let V(G) = {uy,up,u3, uq,us,ug}, V(H) =
{u/l,u/z,ug,uﬁl,ug}. Let 7 = {{u,u},uy}, {uz,ug}, {u3,u6},{u4,u’1},{u5,u/3}}. The co-
des of the vertices are, u] : (1,1,0,0,0), u; : (0,0,0,1,1), u5 : (2,0,0,0,0), uy :
(0,1,0,0,1), u5 : (1,0,0,1,0), u; : (0,1,1,0,0), up : (1,0,1,0,0), u3 : (0,1,0,1,0),
ug :(0,0,1,0,1),us : (0,0,1,1,0) and u¢ : (1,0,0,0, 1). Hence  is a NDC-partition of
G U H. Therefore, xypc(GU H) = |t| =5 = max{xnpc(G), xnpc(H)}.
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