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ABSTRACT 
 

In this paper, we introduce −2I limit operation for double sequences in p-adic 
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1. Introduction: 
 

 

 The idea of −I convergence is based on the notion of the ideal I  of subsets of N , 
the set of natural numbers. The notion of ideal convergence for single sequences was 
introduced first by P.Kostyrko et al [12,13] as an interesting generalization of 
statistical convergence. F.Nuray and Ruckle [19] independently introduced the same 
concept as the name generalized statistical convergence.  
 

 The concept of a double sequence was initially introduced by Pringsheim [21] in 
the 1900s and this concept has been studied by many others. A double sequence of 
real (complex) numbers is a function from  NN ×  to F (where F= R or C) and we 
denote a double sequence as )( ijx  where the two subscripts run through the sequence 
of Natural numbers independent of each other. Das et al [5] introduced the concept of 

−I convergence of double sequences in a metric space and studied some properties. 



8  B.Surender Reddy and D.Shankaraiah  
 

 

Also, Pratulananda Das and Prasanta Malik [20] defined the concept of −I limit 
points, −I cluster points, −I limit superior and −I limit inferior of double 
sequences. B.Tripathy, B.C.Tripathy [4] introduced the notion of −I convergence and 

−I Cauchy sequence for double sequences and also Vijay Kumar [27] discussed the 
basic properties of I  and −∗I convergence for double sequences. 
 
 

 The concept of linear 2-normed spaces has been investigated by Gähler in 1965 
[6] and has been developed extensively in different subjects by others [7, 9, 10, 11, 
22]. Lewandowska published a series of papers on 2-normed sets and generalized 2-
normed spaces, convergent sequences, 2-Banach spaces, etc., (see [15], [16], [17], for 
more details).  A.Sahiner et al [24] introduced −I cluster points of convergent 
sequences in 2-normed linear spaces and Gurdal [8] investigated the relation between 

−I cluster points and ordinary limit points of sequences in 2-normed spaces. The 
concept of −I convergence for the double sequences in 2-normed spaces introduced 
by Saeed Sarabadan and Sorayya Talebi [23].  
 

 Mehmet Acikgoz [18] introduced a very understandable and readable connection 
between the concepts in p-adic numbers, p-adic analysis and linear 2-normed spaces. 
B.Surender Reddy [25] introduced some properties of p-adic linear 2-normed spaces 
and obtained necessary and sufficient conditions for p-adic 2-norms to be equivalent 
on p-adic linear 2-normed spaces. Recently B.Surender Reddy and D.Shankaraiah 
[26] introduced −I convergence of sequences and their properties in p-adic linear 2-
normed spaces. 
 

 The main aim of this paper is we introduce −2I limit operation for double 
sequences in p-adic linear 2-normed space ( pNX ),(, •• ) is linear with respect to 
summation and scalar multiplication and we investigate the relation between −2I
limit points and −2I cluster points of p-adic linear 2-normed spaces.  
 
 
2. Preliminaries: 
In this paper, we will use the notations;  p for a prime number, Z - the ring of rational 
integers, +Ζ - the positive integers, Q - the field of rational numbers, R - the field of 
real numbers, R+ - the positive real numbers, pZ  - the ring of p-adic rational integers, 

pQ  - the field of p-adic rational numbers, C - the field of complex numbers and pC - 
the p-adic completion of the algebraic closure of pQ .  
 

Definition 2.1: A double sequence )( ijxx = is said to be convergent to a number ξ  in 
the Pringsheim’s sense if for each 0>ε there exists a positive integer m such that 

εξ <− || jix  whenever mji ≥, .Then the number ξ  is called the Pringsheim limit of 

the sequence x and we write as ξ=−
∞→ ijji

xP
,
lim . 
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Definition 2.2: A double sequence )( ijxx = is said to be Cauchy sequence if for each 
0>ε  there exists a positive integer 0n  such that ε<− || mnij xx for every 0nmi ≥≥  

and 0nnj ≥≥ . 
 

Definition 2.3: A double sequence )( ijxx = is said to be bounded if there exists a real 
number 0>M  such that Mxij <||  for each i  and j . 
 
Definition 2.4: Let NNK ×⊂  and },;),(:),{(),( njmiKjijinmK ≤≤∈= .If the 

sequence 
⎭
⎬
⎫

⎩
⎨
⎧

mn
nmK ),(  has a limit in Pringsheim’s sense then we say that K has a 

double natural density and it is denoted as )(),(lim 2,
K

mn
nmK

nm
δ=

∞→
. 

 

Definition 2.5: A double sequence )( ijxx = is said to be statistically convergent to a 
number ξ  if for each 0>ε , the set }|:|),{()( εξε ≥−×∈= ijxNNjiA has double 
natural density zero. If  )( ijxx =  is statistically convergent to ξ  then we write 

ξ=−
∞→ ijji

xSt
,
lim . 

 

Definition 2.6: Let 2I  be an ideal in NN × . A double sequence )( ijxx = is said to be 
−2I convergent to L in Pringsheim’s sense if for each 0>ε , the set 

2}|:|),{( ILxNNji ji ∈≥−×∈ ε and L is called −2I limit of )( ijxx =  and we write

LxI ijji
=−

∞→,2 lim . 
 

Definition 2.7: A double sequence )( ijxx =  is said to be −*
2I convergent to ξ  if 

there exists a set )(,.......}3,2,1,:),{( 2IFjijiM ∈== ))(,.( 2IMNNei ∈−×  such 
that ξ=

∞→ ijji
x

,
lim  and ξ  is called −*

2I limit of )( ijxx =  and we write ξ=− ijxI lim*
2 . 

 

Definition 2.8: A double sequence )( ijxx =  is −2I convergent to zero in 
Pringsheim’s sense is called −2I null double sequence in Pringsheim’s sense. 
 

 Suppose a mapping RXXXd p →××: on a non-empty set X satisfying the 
following conditions, for all Xzyx ∈,,  
 )1D  For any two different elements x and y in X there is an element z in X such 
              that 0),,( ≠zyxd p  
 )2D 0),,( =zyxd p  when two of three elements are equal 
 )3D ),,(),,(),,( xzydyzxdzyxd ppp ==   
 )4D ),,(),,(),,(),,( zywdzwxdwyxdzyxd pppp ++≤  for any w  in X . Then pd  
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is called p-adic 2-metric on X  and the pair (X, pd ) is called p-adic 2-metric space. If 
p-adic 2-metric also satisfies the condition  
                    )},,(),,,(),,,(max{),,( zwydzwxdwyxdzyxd pppp ≤      for Xwzyx ∈,,, , 
then pd is called a p-adic ultra 2-metric and the pair ),( pdX  is called a p-adic ultra 2-
metric space.  
 
Definition 2.9: Let X be a linear space of dimension greater than 1 over K, where K 
is the real or complex numbers field. Suppose ( , ) pN • •  be a non-negative real valued 
function on X X×  satisfying the following conditions: 
 )2( 1pN−   : ( , ) 0pN x z =  if and only if x and z are linearly dependent vectors. 
 )2( 2pN−  : ( , ) ( , ) . ( , )p p pN xy z N x z N y z=  for all , ,x y z X∈ , 
 )2( 3pN−  : ( , ) ( , ) ( , )p p pN x y z N x z N y z+ ≤ +  for all , ,x y z X∈ ,  

 )2( 4pN−  : λλ =pzxN ),( ( , ) pN x z  for all Kλ ∈  and Xzx ∈, . 
 Then ( , ) pN • •  is called a p-adic 2-norm on X and the pair ( , ( , ) )pX N • • is called  
p-adic linear 2-normed space.  
 For every p-adic linear 2-normed space )),(,( pNX •• the function defined on 

XXX ××  by pp zyzxNzyxd ),(),,( −−=  is a p-adic 2-metric. Thus every p-adic 
linear 2-normed space )),(,( pNX •• will be considered to be a  p-adic 2-metric space 
with this 2-metric.  A double sequence }{ ijx  of p-adic 2-metric space ),( pdX  
converges to Xx ∈  if for every 0>ε , there is an 1≥l such that 

ε<−−= pijijp zxzxNzxxd ),(),,(  for every lji ≥, . For the given two double 
sequences of p-adic 2-metric space ),( pdX  which are }{ ijx  and }{ ijy  converges to 

Xyx ∈,  in the p-adic 2-metric space respectively, then the double sequence of sums 

ijij yx +  and the product ijij yx  converges to the sum yx +  and to the product xy  of 
the limits of initial double sequences.  
 

 A double sequence }{ ijx  of p-adic 2-metric space ),( pdX  is a Cauchy sequence 
with respect to the p-adic 2-metric if for each 0>ε , there is an 1≥l  such that

ε<−−= pmnijmnijp zxzxNzxxd ),(),,( ,   for every lmi ≥≥ , lnj ≥≥ . 
 

Definition 2.10: A double sequence )( ijxx =  in a −p adic linear 2-normed space 
)),(,( pNX ••  is said to be convergent to Xl ∈  if for each 0>ε there exists Nm ∈  

such that ε<− pij zlxN ),(  for each mji ≥, and for each Xz ∈ . If )( ijxx =  is 

convergent to l  then we write lxijji
=

∞→,
lim  or lx XpN

ij ⎯⎯⎯ →⎯ •• ]),([ . 
 

Definition 2.11: A double sequence )( ijxx =  in a −p adic linear 2-normed space 
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)),(,( pNX ••  is said to be bounded if for each non zero Xz ∈  and for all Nji ∈,  
there exists 0>M  such that MzxN pij <),( . Note that a convergent double sequence 
need not be bounded. 
 

Definition 2.12: A double sequence )( ijxx =  in a −p adic linear 2-normed space 
)),(,( pNX ••  is said to be Cauchy sequence if for each 0>ε  there exists a positive 

integer 0n  such that ε<− pmnij zxxN ),(   for every 0nmi ≥≥  and 0nnj ≥≥ . 
 

 A p-adic linear 2-normed space ( , ( , ) )pX N • •  is called complete if every Cauchy 
sequence is convergent in p-adic linear 2-normed space. A p-adic linear 2-normed 
space ( , ( , ) )pX N • •  is called p-adic 2-Banach space if p-adic linear 2-normed space is 
complete. 
 

Proposition 2.13: If a double sequence }{ ijx  in a p-adic linear 2-normed space

pNX ),(,( •• ) is convergent to Xx ∈ , then ppijji
zxNzxN ),(),(lim

,
=

∞→
 for each z∈X. 

 

Proposition 2.14: If pijji
zxN ),(lim

, ∞→
exists then we say that }{ ijx  is a Cauchy sequence 

with respect to ( , ) pN • • . 
 

Proof: Let us suppose that xzxN pijji
=

∞→
),(lim

,
. Then we can obtain a constant 1M  

such that 1, Mji >  ⇒  
2

),( ε<− pij zxxN . If  1,,, Mnmji >  then 
2

),( ε<− pij zxxN  

and
2

),( ε<− pmn zxxN , hence by using the triangle inequality, we have 

pmnijpmnij zxxxxNzxxN ),(),( −+−=− εεε =+<−+−≤
22

),(),( pmnpij zxxNzxxN        

}{ ijx⇒  is a Cauchy sequence with respect to ( , ) pN • • . 
 

3. Main Results: 
 

 In this section, we prove that −2I limit operation for double sequences in p-adic 
linear 2-normed space ( pNX ),(, •• ) is linear with respect to summation and scalar 
multiplication. We investigate the relation between −2I cluster points and −2I limit 
points of double sequences in −p adic linear 2-normed spaces.  
 

 A family of sets YI 2⊆ (power sets ofY ) is said to be an ideal if I∈Φ , I  is 
additive i.e., IBA ∈, ⇒ IBA ∈U  and hereditary i.e., IA∈ , AB ⊆ ⇒ IB ∈ .  
 

 A non empty family of sets YF 2⊂  is a filter on Y  if and only if F∉Φ , 
FBA ∈I  for each FBA ∈, , and any subset of an element of F  is in F . An ideal I
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is called non-trivial if Φ≠I and IY ∉ . Clearly I  is a non-trivial ideal if and only if 
)(IFF = }:{ IAAY ∈−=  is a filter inY , called the filter associated with the ideal I .  

A non-trivial ideal I  is called admissible if and only if{ } IYnn ⊂∈:}{ . 
 

 An admissible ideal YI 2⊂ is said to have the property (AP) if for any sequence 
{ },...,, 321 AAA  of mutually disjoint sets of I  there is a sequence { },...,, 321 BBB  of sets 

such that each symmetric difference ii BA Δ , ....,3,2,1=i  is finite and IBB ii
∈∪=

∞

=1
.  

 
 In order to distinguish between the ideals of N and NN × we shall denote the 
ideals of N by I and ideals of NN ×  by 2I . In general, there is no connection between 
I and 2I  . 

 

 A non trivial ideal 2I  in NN ×  is called strongly admissible if Ni ×}{  and 
}{iN ×  belong to 2I  for each Ni ∈ . It is clear that a strongly admissible ideal is 

admissible also. 
 

 Let })(),()(,)()((:{0 ANNjiAmjiNAmNNAI −×∈⇒≥∈∃×⊂= . Then 0I  
is a non trivial strongly admissible ideal and 2I  is strongly admissible if and only if

20 II ⊆ . NNI ×⊂ 22  is a non trivial ideal if and only if the class 
}:){()( 2IAANNIFF ∈−×==  is a filter in NN × . 

 

 Now introducing the definition of −2I convergence for double sequence )( ijxx =  
in a −p adic linear 2-normed space as follows. 
 

Definition 3.1: A double sequence )( ijxx =  in a −p adic linear 2-normed space 
)),(,( pNX ••  is said to be −2I convergent to Xl ∈  if for each 0>ε and non zero

Xz ∈ , the set 2}),(:),{()( IzlxNNNjiA pij ∈≥−×∈= εε  and l  is called the −2I
limit of the sequence )( ijxx = . 
 If )( ijxx =  is −2I convergent to l , then we write lxI ijji

=−
∞→,2 lim  or 

0),(lim
,2 =−−

∞→ pijji
zlxNI  or ppijji

zlNzxNI ),(),(lim
,2 =−

∞→
 for each non zero Xz ∈ . 

 

Corollary 3.2: −2I limit of convergent double sequence in a −p adic linear 2-
normed space is unique. 
 

Proof: Let )( ijxx = be a convergent double sequence in a −p adic linear 2-normed 
space )),(,( pNX •• .  If possible suppose that 21, ll are two distinct −2I limits of 

)( ijxx =  in X . 
 Since 21 ll ≠ , there exists Xz ∈  such that 21 ll −  and z are linearly independent. 
Put ε2),( 21 =− pzllN  for 0>ε . Again since 21, ll are −2I limits of )( ijxx =  in X , 
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therefore by definition of −2I convergence we have  

           211 }),(:),{()( IzlxNNNjiA pij ∈≥−×∈= εε  
 and    222 }),(:),{()( IzlxNNNjiA pij ∈≥−×∈= εε  , for each non zero Xz ∈ . 
Now        pzllN ),(2 21 −=ε  
                = pijij zlxxlN ),( 21 −+−  
                = pijij zlxlxN )),()(( 12 −−−  
               ≤ pijpij zlxNzlxN ),(),( 21 −+−  (3.3) 

Let cAji 2),( ∈ . Then ε<− pij zlxN ),( 2  (3.4) 
From equation (3.3) and equation (3.4), ε≥− pij zlxN ),( 1  and hence )(),( 1 εAji ∈ . 

 212 )( IAAC ∈⊂⇒ ε  
 222 }),(:),{( IzlxNNNjiA pij

c ∈<−×∈=⇒ ε   

 Since 222 , IAA c ∈ , therefore 222 INNAA c ∈×=U which contradict with non 
trivial 2I . Thus our assumption that 21, ll  are distinct is wrong and hence −2I limit of 
convergent double sequence in a −p adic linear 2-normed space is unique. 
 

Corollary 3.5: Let )( ijxx = and )( ijyy = be two double sequences in a −p adic 
linear 2-normed space )),(,( pNX ••  and 1,2 lim lxI ijji

=−
∞→

, 2,2 lim lyI ijji
=−

∞→
. Then  

(a).  21,2 )(lim llyxI ijijji
+=+−

∞→
 

(b). 1,2 lim lxI ijji
αα =−

∞→
, where R∈α  

Proof: (a) Let )( ijxx = , )( ijyy =  be two double sequences in a −p adic linear 2-
normed space )),(,( pNX ••  and 1,2 lim lxI ijji

=−
∞→

, 2,2 lim lyI ijji
=−

∞→
. Then by definition 

of −2I convergence, for each 0>ε , 

  2111 }
2

),(:),{(
2

IzlxNNNjiAA pij ∈≥−×∈=⎟
⎠
⎞

⎜
⎝
⎛= εε  and       

2222 }
2

),(:),{(
2

IzlxNNNjiAA pij ∈≥−×∈=⎟
⎠
⎞

⎜
⎝
⎛= εε  , for each non zero Xz ∈ . 

Let ( ) })),((:),{( 21 εε ≥+−+×∈== pijij zllyxNNNjiAA  , for each non zero
Xz ∈ . 

Suppose cAAji )(),( 21 U∈ . Then cc AAji 21),( I∈   cAji 1),( ∈⇒  and cAji 2),( ∈  

2
),( 1

ε<−⇒ pij zlxN   and   
2

),( 2
ε<− pij zlyN . 

 Now  pijijpijij zlylxNzllyxN )),()(()),()(( 2121 −+−=+−+  
                                                           pijpij zlyNzlxN ),(),( 21 −+−≤  
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22
εε +< =ε  

                                                         cAji ∈⇒ ),(  
       Therefore cc AAA ⊂)( 21 U  21 AAA U⊂⇒  
 Since 221 , IAA ∈ , therefore 221 IAA ∈U and hence 2IA ∈  for each non zero

Xz ∈ . Thus ijjiijjiijijji
yIxIllyxI

∞→∞→∞→
−+−=+=+−

,2,221,2 limlim)(lim .i.e., −2I limit 

operation for double sequences in −p adic linear 2-normed space is linear with respect 
to summation. 
 (b). Let 1,2 lim lxI ijji

=−
∞→

 and R∈≠ α0 . Then for each 0>ε , the set 

21 }
||

),(:),{( IzlxNNNji pij ∈≥−×∈
α
ε  , for each non zero Xz ∈ . 

 21 }),(|:|),{( IzlxNNNji pij ∈≥−×∈⇒ εα , for each non zero Xz ∈ . 
 21 }),(:),{( IzlxNNNji pij ∈≥−×∈⇒ εαα , for each non zero Xz ∈ . 
 1.2 lim lxI ijji

αα =−⇒
∞→

. 

 Thus −2I limit operation for double sequences in −p adic linear 2-normed space 
is linear with respect to scalar multiplication. 
 

Definition 3.6: Let NNK ×⊂  such that for each NNji ×∈),(  there exists 
Knm ∈),( such that ),(),( jinm > with respect to the dictionary ordering. The 

sequence }),(:{)( Knmxx mnK ∈=  is said to be a subsequence of )( ijxx =  if 
)( ijxx =  is a double sequence in a −p adic linear 2-normed space )),(,( pNX •• . 

Otherwise If )( ijxx = is a double sequence in a −p adic linear 2-normed space
)),(,( pNX ••  and K is a sub set of NN ×  such that for each NNji ×∈),(  there 

exists Knm ∈),(  such that ),(),( jinm >  with respect to the dictionary ordering, then 
}),(:{)( Knmxx mnK ∈=  is said to be a subsequence of )( ijxx = . 

 

Definition 3.7: Let )( ijxx = be a double sequence in a −p adic linear 2-normed space
)),(,( pNX •• . An element Xl ∈  is said to be limit point of )( ijxx = if there exists a 

sub sequence of )( ijxx = which is convergent to l . The set of all limit points of a 

double sequence )( ijxx = in X  denoted by 2
xL . 

 

Definition 3.8: Let )( ijxx = be a double sequence in a −p adic linear 2-normed space
)),(,( pNX •• . An element Xl ∈  is said to be −2I limit point of )( ijxx = if there 

exists a set NNNjimmM ji ×⊂∈= },:),{(  such that 2IM ∉ and lx
ji

ji
mmmm

=
∞→,

lim

and we denote the set of all −2I limit points of )( ijxx =  by )( 2
2 xI Λ . 
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Definition 3.9: Let )( ijxx = be a double sequence in a −p adic linear 2-normed space
)),(,( pNX •• . An element Xl ∈  is said to be −2I cluster point of )( ijxx = in X  if 

for each 0>ε  the set 2}),(:),{( IzlxNNNji pij ∉<−×∈ ε  for each non zero Xz ∈  

and we denote the set of all −2I cluster points of )( ijxx = by )( 2
2 xI Γ . 

 

Theorem 3.10: Let 2I  be a strongly admissible ideal and )( ijxx =  be a double 
sequence in a −p adic linear 2-normed space )),(,( pNX •• . Then )()( 2

2
2

2 xx II Γ⊆Λ . 
 

Proof: Let )( 2
2 xI Λ∈α . This means α  is a −2I limit point of a double sequence 

)( ijxx =  in a −p adic linear 2-normed space )),(,( pNX •• . Then there exists a set 
NNNjimmM ji ×⊂∈= },:),{(  such that 2IM ∉ and  

  α=
∞→ ji

ji
mmmm

x
,
lim  (3.11) 

Let 0>ε . Then by equation (3.11) there exists Nn ∈0  such that for each 0, nmm ji ≥  
we have εα <− pmm zxN

ji
),(  , for each Xz ∈ . 

 :),{(}),(:),{( jipij mmMzxNNNji −⊇<−×∈⇒ εα either 10 −≤ nm j or 
}10 −≤ nmk  , for each Xz ∈ . 

Since 2I  is strongly admissible, therefore the set 
   2}),(:),{( IzxNNNji pij ∉<−×∈ εα , for each Xz ∈ . 
 α⇒  is a −2I cluster point of a double sequence )( ijxx = in X . 
 )( 2

2 xI Γ∈⇒α  
Thus )()( 2

2
2

2 xx II Γ⊆Λ . 
 

Corollary 3.12: Let )),(,( pNX ••  be a finite dimensional −p adic linear 2-normed 

space and NNI ×⊂ 22  be a admissible ideal. Then for each double sequence )( ijxx =  
in X , )( 2

2 xI Γ is closed in X . 

Proof: Obviously )()( 2
2

2
2 xx II Γ⊆Γ  (3.13) 

Let )( 2
2 xI Γ∈α . Then for each 0>ε , there exists, ),()( 2

2 εαux BIl IΓ∈  where u is a 
basis for X . Choose 0>δ  such that ),(),( εαδ uu BlB ⊆ . Obviously  

2}),(:),{(}),(:),{( IzxlNNNnmzxNNNnm pmnpmn ∉<−×∈⊇<−×∈ δεα . 
Therefore 2}),(:),{( IzxNNNnm pmn ∉<−×∈ εα  and )( 2

2 xI Γ∈α . 

⇒   )( 2
2 xI Γ ⊆ )( 2

2 xI Γ   (3.14) 

 From equation (3.13) and equation (3.14), )()( 2
2

2
2 xx II Γ=Γ  and hence )( 2

2 xI Γ is 
closed in X . 
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Definition 3.15: Let NNI ×⊂ 22  be an admissible ideal and )( ijxx =  be a double 
sequence in a −p adic linear 2-normed space )),(,( pNX •• . If 

2},:),{( INnmnmK ∈∈= , then the sub sequence )( mnK xx = is called −2I thin 
subsequence of double sequence )( ijxx = . If 2},:),{( INnmnmM ∉∈= , then the 
subsequence )( mnM xx = is called −2I non thin subsequence of double sequence

)( ijxx = . 
 

Theorem 3.16: Let NNI ×⊂ 22  be an admissible ideal and )( ijxx = , )( ijyy = are 
double sequence in a −p adic linear 2-normed space )),(,( pNX ••  such that 

2}:),{( IyxNNnmM mnmn ∈≠×∈= ,then )()( 2
2

2
2 yx II Λ=Λ  and )()( 2

2
2

2 yx II Γ=Γ . 
 

Proof: Let )( 2
2 xI Λ∈α .Then there is a set  2},:),{( INlklkK ∉∈=  such that 

α=
∞→ kllk

x
,
lim . Let },,:),{(1 mnmn yxKnmnmK ≠∈= . Then MK ⊂1 and hence 

21 IK ∈ .Let },,:),{(2 mnmn yxKnmnmK =∈= . Then 22 IK ∉  (If  22 IK ∈  then 

221 IKKK ∈= U , but 2IK ∉ ). Now the sequence )(
2 mnK yy =  is a −2I non thin 

subsequence of double sequence )( ijyy = and 
2Ky  converges to α  in X . This implies 

that )( 2
2 yI Λ∈α  and hence )()( 2

2
2

2 yx II Λ⊆Λ  (3.17) 

In the similar way, we can prove that )()( 2
2

2
2 xy II Λ⊆Λ   (3.18) 

From equation (3.17) and equation (3.18), we have )()( 2
2

2
2 yx II Λ=Λ . 

Let )( 2
2 xI Γ∈α . Then 23 }),(:),{( IzxNnmK pmn ∉<−= εα  for each 0>ε  and non 

zero Xz ∈  and 234 },:),{( IyandxKnmnmK mnmn ∉=∈=  
 }),(:),{(4 εα <−⊂⇒ pmn zyNnmK  , for each non zero Xz ∈ . This shows that, 
for each 0>ε  and non zero Xz ∈ , 2}),(:),{( IzyNnm pmn ∉<− εα  
 α⇒  is a −2I cluster point of )( ijyy =  in X . 

 )( 2
2 yI Γ∈⇒α  and hence )()( 2

2
2

2 yx II Γ⊆Γ  (3.19) 

In the similar way, we can easily show that )()( 2
2

2
2 xy II Γ⊆Γ  (3.20) 

From  equation (3.19) and equation (3.20), )()( 2
2

2
2 yx II Γ=Γ . 

 

Corollary 3.21: Let )),(,( pNX ••  be a −p adic linear 2-normed space and 2
2M  be 

the set of all bounded double sequences of X  with norm  
pmn

nm
zxNxN ),(sup)(

,
=   for each Xz ∈ , where )( nmxx =  (3.22) 

Then 2
2M  is a normed linear space. 
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Proof: Let )( ijxx = , 2
2)( Myy ij ∈=  and 21 ,cc be two scalars in a field K. Then 

)( ijxx = and )( ijyy =  are bounded double sequences in −p adic linear 2-normed 
space )),(,( pNX •• . By the definition of bounded sequence, for each non zero Xz ∈  
and for all Nji ∈, , there exists 0, 21 >MM  such that 1),( MzxN pij <  and

2),( MzyN pij < . 
Now        pijpijpijij zycNzxcNzycxcN ),(),(),( 2121 +≤+  
                                                = pijpij zyNczxNc ),(||),(|| 21 +  
                                                < 2211 |||| McMc +  
                                                = C, where C= 2211 |||| McMc +  
 Therefore there exists C>0 such that CzycxcN pijij <+ ),( 21 , for each non zero

Xz ∈  and for all Nji ∈, . 
 )( 21 ijij ycxc +⇒  is also bounded double sequence in X . 

 2
221 )( Mycxc ijij ∈+⇒  , for any two scalars 21 ,cc  in a field K. 

Thus 2
2M  is a linear space.Now to complete the proof of the corollary (3.21) it is 

required show that equation (3.22) is a norm on 2
2M . 

(i)  0),(sup0)(
,

=⇔= pmn
nm

zxNxN  , for each Xz ∈  

                     0=⇔ mnx , for each Nnm ∈,  
                     0=⇔ x  
(ii) pmn

nm
zaxNaxN ),(sup)(

,
= pmn

nm
zxNa ),(||sup

,
=  

                                              pmn
nm

zxNa ),(sup||
,

=  

                                              )(|| xNa=  , for each 2
2Mx ∈ and Ka ∈  

(iii)  pmnmn
nm

zyxNyxN ),(sup)(
,

+=+ pmn
nm

pmn
nm

zyNzxN ),(sup),(sup
,,

+≤  

                                                            )()( yNxN += , for 2
2, Myx ∈  

Thus 2
2M  is a normed linear space with respect to the norm equation (3.22). 

 

Theorem 3.23: Let )),(,( pNX ••  be a −p adic 2-Banach space. If 2I  be a non trivial 

admissible ideal of NN ×  and 2
2IM  denotes the set of all bounded −2I convergent 

double sequences of X . Then the set 2
2IM  is a closed linear subspace of the normed 

linear space 2
2M . 

Proof: From Corollary (3.21), 2
2IM  is a linear subspace of 2

2M . Now we have to show 

that 2
2IM  is closed in 2

2M . 

 Let Nn
nx ∈)( be a Cauchy sequence in 2

2IM  such that Nn
nx ∈)( converges to x  and
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2
2Mx ∈ . Since 2

2I
n Mx ∈ , for each n  there exists an element Xan ∈  such that 

n
n
ijji

axI =−
∞→,2 lim , Nn ∈ and Njiij

n xx ∈= ,)(  

 To prove this Theorem, it is sufficient to show that 2
2IMx ∈ . For this we need 

show that  
(i)  Nnna ∈)(  converges to a  in X  
(ii) axI ijji

=−
∞→,2 lim  

 

Proof of (i): Since Nn
nx ∈)(  is Cauchy sequence in 2

2IM , therefore for each 0>ε  and
Xz ∈ , there exists NN ∈0  such that for each 0Nrq ≥≥ , we have

3
),( ε<− p

rq zxxN . 

Now since 2
2

, I
rq Mxx ∈ , so q

q
ij axI =− lim2  and r

r
ij axI =− lim2  

 
2}

3
),(:),{( IzaxNNNjiA pq

q
ijq ∈≥−×∈=⇒

ε  and                          

      2}
3

),(:),{( IzaxNNNjiA pr
r
ijr ∈≥−×∈= ε  , for each non zero Xz ∈ . 

 
)(}

3
),(:),{( 2IFzaxNNNjiA pq

q
ij

c
q ∈<−×∈=⇒

ε  and                               

      )(}
3

),(:),{( 2IFzaxNNNjiA pr
r
ij

c
r ∈<−×∈= ε  , for each Xz ∈ . 

 )( 2IFAA c
r

c
q ∈⇒ I  

 Since 2I  is non trivial and admissible so c
r

c
q AA I  must be non empty set. Choose 

c
r

c
q AAnm I∈),( 00  and therefore, for each Xz ∈ . 

3
),(

00

ε<− pq
q

nm zaxN   and  
3

),(
00

ε<− pr
r

nm zaxN . 

Now  pr
r

nm
r

nm
q

nm
q

nmqprq zaxxxxaNzaaN ),(),(
00000000

−−++−=−  

                                  pr
r

nm
r

nm
q

nm
q

nmq zaxxxxaN )),()()((
00000000

−+−+−=  

                                  pr
r

nmp
r

nm
q

nmp
q

nmq zaxNzxxNzxaN ),(),(),(
00000000

−+−+−≤  

                                  
333
εεε ++< ε= , for each Xz ∈  and 0Nrq ≥≥  

 Therefore Nnna ∈)(  is a Cauchy sequence in −p adic 2-Banach space X  and it 
must converges to an element Xa ∈ . Hence Nnna ∈)(  converges to Xa ∈  with respect 
to pN ),( •• . 
 

Proof of (ii): Let 0>δ .Since Nn
nx ∈)( converges to x , there exists Nq ∈  such that
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3
),( δ<− p

q zxxN , for each Xz ∈  (3.24) 

 The number q can be chosen in such a way that together with equation (3.24) the 

inequality 
3

),( δ<− pq zaaN  , for each Xz ∈  also holds. 

Since q
q
ijji

axI =−
∞→,2 lim , therefore 2}

3
),(:),{( IzaxNNNjiA pq

q
ijq ∈≥−×∈= δ  for 

each non zero Xz ∈ . 

)(}
3

),(:),{( 2IFzaxNNNjiA pq
q
ij

c
q ∈<−×∈=⇒

δ ,  for each Xz ∈ . 

For each c
qAji ∈),( , pqq

q
ij

q
ijijpij zaaaxxxNzaxN ),(),( −+−+−=−  

                                                        pqq
q
ij

q
ijij zaaaxxxN )),()()(( −+−+−=  

                                                        pqpq
q
ijp

q
ijij zaaNzaxNzxxN ),(),(),( −+−+−≤  

                                                        
333
δδδ ++< δ= ,  for each Xz ∈ . 

⇒  The set )(}),(:),{( 2IFzaxNNNji pij ∈<−×∈ δ , for each Xz ∈ . 
⇒  The set 2}),(:),{( IzaxNNNji pij ∈≥−×∈ δ , for each non zero Xz ∈ . 

axI ijji
=−⇒

∞→,2 lim . This completes the proof of the theorem. 
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