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Abstract

This paper aims to introduce the new concept of rational type four fuzzy contraction
mappings in fuzzy metric spaces. We prove some fixed point theorems under rational
type fuzzy contraction conditions for two pairs of maps in fuzzy metric spaces using
compatibility and E.A property.
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1. Introduction and Preliminaries

In 1965, the concept of fuzzy set was introduced by Zadeh [15] to represent vagueness in
everyday life. In 1975, Kramosil and Michalek [7] invented new concept of fuzzy metric
space which is generalization of Probabilistic metric spaces. After that George and
Veeramani [4] modified the concept which is used in quantum particle Physics and Topology.
George and Veeramani [4] introduced the concept of complete fuzzy metric space.

In particular the fuzzy distance between two equal points is 1 while in cases when one point
is far from other one the fuzzy distance between them is closed to 0. The degree of closeness
of two points in a fuzzy metric space corresponds to the probability of coincidence of these
points.

In 1986, Jungek [6] introduced weakly compatible mappings. In 2002, Aamri et. al. [1]
generalized the concept of non-compatibility and gave the new contraction by defining E.A

property.
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Definition 1.1. [15] Let X be any set. A fuzzy set A of X is a function from domain X and
valuesin [0,1].

Example 1.2. Consider U = {a,b,c,d} and A: U — [0,1] define as A(a) = 0, A(b) =
0.5, A(c) =0.2and A(d) = 1. Then A is a fuzzy set on U. This fuzzy set also can be
written as follows:

George, A. and Veeramani [4] gave the concept of fuzzy metric space.

Definition 1.3. [4] A 3- tuple (X, M,*) is said to be a fuzzy metric space if X is an arbitrary
set, = is a continuous t-norm and M is a fuzzy set on X? X (0, ») satisfying the following
properties:

(FMS1) M(p,q,t) > 0,

(FMS 2) M(p,q,t) = 1lifandonlyif p = g;
(FMS3) M(p,q,t) = M(q,p,t);

(FMS 4) M(p,q,t) * M(q,7,s) < M(p,1,t + s);
(FMS5) M(p,q,.): (0,00) — (0,1] is continuous,
forallp,q,r € Xands,t > 0.

Then M is called a fuzzy metric on P. The function M(p, g, t) denote the degree of nearness
between p and g with respect to t.

Definition 1.4. [3] A binary operation =: [0,1] x [0,1] — [0,1] is said a continuous t-norm
if it satisfies the following conditions:

() isassociative and commutative,
(if) is continuous,
(ili)) a x 1=aforalla €[0,1] and

(iv) a*b < c * dwhenevera < cand b < d forall a,b,c,d € [0,1].

Example 1.5. a * b = ab fora,b € [0,1] is a continuous t-norm.

Definition 1.6. [7] A binary operation 4 : [0,1] x [0,1] — [0,1] is a continuous t co-norm
if it satisfies the following conditions:

(i) 4 is commutative and associative;

(ii) A4is continuous;
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(iii) ad0 = a foralla € [0,1];
(iv) adb = cAd whenevera > candb > d,foreacha,b,c,d € [0,1].

Example 1.7. A binary operation 4 : [0,1] x [0,1] — [0,1]such thataA b = min(a +
b, 1) is a continuous t co-norm.

Definition 1.8. [8] Let (X, M,*) be a fuzzy metric space, x € X and ¢ = A € X. We define
D(x,A,t) =sup{M (x,y,t):y€A}(t > 0) then D(x,At) is called a degree of
closeness of x to A at t.

Definition 1.9. [8] A topological space is called a (topologically complete) fuzzy metrizable
space if there exists a (topologically complete) fuzzy metric inducing the given topology on
it.

Definition 1.10. [4] Let (X, M,x) be a fuzzy metric space. A sequence {x,} in X is said to be
convergent to a point x € X (denoted by lim x,, = x) if for lim M(x,,x,t) = 1, for all
n—oo n—oo

t > 0.

Definition 1.11. [4] Let M be a fuzzy metric space. A sequence {x,} in X is called Cauchy
sequence, if and only if lim M (x,.p x,, t) =1forall p > Oandt > 0.
n—-oo

Definition 1.12. [10] Two mappings S and T of a fuzzy metric space (X, M, ) into itself are
said to be compatible maps if lim M(STx,,TSx,, ) = 1 forall e > 0 where {x, }

n—oo

€ X such that lim Sx,, = lim Tx, = w e X.
n—-oo

n—-oo

Definition 1.13. The self-mappings S and T of a fuzzy metric space (X, M,*) are said to be
commuting if M(STx, TSx,t) = 1forallx € X.

Definition 1.14. [13] The self-mappings S and T of a fuzzy metric space(X, M,x) are said to
be weakly commuting if M(STx, TSx,t) = M(Sx,Tx,t) foreachx € Xandt >0 .

Definition 1.15. [6] The self-mappings S and T of a fuzzy metric space (X, M,*) are said to
be compatible if and only if lim M(STx,,,TSx, t) = 1 whenever {x,} is a
n—->0o

sequence in X such that lim Sx,, = lim Tx,, = x forsomexinXandt > 0.

n—-oo n—-oo
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Definition 1.16. [9] The self- mappings S and T of a fuzzy metric space (X, M,*) are said to
be compatible of type (K)iff lim M(SSx,,Tx,t) =1 and lim M(TTxy, Sx,t) =
n—co n-—-oo

1 whenever {x,}is a sequence in X such that lim Sx,, = lim Tx,, = x, for some x in
n—-oo n—oo
Xandt > 0.

Definition 1.17. [1] Let (X, d) be a metric space. Two self- mappings S, T satisfy E.A

property if there exist a sequence {x,} in X such that lim Sx,, = lim Tx, = t forsomet €

n—-oo n—->oo
X.

Definition 1.18. [1] Two self-mappings S and T are said to satisfy the (CLR) property if there
exists a sequence {x,} such that lim Tx,, = lim Sx, = x for some x € X.
n—->oo n—->oo

Definition 1.19. [1] Let f and g be two self-maps of a fuzzy metric space then they are said
to satisfy (CLR,) property if there exists a sequence {x,} inXsuch that
lim fx,- lim gx,- gx forsome x € X.

n—oo n—oo

Similarly, the property (CLR;) and the property (CLRs) hold if in the above definition the
mapping g: X — X has been replaced by the mapping T: X - X and S: X — X.

Definition 1.20. [14] Let A, B, S, T be the four self- mappings defined on a symmetric fuzzy
metric space (X, M,x). Then the pairs (4, S) and (B, T) are said to satisfy common limit range
property (with respect to S and T) if there exist two sequences {a,} and {b,} in X such that
lim Aa,, = lim Sa, = lim Bb,, = lim Th, =t with t = Su = Twfor somet,u,w €

n—-oo n—oo n—oo n—-oo

X.

Preposition 1.21: Let A, B, S and T are four self- mappings of a fuzzy metric space (X, M,*)
that satisfy the requirements

1. SX)cAX)and T(X) € B(X).
2. Pairs (S, A) and (T, B) are commuting.
3. Oneof S, A, T and B is continuous.
4. M(Sx,Ty,t) < c A(x,y) where
Alx,y) = max{M(Ax, By,t), M(Ax,Sx,t), M(By, Ty, t)} forall x,y e Xand 0 < ¢ < 1.
5. X iscomplete.

Then A, B, S and T have a unique common fixed point.
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2. Main Results
In this section, we prove theorems for four self-maps satisfying E.A and (CLR) property in
fuzzy metric spaces.

Theorem 2.1. Let 4, B, S and T be self-mappings of a fuzzy metric space (X, M,*) satisfying
21.1:T(X) € A(X) and S(X) € B(X).

2.1.2: M(Sx,Ty,t) < ¢p(A(x,y)),

where ¢ is an upper semi continuous, contractive modulus and A(x,y) =

max{M (Ax, By,t), M(Ax,Sx,t), M(By, Ty, t), (M(Ax’Ty't);M(By 'Sx't))}.

2.1.3: Pairs (S,A) and (T, B) are weakly compatible.
2.1.4: Pairs (S, A) and (T, B) satisfy the E.A property.

If any one of AX, BX,SX and TX is a complete subspace of X then A, B,S and T have a
unique common fixed point.

Proof: Since pair (S, A) satisfies the E.A property then there exists a sequence {x,} in X
such that

lim Ax,, = lim Sx,, = w for some w in X.

n—-oo n—->oo

Since S(X) € B(X), then there exists a sequence {y, } in X such that Sx,, = By,.

Hence, rllllrgo By, = w.

We will show that rllll?o Ty, = w.

Let 711_1;{)10 Ty, =r.

From (2.1.2), we have M(Sxp, Tyn, t) < ¢(A(xn yn))-

Taking limit as n — oo, we get

Jim M(Sxn, Ty, £) < ¢ Jim (ACen, y)), 1)
Where

lim (ACxn, yn))

1
= lim (max {M(Axn, Byn, t), M(Ax,, Bx,,t), M(By,, Tyy,t), 3 [M(Ax,, Typ, t)

n—0o
1
+ M(BY, S, O ) = max{MQw, w, 0, Mw,w,0), MOw,7,0), 2 [MGw, 7, ) + MOw,w, D]
= M(w,1,t).
Thus from (2.1.2), we have M(w,7,t) < ¢(M(w,1,t)) < M(w,1,t),
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a contradiction.

If w # r, then M(w, 7, t) > 0 and hence a contractive modulus ¢(M(w,r,t)) < M(w,,t).
Therefore, w = r.

Hence, Ty, = w.

Suppose that QX is complete subspace of X.

Then, w = Qu for some u in X.

Subsequently, we have

lim Ty, = lim Sx, = lim Ax, = lim By, = w = Bu.

n-oo n-o n-oo n—oo

Now we will prove that Tu = Bu.

Let us assume that Tu # Bu.

Taking limitas n — oo in (2.1.2), we get

711&10 M(Sx,, Tu,t) < ¢ Tlll_r)lc}o A (xp, ), (2.2)
Where

lim 2 (e, u)) =

lim (max{M( Axy, Bu, ), M(Axy, Sxy, t), M(Bu, T, £),5 [M(Ax,, Tu, t) +

M(Bu, Sx,, t)]})-

1
= max(M(w,w, t), M(w,w, t), M(w, Tu, t),E [M(w,Tu,t) + M(w,w, t)]) = M(w, Tu, t).

Thus from (2.1.2), we get M(w, Ty, t) < ¢(M(w, T, t)) < M(w, Ty, t),
a contradiction.

Therefore, Tu = Bu = w.

Since, B and T are weakly compatible, therefore BTu = TBu.
So, TTu = TBu = BTu = BBu.

Since, T(X) € A(X), there exists [ € X such that

Tu = Al

Now, we prove that Al = SI.

Let us assume that Al + SI.

Taking limitas n — oo in (2.1.2), we get

lim M(Sxy, Tyn, t) < ¢ lim (A (xp, Yn))-

M(SLTLE) < ¢(ALw), (2.3)
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where

lim A(L,w) = max{M(AL Bu, t), M(AL,SL,t), M(Bu, T, t),% [M(AL Tu,t) +
M(Bu, S1,t)]} = M(AL SL,t) = M(Tu, SL, t).

Then using (2.3), we get

M(SL, Ty, t) < ¢(M(Tu,SL, 1)),

a contradiction.

Therefore, Sl = Tu = Al

Thus we have Tu = Bu = Sl = Al

Due to weak compatibility of A and S, we have

ASl = SAl = SS1 = AAL.

Now, we claim that Tu is the common fixed point of A, B, S and T.

Suppose that, TTu # Tu.

From (2.1.2), we have

M(Tu, TTu,t) = M(SL, TTu,t) < ¢p(A(l, Tw)), (2.4)
Where

A(L, Tu) = max {M(AL BTu,t), M(ALSI, t), M(BTu, TTu, t),5 [M(SL, BTu, t) +
M(TTu, Al, t)]} = max{M(Tu,TTu,t),0,0,M(Tu,TTu,t)} = M(Tu,TTu,t).

Thus from (2.4), we have

M(Tu,TTu,t) < ¢p(M(Tu, TTu,t)), which is a contradiction.
Therefore, Tu = TTu = BTu.

Hence, Tu is the common fixed point of Band T.

Similarly, we prove that SI is the common fixed point of A and S.
Since, Tu = SL.

Then Sl is the common fixed point of A, B, S and T.

The proof is similar when AX is assumed to be complete subspace of X are similar to the
cases in which SX or BX respectively is complete subspace of X.

Since A(X) € S(X) and B(X) c T(X).

Now, we shall prove that common fixed point is unique.

Let r and s be two common fixed points of A, B, S and T such that r # s.

From (2.1.2), we have

M(r,s,t) = M(S1,Ts, t) < ¢(A(r,s)), (2.5)
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Where

A(r,s) = max {M(Ar, Bs,t),M(Ar,Sr,t),M(Bs,Ts,t), % [M(Ar,Ts,t) + M(Bs, Sr, t)]} =
max{M(r,s,t),0,0,M(r,s, t)} = M(r,s,t).

Thus from (2.5), we get

M(r,s, t) < p(M(r,s,t)),

which is a contradiction.

Therefore, r = s.

Thus A, B, S and T have a common unique fixed point.

Theorem 2.2. Let A, B, S and T be self-mappings of a fuzzy metric space (X, M,*) with
S(X) € B(X)and T(X) < A(X) satisfying

2.2.1: M(Sx, Ty, t) < ¢p(A(x,y)),
where ¢ is an upper semi continuous, contractive modulus and A(x,y) =

max{M (Ax, By,t), M(Ax,Sx,t), M(By, Ty, t), (M(Ax'Ty’t);M(By ’Sx’t))}.

2.2.2: Pairs (S, A) and (T, B) are weakly compatible.
2.2.3: Pairs (S,A) and (T, B) satisfy (CLRs) and (CLRy) properties respectively.

Then A, B, S and T have a uniqgue common fixed point.

Proof: we have S(X) € B(X) and pairs (S, A) satisfy (CLRs) property then there exists a
sequence {x,} in X such that lim Sx,, = lim Ax,, = Sx, for some x in X.
n—-oo n—-oo

Since S(X) € B(X), then there exists a sequence {y,} in X such that Ax,, = By,.

Hence lim By, = Sx.

n—-oo

We will show that lim Ty, = Sx.
n—>oo
Let lim Ty, = u # Sx.
n—->oo
From (2.2.1), we have

M(Sxp, Tyn, ) < GA(Xy, yn))-
Taking limit as n — oo, we get

lim M(Sx,, Ty, t) < & lim A(x,, y) (2.6)
n—->oo n—>oo
Where

lim A(x,, y,) =
n—oo
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lim (max{ M(Axy, Byn, t), M(Axp, Sxn, ), M(BYn, Ty, 1), [M(Axy, Ty, ) +
M(Byn, Sxn, )]}) = max{M(Sx, Sx, t), M(Sx, Sx, ), M(Sx,u,t),% [M(Sx, Sx, t) +
M(Sx,u,t)]} = M(Sx,u,t).

Then from (1), we get

M(Sx,u,t) < dM(Sx,u,t) < M(Sx,u,t),

a contradiction.

Let Sx #+ u, then M(Sx,u,t) > 0 and therefore ¢ is a contractive modulus.
q)(M(Sx, u, t)) < M(Sx,u, t).

Therefore, Sx = u, thatis lim Ty, = Sx.
n—-oo

Now, we have
lim Sx, = lim Ax, = lim Ty, = lim By, = Sx = u.
n-co n-co n-co n-co
Now, we will prove that Ax = u.
From (2.2.1), we have
M(Sxn, Tyn, ) # d(A(xn, ¥n)).
Letting limitas n — oo, we get
lim M(Sxy, Ty, ) < @ lim A20c, 30, (27)

Where

nl_l)gl Ay, yn) = rlli_r)rc}o(max{ M (Ax, By,,t), M(Ax, Sx,t), M(By,, Ty, t),% [M(Ax, Typ, t)

+ M(By,, Sx,t)})
= max{M(Ax, u, t), M(Ax, Ax,t), M(Ax, u, t),% [M(Ax, Ax, t)
+ M(Ax,u,t)]} = M(Ax,u,t)

Thus from (2.7), we have

M(Ax,u,t) < M(Ax,u,t),

a contradiction.

Therefore, Ax = u = Sx.

Since pair (S, A) is weakly compatible therefore Au = Su.

Also, S(X) € B(X), then there exists y in Xsuch that Sx = By that follows By = wu.

Now we will prove that By = wu.

Let By # u.

From (2.2.1), we have
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M(Sxp, Tyn, t) < GA(Xn, yn))-

Letting limit as n — oo, we get

lim M(Sxp, Tyn, ) < ¢ lim A(xp, yn), (2.8)
where

1im ACxn, yp) =

Lim (max{ M(Axp, BYn, t), M(A%n, Sxn, ), M(BYn, TYn, ), [M(Axn, Ty, £) +

M(Byy, Sxp, t)}) = max{M(u,u,t), M(u, By, t), M(u,u, t),% [M(u,u,t) + M(u,By, t)]} =
M (u, By, t).

Thus from (2.8), we get

M(u,By,t) < ¢$(M(u,By,t)) < M(u, By, 1),

a contradiction.

Hence u = By = Ty.

Since pair (T, B) is weakly compatible then we get Tu = Bu.

Let us suppose that Tu = Bu.

From (2.2.1), we have

M(Su, Ty, t) < d(A(u,w)), (2.9)
where

A(u, u) = max {M(Au, Bu,t), M(Au, Su,t), M(Bu, Tu, t),% [M(Au,Tu,t) +

M (Bu, Su, t)]} = M(Su,Tu,t).

Thus, from (2.9), we get M(Su, Tu, t) < ¢(M(Su, Tu, t)),
a contradiction.

Therefore, Au = Su.

Hence, Au = Su = Tu = Bu.

Now we will prove that z = Sz.

Let us suppose that z # Sz.

From (2.2.1), we have

M(Su,Tu,t) < ¢p(A(x,u)), where

Alx,u) =
max {M(Ax, Bu, t), M(Ax, Sx,t), M(Bu, Tu, t),5 [M(Ax, Tu, t), +M (B, S, t)]} =
M(Sx,Tu,t) = M(u,Su,t). (2.10)

Thus from (2.10), we get
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M(u,Su,t) < ¢p(M(u,Su,t)),

a contradiction.

Therefore, u = Su = Au = Bu = Tu.

Hence u is the common fixed point of A, B, Sand T.

Now we will prove uniqueness of fixed point.

Let v be the another fixed common fixed point of 4, B, Sand T.

Let us suppose that u # v.

From (2.2.1), we have

Mw,u,t) = M(Sv,Tu,t) < ¢p(A(v,u)),

Where Av,u) =
max {M(Av, Bu, t), M(Av, Sv,t), M(Bu, Tu, t),5 [M(Av, Tu, ), +M(Bw, Sv, 1)} =
M(v,u,t).

M(v,u,t) < M(v,u,t),

a contradiction.

Thus, v = u and hence there is unique fixed point of A, B, S and T.

Example 2.3. Let X = [0,1] equipped with metric d(x,y) = |x — y|.

|x=y|

M(x,y,t)={t+lx-yI’
0,forallx,y e X,t =0

forallx,y € X,t >0 : .
oratxy where * is defined by a * b = ab.
Clearly (X, M,*) is fuzzy metric space on X.

Define A, B,Sand T on [0,1] as

1ifx €[0,1]NQ lifx€[01]NnQ

Alx) = {0 if x€[01]NQ and B(x) = {; if x @ [01]N Q' where Q is set of rationals.

~if0<x<1 Sif0<x<1
lif x=1 1if x=1
Define ¢: [0,1] = [0,1] as ¢(0) =0, (1) = 1and ¢(s) =s5,0<s < 1.
It satisfy M (Sx, Ty, t) < ¢p(A(x,y)),
Where

S(x) = { and T(x) = {

M(Ax,Ty,t) + M(By,Sx,t
A(x,y) =max{M(Ax,By,t),M(Ax,5x, t), M(By, Ty, t),( ( ».t) (By ))}

2
T(X) € A(X) and S(X) < B(X).
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Pair (S, A) and (T, B) satisfy E.A property and are weakly compatible.
AX,BX,SX and TX are complete subspace of X.

Then A, B, S and T have a uniqgue common fixed point.

Example 2.4. Let X = [1, «) equipped with metric d(x,y) = |x — y|.

M(x,y, t):{ﬁ,for allx,y€X,e>0 where * is defined by a * b = ab.
0,forallx,y e X,t =0

Clearly (X, M,*) is fuzzy metric space on X.

Define 4, B, Sand T on [0,1] as

A(x) =x%,B(x) = (2x—1),5(x) = (3x —2) and T(x) = x.

Define ¢: [0,1] = [0,1] as ¢(s) =5,0 < s < 1.

It satisfy M(Sx, Ty, t) < ¢p(A(x,y)),

Where

M(Ax,Ty,t) + M(By, Sx, t
Alx,y) =max{M(Ax,By, t), M(Ax, Sx, t),M(By,Ty,t),( ( y,0) (By ))}

2
Pair (S, A) and (T, B) satisfy E.A property and are weakly compatible.

Pair (S, A) and (T, B) satisfy (CLR)s and (CLR) property.

Then A, B, S and T have a uniqgue common fixed point.

Example 2.5. Let X = [—2,1] equipped with metric (x,y) = |x — y]| .

M(x,y,t) = tl::;l where * is defined by a * b = min{a, b}.

Clearly (X, M,*) is fuzzy metric space on X.
Define 4, B, Sand T on [0,1] as follows

E 0=< x< 2
A(x) =B(x) = 24’ ) 3
(E - X) '3 <x<1
E 0= x< 2
S(x)=Tx) = ‘i 1 3,
P S X S 1
3’3
Define ¢: [0,1] = [0,1] as ¢(s) =s5,0 <5< 1.
It satisfy M(Sx,Ty,t) < ¢p(A(x,y)),where AMx,y) =

D, (M(Ax,Ty,t)+M(By,Sx,t))}l

max {M (Ax,By,t),M(Ax, Sx,t), M(By, Ty, >
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Now T'(X) € A(X) and S(X) € B(X).

Now take x,, = § + %

lim T =i T1 ! —1
pim T(xp) = lim, (§+z>—§-

b ey tim B (e ) =g (2oL 1) _1
Jim B(xn) = lim (§+;)—‘m(§ 3 z)—‘

Clearly (T, B) is weakly compatible mapping as T'(x) = B(x) when x = %

Thus, (T, B) commute at coincident points.
Similarly (4, S) is weakly compatible mapping as A(x) = S(x) when x = é
Also pairs (4, S) and (T, B) satisfy E.A property.

Hence there is a uniqgue common fixed point x = § in[—2,1].
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