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1. Introduction:

Theideaof | — convergence is based on the notion of theideal | of subsetsof N ,
the set of natural numbers. The notion of ideal convergence for single sequences was
introduced first by P.Kostyrko et a [12,13] as an interesting generalization of
statistical convergence. F.Nuray and Ruckle [19] independently introduced the same
concept as the name generalized statistical convergence.

The concept of a double sequence was initially introduced by Pringsheim [21] in
the 1900s and this concept has been studied by many others. A double sequence of
real (complex) numbers is a function from Nx N to F (where F= R or C) and we

denote a double sequence as (x;) where the two subscripts run through the sequence

of Natural numbers independent of each other. Das et a [5] introduced the concept of
| — convergence of double sequences in a metric space and studied some properties.
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Also, Pratulananda Das and Prasanta Malik [20] defined the concept of | —limit
points, | —cluster points, | —Ilimit superior and | —Ilimit inferior of double
sequences. B.Tripathy, B.C.Tripathy [4] introduced the notion of | — convergence and
| — Cauchy sequence for double sequences and also Vijay Kumar [27] discussed the

basic propertiesof | and | * —convergence for double sequences.

The concept of linear 2-normed spaces has been investigated by Gahler in 1965
[6] and has been developed extensively in different subjects by others [7, 9, 10, 11,
22]. Lewandowska published a series of papers on 2-normed sets and generalized 2-
normed spaces, convergent sequences, 2-Banach spaces, etc., (see[15], [16], [17], for
more details). A.Sahiner et al [24] introduced | — cluster points of convergent
sequences in 2-normed linear spaces and Gurdal [8] investigated the relation between
| —cluster points and ordinary limit points of sequences in 2-normed spaces. The
concept of | — convergence for the double sequences in 2-normed spaces introduced
by Saeed Sarabadan and Sorayya Talebi [23].

Mehmet Acikgoz [18] introduced a very understandable and readable connection
between the concepts in p-adic numbers, p-adic analysis and linear 2-normed spaces.
B.Surender Reddy [25] introduced some properties of p-adic linear 2-normed spaces
and obtained necessary and sufficient conditions for p-adic 2-norms to be equivalent
on p-adic linear 2-normed spaces. Recently B.Surender Reddy and D.Shankaraiah
[26] introduced | — convergence of sequences and their properties in p-adic linear 2-
normed spaces.

The main aim of this paper is we introduce |, —limit operation for double
sequences in p-adic linear 2-normed space (X, N(e,e) ) is linear with respect to
summation and scalar multiplication and we investigate the relation between |, —
[imit pointsand |, — cluster points of p-adic linear 2-normed spaces.

2. Preliminaries:
In this paper, we will use the notations; p for a prime number, Z - the ring of rational

integers, Z" - the positive integers, Q- the field of rational numbers, R- the field of
real numbers, R"- the positive real numbers, Z - the ring of p-adic rational integers,
Q, - thefield of p-adic rational numbers, C- the field of complex numbersand C, -
the p-adic completion of the algebraic closure of Q, .

Definition 2.1: A double sequence x = (x;)is said to be convergent to anumber ¢ in
the Pringsheim’s sense if for each ¢ > Othere exists a positive integer m such that
| % — &k e whenever i, j > m.Then the number ¢ is called the Pringsheim limit of

the sequence x and we write asP — lim x, =& .

i,j—oeo
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Definition 2.2: A double sequence x = (x; ) is said to be Cauchy sequence if for each
£ >0 there exists a positive integer n, such that | x; —x, |< £ for every i 2m=n,
andj=nxn,.

Definition 2.3: A double sequence X = (x; ) is said to be bounded if there exists areal
number M >0 suchthat | x; < M for eachi and j .

Definition 2.4: Let K< NxN and K(mn)={(,j):(i,])e K;i<m, j <n}.If the
K(m,n)

sequence { } has a limit in Pringsheim’s sense then we say that K has a

double natural density and it is denoted as lim ~<(™")

m,n—eo

= 5,(K).

Definition 2.5: A double sequence x = (x;)is said to be statistically convergent to a
number & if for eache >0, the set A(e) ={(i, j)e NxN:|x; —& |> £} has double
natural density zero. If x=(x;) is statigtically convergent to £ then we write
S-limx, =¢.

I, ]—00

Definition 2.6: Let |, beanidea inNx N . A double sequence x = (X;)is said to be
|, —convergent to L in Pringsheim's sense if for eache >0, the set
{(,))e NxN:|x,-Lkelel,and L iscaled I, —limit of x=(x;) and we write
lz_i!,-iﬂlxii =L.

Definition 2.7: A double sequence x=(x;) is said to be |, —convergent to ¢ if
there exists a set M ={(i,]):i,j=123....}e F(l,) (. (NxN)-M € I,) such
that lim x; =& and ¢ iscalled |, —limit of x=(x;) and wewritel, —limx; =¢.

i,j—eo

Definition 2.8: A double sequence x=(x;) is |,—convergent to zero in
Pringsheim’ssenseiscalled |, — null double sequence in Pringsheim’s sense.

Suppose a mapping d,: XxXxX — Ron a non-empty set X satisfying the
following conditions, for al x,y,ze X
D,) For any two different elementsx and y in X thereisan element zin X such
that d,(x,y,2) #0
D,) d,(x y,2) = 0 when two of three elements are equal
D) d,(xy,2) =d (X, 2z y)=d,(y,zX)
D,)d,(xy,2 <d, (X, y,w)+d (x,w,2) +d,(w,Y,2) forany winX. Then d,
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is called p-adic 2-metric on X and the pair (X, d ) is called p-adic 2-metric space. If
p-adic 2-metric also satisfies the condition

d, (% y,2) <max{d, (x,y,w),d (x,w,2),d,(y,w,2)} forx,y,zwe X,
then dis called a p-adic ultra 2-metric and the pair (X,d,) iscalled a p-adic ultra 2-
metric space.
Definition 2.9: Let X be alinear space of dimension greater than 1 over K, where K
isthe real or complex numbers field. Suppose N(e,e), be a non-negative real valued
functionon X x X satisfying the following conditions:

(2-pN,) : N(x,2),=0if and only if x and z are linearly dependent vectors.

(2-pN,) : N(xy,2), =N(x,2),.N(y,2), fordl x,y,ze X,

(2= pN;) : N(x+V,2), <N(x,2),+N(y,2), fordl x,y,ze X,

(2— pN,) 1 N(A%,2), =[4 N(x,2), for dl 1e K and x,ze X .

Then N(e,e)  iscalled a p-adic 2-norm on X and the pair (X, N(e,e) ) is called
p-adic linear 2-normed space.

For every p-adic linear 2-normed space (X,N(e,e),)the function defined on
XxXxX by d,(xy,2)=N(x-2zy-2), is ap-adic 2-metric. Thus every p-adic
linear 2-normed space (X, N(e,e),) will be considered to be a p-adic 2-metric space
with this 2-metric. A double sequence {x;} of p-adic 2-metric space (X,d,)
converges to xe X if for eveye>0, there is an |>1such that
d,(%;,%2) =N(x; —z,x-2),<e for everyi,j=I. For the given two double
sequences of p-adic 2-metric space(X,d;) which are {x;} and {y,;} converges to
x,y€ X inthe p-adic 2-metric space respectively, then the double sequence of sums
X; +Y; and the product x;y,; converges to the sum x+y and to the product xy of
the limits of initial double sequences.

A double sequence {x;} of p-adic 2-metric space (X,d,) is a Cauchy sequence
with respect to the p-adic 2-metric if for eache >0, there is an | >1 such that
d, (% Xm 2 = N(X; =X, —2), <&, foreveryi>zm=l,j=n2=I.

Definition 2.10: A double sequence x=(x;) in a p-adic linear 2-normed space
(X,N(e,e),) issaid to be convergent to | e X if for each £ > Othere exists me N
such that N(x; —1,2), <& for each i,j>mand for eachze X. If x=(x;) is

convergent to | thenwewrite lim x; =1 or x, — ="l 5|

i, j—ree

Definition 2.11: A double sequence x=(x;) in a p-adic linear 2-normed space
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(X,N(e,e),) is said to be bounded if for each non zero ze X and for al i,je N

there exists M > 0 such that N(x;,2), <M . Note that a convergent double sequence
need not be bounded.

Definition 2.12: A double sequence x=(x;) in a p-adic linear 2-normed space
(X,N(e,e),) issaid to be Cauchy sequence if for each £ > 0 there exists a positive
integer n, suchthat N(x; —X,,,2), <& foreveryizm=n, and j=2nzn,.

A p-adic linear 2-normed space (X,N(e,e) ) is called complete if every Cauchy
sequence is convergent in p-adic linear 2-normed space. A p-adic linear 2-normed
space (X, N(e,e),) iscalled p-adic 2-Banach space if p-adic linear 2-normed space is
complete.

Proposition 2.13: If a double sequence {x;} in a p-adic linear 2-normed space
(X,N(e,2) ;) isconvergent toxe X, then lim N(x;,2) , = N(x,2) , for each ze X.
i,j—o0

Proposition 2.14: If lim N(x;,2) ,existsthen we say that {x;} isa Cauchy sequence

ijoe V]

with respect toN(e,e) .

Proof: Let us suppose that lim N(x;,2z) , = x. Then we can obtain a congtant M,
i,j—oo

ij?

&

suchthat i,j>M, = N(x—xij,z)p<§. If i,j,mn>M, then N(x—xij,z)p<5

andN(x—x,m,z)p<§, hence by using the triangle inequality, we have

£ &€
N = X1 2) p = NG = X+ X=X1,2) , S N(X; =X, 2) , + N(X= X, 2), <E+E:g

={x;} isaCauchy sequence with respect toN(e,e) . .

3. Main Results:

In this section, we prove that |, —limit operation for double sequences in p-adic
linear 2-normed space ( X, N(e,e),) is linear with respect to summation and scalar
multiplication. We investigate the relation between |, — cluster pointsand 1, — limit
points of double sequencesin p - adic linear 2-normed spaces.

A family of sets | < 2" (power sets of Y) is said to be an idedl if®e |, | is
additivei.e, ABel = AUBe | andhereditaryi.e,Acl,Bc A= Be |.

A non empty family of sets F < 2" is a filter on Y if and only ifde¢ F,
ANBe F foreach A Be F, and any subset of an element of F isinF . Anided |
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is caled non-trivial if | #®andY ¢ | . Clearly | isanon-trivial ideal if and only if
F=F()={Y—-A:Ae |} isafilterinY, caled the filter associated with the ideal | .

A non-trivial ideal | iscalled admissibleif and only if {{n} :neY}c I .

An admissible ideal | < 2" is said to have the property (AP) if for any sequence
{A,A,A,,..} of mutually disioint setsof | thereisa sequence {B,,B,,B,,...} of sets

such that each symmetric difference AAB, , i =1,2,3...., isfiniteand B:QBI el.

In order to distinguish between the ideals of N and Nx N we shall denote the
ideals of N by | and idealsof Nx N by1,. Ingeneral, there is no connection between

| and I, .

A non trivial ideal I, in NxN is called strongly admissible if {i}xN and
N x{i} belong to I, for eachie N. It is clear that a strongly admissible ideal is

admissible also.

Letl, ={AcNxN:@m(A) e N){i, j2m(A) =(i,]))e (NxXN)-A . Then I,
is a non trivial strongly admissible ideal and 1, is strongly admissible if and only if
l,cl,. 1,c2™" is a non trivill ided if and only if the class
F=F({)={(NxN)-A:Ael,} isafilterin NxN.

Now introducing the definition of |, — convergence for double sequence x = (x;;)
ina p-adic linear 2-normed space as follows.

Definition 3.1: A double sequence x=(x;) in a p-adic linear 2-normed space
(X,N(e,e),) issaid to be |, —convergent to | e X if for each £ >0and non zero
ze X, theset A(e) ={(i,j)e NXN:N(x;-1,2),>2¢eel, and | iscaledthe I, -
limit of the sequencex = (x;) .

If x=(x;) is I,—convergent to I, then we write I,-Ilimx; =1 or

I, ]—0ee

I, = IimN(x; =1,2) ,=0o0r I, - lim N(x;,2) , =N(l, 2) , for eachnonzeroze X.
i,j—oo0 i,j—eo

Corollary 3.2: I, —limit of convergent double sequence in a p-adic linear 2-
normed space is unique.
Proof: Let x=(x;)be a convergent double sequence in a p—adic linear 2-normed
space (X,N(e,2),). If possible suppose that |,l,are two distinct |, —limits of
X=(x;) inX.

Sincel, #1,, there exists ze X such that I, -1, and z are linearly independent.
Put N(I, -1,,2), =2¢ fore >0. Again since I ,l,are I, —limits of x=(x;) inX,
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therefore by definition of |, — convergence we have
A(e)={(,])e NxN:N(x; —1,,2) , 2¢}el,
and  A(e)={(i,j)e NxN:N(x; -1,,2), =&} e |, , foreechnonzeroze X.
Now 2¢e=N(,-1,,2),
= N(,-x; +%; —1,,2),
N((x; = 1) = (X; =11),2),
< N(x; —1,,2), +N(x; = 1,,2) (3.3
Let(i,j)e A;. Then N(x; —1,,2) <€ (3.4
From equation (3.3) and equation (3.4), N(x; —1,,2), = ¢ and hence(i, j) e A (¢) .
= A cAleel,
= A ={(i, j))e NxN:N(x, -1,,2) < e}el,
SinceA,,A; e 1,, therefore A,UUA, =NxNe I,which contradict with non

trivial 1,,. Thus our assumption that 1,1, are distinct is wrong and hence |, —limit of
convergent double sequenceina p— adic linear 2-normed space is unique.

Corollary 3.5 Let x=(x;)and y=(y,;)be two double sequences in a p-adic
linear 2-normed space (X, N(e,) ;) and I, — lim x; =1,,1, - lim y; =1,. Then
i,j—oo i,j—eo

@. I, _i!jimo(xij + yij) =l +1,

(0). 1, - limax; =adl,, where e R

i,j—eo
Proof: (a) Letx=(x;),y=(y;) be two double sequences in a p-adic linear 2-
normed space(X, N(e,e) ) andlz—i!jiirlx” :'1"21!}2‘03’” =1,. Then by definition
of I, —convergence, for eache >0
£ - £

A1=A&(§j={(l,j)€ N><N:N(xij—ll,z)pzz}el2 and
A :A{gj:{(i,j)e NXN:N(x; —1,,2), 2%}6 |, ,for eachnonzeroze X.
Let A=A(e)={(i,])e NxN:N(x; +Yy; —=(,+1,),2), 2 , for each non zero
ze X.
Suppose(i, j)e (AUA)". Then (i,j)e ANA, =(i,j)e A and (i,j)e A

= N(X; —Il,z)p<§ and  N(y; —Iz,z)p<§.

Now N((Xij + yij)_(|l+|2)!z)p = N((Xij _|1)+(yij _IZ)’Z)p
SNQG =14,2), +N(y; —1,,2),
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g €
<—+—=¢
2 2

=(,j)e A’
Therefore (A UA,))  c A° = Ac AUA,
SinceA,A € |,, therefore A UA,el,and hence Ael, for each non zero
ze X. ThUS'z—i!jiL[]o(Xu +y)) =+l =1, = limx; +1, ‘J,—ii‘lyu d.e, 1,—Ilimit

I,]—00

operation for double sequences in p— adic linear 2-normed space is linear with respect
to summation.
(b). Let I,-limx, =1, and O0zaeR. Then for eache>0, the st
i,]—oo

i,j)e NxN:N(x. —1,,2) 2i}el , for eechnon zeroze X.
ij 1 p |a| 2

={(,j)e NxN:[a|N(x; -1,,2), =€} |,, for eachnon zeroze X.

={(i,j)e NXN:N(ax; —dl,,2), 2 ¢} € |, for eachnon zeroze X.

= 'z‘J,—iElU“u =al,.

Thus 1, —limit operation for double sequences in p— adic linear 2-normed space
is linear with respect to scalar multiplication.

Definition 3.6: Let K < NxN such that for each (i,j)e NxN there exists
(mn)e Ksuch that (m,n)> (i, j)with respect to the dictionary ordering. The
sequence (X) ={X,, :(mn)e K} is said to be a subsequence of x=(x;) if
X=(x;) is a double sequence in a p-adic linear 2-normed space(X,N(e,e) ).
Otherwise If x=(x;)is a double sequence in a p-adic linear 2-normed space
(X,N(e0),) and K isasub set of NxN such that for each (i, j)e NxN there
exists (m,n) e K suchthat (m,n) > (i, j) with respect to the dictionary ordering, then
(X ={Xm :(Mn)e K} issaid to be asubsequence of x=(x;).

Definition 3.7: Let x = (x; ) be adouble sequence ina p— adic linear 2-normed space
(X,N(e0),). Anelement | e X issaid to be limit point of x=(x;)if there exists a
sub sequence of x = (x;)which is convergent tol. The set of all limit points of a
double sequence x = (x;)in X denoted by L?.

Definition 3.8: Let x = (x; ) be adouble sequence ina p— adic linear 2-normed space
(X,N(e0),). An element e X is said to be I, —Ilimit point of x=(x;)if there
exigsaset M ={(m,m;):i,je N}c NxN suchthat Mg I, and lim Xmm, =

m,m; —eo

and we denotethe set of all |, —limit pointsof x=(x;) by l,(A%).
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Definition 3.9: Let x = (x; ) be adouble sequence ina p— adic linear 2-normed space
(X,N(e0),). An element | ¢ X issaid to be |, —cluster point of x=(x;)inX if
for each £ >0 theset {(i, j)e NxN:N(x; -1,2) , <&} e |, for eechnon zeroze X
and we denotethe set of all |, —cluster pointsof x = (x;) by | ,(I).

Theorem 3.10: Let |, be a strongly admissible ideal and x=(x;) be a double
sequence in a p — adic linear 2-normed space(X,N(s,e) ). Thenl,(A%) < 1,(I7).

Proof: Letae |,(A%). This means « is a |, —limit point of a double sequence
X=(x;) ina p-adic linear 2-normed space(X,N(e,e) ). Then there exists a set
M ={(m,m;):i,je N} c NxN suchthat M ¢ I ,and

lim Xom = (3.11)

MM, e
Lete > 0. Then by equation (3.11) there exists n, € N such that for each m,m;, > n,
we have N(xmmj -a,2),<¢ ,foreachze X.

={(@i,j)e NXN:N(x; —,2), <&} 2 M -{(m,m,) :eitherm, <n, —Lor
m.<n,-1 ,foreachze X.
Since |, isstrongly admissible, therefore the set

{(i,j))e NXN:N(x; —,2), < &} & |, for eachze X.

= o isa |, — cluster point of adouble sequence x = (x;)in X .

= ael,(T7)
Thus 1,(A%) c 1,(T?).

Corollary 3.12: Let (X,N(e,e),) be afinite dimensiona p- adic linear 2-normed
space and |, < 2™" be a admissible ideal. Then for each double sequence x = (x;)
in X, 1,(T?)isclosed in X .

Proof: Obviously 1,(I'?) ¢ 1,(I?) (3.13)
Letae m Then for eache > 0, there exists, 1€ 1,(I'*) N B, («r,&) where u is a
basis for X . Choose ¢ > 0 suchthat B, (I,0) c B, (¢, €) . Obviously

{(mn)e NxN:N(x—Xy,2), <& 2{(Mmn)e NxN:N(-X,,2),<del,.
Therefore {(m,n)e NxN:N(&— X, 2), <€t e |, andae | ,(T7).

= 1,(I2) c1,(T?) (3.14)

From equation (3.13) and equation (3.14), 1,(I'?) =1,(T?) and hence I,(I'?)is
closed inX..
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Definition 3.15: Let |, c2™" be an admissible ideal and x=(x;) be a double
sequence  in a  p-adic liner  2-normed  space(X,N(ee),). If
K={(mn):mne N}e |,, then the sub sequence X, =(X,,)is caled |, —thin
subsequence of double sequence x=(x;). IfM ={(mn):mne N} ¢ I, then the
subseguence x,, =(X,,)is called |, —non thin subsequence of double sequence
X=(X;) -

Theorem 3.16: Let |, c2™" be an admissible ideal andx=(x;), y=(y;)ae
double sequence in a p-adic linear 2-normed space(X,N(e,),) such that
M ={(mn)e NXN:x, # Y} € |, then 1,(A})=1,(A%) and 1, (TF) = 1,(I7).

Proof: Let ae |,(A%).Then there is a set K ={(k,1):k,le N} I, such that
kl,.iﬂlxk' =a. LeK, ={(mn):mneK,x,#Y.,.. Then K, cMand hence
K,el,.LetK, ={(mn):mne K,x, =V.,}. ThenK,el, (If K,el, then
K=K, UK,el,, but Kel,). Now the sequence y, =(Y,,) isa I, —non thin
subsequence of double sequencey = (y; ) and y, convergesto « inX. Thisimplies
that cze 1,(A%) and hence 1,(A3) < 1,(A%) (3.17)
In the similar way, we can provethat 1,(A%) < 1,(A%) (3.18)
From equation (3.17) and equation (3.18), we havel ,(A3) = 1,(A%).
Letare |,(I7). Then K;={(mn):N(X,, -, 2), <&t e |, for each £ >0 and non
zeroze X and K, ={(mn):mne K,andx,, =V} & |,

= K, c{(m,n):N(y,,, —@,2), <&} , for each non zeroze X . This shows that,
for each £ >0 andnonzeroze X ,{(mn):N(y,, —@,2), <&} e |,

= o isal, —clugter point of y=(y;) in X.

= ae 1,(I'7) and hence | ,(I7) < 1,(T) (3.19)
In the similar way, we can easily show that 1,(I'7) < I ,(T}) (3.20)
From equation (3.19) and equation (3.20), 1 ,(I'7) = 1,(T'7)..

Corollary 3.21: Let (X,N(e,8),) be a p-adic linear 2-normed space and M; be

the set of all bounded double sequencesof X with norm
N(x) =supN(x,,,2), foreachze X, where x=(X,,) (3.22)

Then M7 isanormed linear space.
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Proof: Letx=(x;),y=(y;)e M2 and c,,c,be two scalars in a field K. Then
Xx=(x;)and y=(y;) are bounded double sequences inp-adic linear 2-normed
space (X,N(e,2),). By the definition of bounded sequence, for each non zeroze X
and for alli,je N, there exits M;,M, >0 such tha N(x;,2), <M, and
N(Y;,2)p, <M,.
Now N(c,X; +C,Y;,2), < N(C%;,2), + N(c,Y;,2),
= |C1|N(Xijiz)p+|C2 | N(yijiz)p
<leIM+lc, M,
=C, whereC=|c, |M,+|c, |M,
Therefore there exists C>0 such that N(c,x; +¢,Y;,2), <C, for each non zero
ze X andforalli,je N.
= (C,%; +C,Y;) isalso bounded double sequencein X .
= (C,%; +C,Y;) € M3 , for any two scalars ¢, ¢, inafield K.
Thus M? isalinear space.Now to complete the proof of the corollary (3.21) it is
required show that equation (3.22) isanormonM?.
(i) N(X)=0e supN(x,,,2),=0,foreach ze X

& X, =0, foreach mne N
< x=0
(i) N(ax) = supN(ax,,,2) , =sup|a|N(x,,,2),

=|a| N(x) , for each xe MZand ae K
(i) N(X+Yy) =supN(Xy, + Yo, 2) , SSUPN(Xy,, 2) , + SUPN(Y,, 2)
= N(x) + N(y), for x,ye M?
Thus M? isanormed linear space with respect to the norm equation (3.22).

Theorem 3.23: Let (X,N(e,e),) bea p-adic 2-Banach space. If |, be anontrivial
admissible ideal of Nx N and M,22 denotes the set of all bounded |, — convergent
double sequences of X . Then the set M ,22 is a closed linear subspace of the normed
linear spaceM .

Proof: From Corollary (3.21), M isalinear subspace of M. Now we have to show
that M? isclosed inM;.

Let (x"),., be a Cauchy sequence in M,22 such that (x"),, converges to x and
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xe M7. Sincex"e M{, for each n there exists an element a, e X such that
l,—limx{ =a,,ne Nand x" = (%), ;e

i,j—eo
To prove this Theorem, it is sufficient to show that xe M,zz. For this we need

show that
() (a,),.n convergesto a in X

(il, = limx, =a
i,j—eo
Proof of (i): Since (x"),., is Cauchy sequenceinM ,22 , therefore for each ¢ >0 and

ze X, there exisss N,e N such that for eachq=r=N,, we have

£
N(x-x",2). <—=.
( ) o 3

Now sincex®,x" e M2 ,s0 |, —limx?=a_ and |, -limx’ =a
Iy 2 ij q 2 ij T

— A, ={(i,j)e NxN: N(xi?—aq,z)ng}e |, and
A ={(i,j)e NxN:N(x; -a,,2), zg}e |, ,foreachnonzeroze X.
= A°={(i, j)e NxN:N(x’ —aq,z)p<§}e F(1,) and

A" ={(i, j)e NxN:N(X| —ar,z)p<§}e F(1,) , foreechze X .

= A NA eF(l,)
Since |, isnon trivial and admissible so A; N A° must be non empty set. Choose
(M, ny) € ASN A’ and therefore, for eachze X

€ r &
N(Xpn, —84:2), <3 and N(x;. —a,,2), <3

— — _ v q r RV _
Now N(a, —a,,2), = N(a; = Xnn + Xepn, T Xign, — Xy — &1 2 p

= N((aq - Xr?bno)-i_(xr?bno - ernono)-i_(xrrnon0 _ar)’z)p

SN(ay = Xpn 0 D p + NG = X 12 p + N — 2, 2),

<£+£+£:g,foremh26 X and g=r =N,
3 3 3

Therefore (a,),., is a Cauchy sequence in p-adic 2-Banach space X and it
must convergesto an elementae X . Hence (a,),., convergesto ae X with respect
toN(e,e),.

Proof of (ii): Let § >0.Since (x"),., converges tox, there exists qe N such that
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N(xq—x,z)p<g,foremh26 X (3.29)
The number g can be chosen in such away that together with equation (3.24) the
inequaity N(a, -a,2), <g , foreachze X aso holds.

Sincelz—i!jimoxi‘f =a,, therefore A, ={(i,j)e NxN: N(xi?—aq,z)ng}e |, for
eachnonzeroze X.
= A ={(i,j))e NxN:N(x{ —a,,2), <g}e F(l,), foreachze X.

Foreach(i, j)e A;, N(x;, —a,2), = N(x, - X +x] —a, +a,-a,2),
= N((x; = %)+ (x —a,)+(a, —a),2),
SN =%, 2), +N(x{ —a,,2), + N(a, - a,2)

<é+é+é:5, foreachze X.
3 3 3

p

= Theset{(i,j)e NxN:N(x; —a,2), <d}e F(l,), foreachze X.
= Theset{(i,j)e NxN:N(x; —a,2), 2d}e |,, for eachnon zeroze X.
=1, — lim x; =a. This completes the proof of the theorem.

i,j—eo
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