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Abstract

The main objective of this paper is to introduce and study a class of mappings
called Generalised Geraghty (o, 1, ¢)- Weak contractive mappings in complete
metric space which are the generalization of «-1) contractive mappings and
to explore the existence and uniqueness of common fixed points for this new
generalized contractive mappings using the concept of a-admissibility. These
results extend and improve upon several previously established recent results in the
literature and illustrative examples are provided to demonstrate the effectiveness
of these results.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory plays a significant role in non-linear analysis as many real-world
problems in applied science, economics, physics and engineering can be reformulated
as a problem of finding fixed points of non-linear maps. Inspired by this fact, many
authors have directed their attention to obtain fixed point results by generalizing the
notion of Banach contraction Principle, which plays a vital role in the existence of fixed
points. During the last three decades, the work on generalizing and introducing different
types of contractive conditions for the existence of common fixed points has been a very



684 Maheshwari P.G.

active field of research. For detailed survey on various definitions of contractive maps,
refer Rhoades [1].

In this regard, Micheal A. Geraghty [2] introduced an intriguing contraction called
Geraghty Contraction. By taking this into account, he examined some auxiliary
functions for the existence and uniqueness of mappings in any complete metric
spaces. The idea of a- contractive and a-admissible mappings was first presented
in 2012 by Samet et al. [3], who also produced a number of fixed-point results for
mappings that satisfy such contraction conditions. Later in 2013, Karapinar et al. [4]
introduced an idea of triangular c-admissible mapping, which extended the scope of the
a-admissibile mappings. Cho et al. [5] introduced the idea of a-Geragthy contraction
mappings, which generalizes the idea of a-admissible mappings. Chandok [6] state and
proved some interesting fixed point results for («, 5)-admissible Geraghty contractive
mappings in 2015.

The work of Samet et al. [3] introduced o — 1) contractive type mappings as a new
category of contractive mappings. The fixed point results obtained by Samet et al.
[3] extended and generalized several fixed point results that exist in the literature,
including the Banach contraction principle. In a further development, Karapinar and
Samet [11] generalized the notion of o — ) contractive type mappings and obtained
various fixed point theorems for these mappings. Recently, Raji M. [10] presented
a class of contractive type mappings called generalized o — 1/ contractive pair of
mappings and introduced the notion of a-admissible with respect to g-mapping which
in turn generalized the concept of g-monotone mapping. In [9], Raji M. studied various
coincidence fixed point theorems for generalized o — v contractive type mappings in
complete metric spaces. H. Qawaqneh et al.[7] presented the notion of generalised
Geraghty («v, 1, ¢)-Quasi contraction in partially ordered metric space and proved some
distinct common fixed point results in partially ordered metric space. For more work in
this domain, refer [12-20].

The purpose of this paper is to introduce the generalized form of o — v contractive
mapping called, Generalised Geraghty («, v, ¢)-Weak contractive mapping for a self
map in complete metric space and to explore the existence and uniqueness of fixed point
for this new generalized contractive mapping using the concept of c-admissibility. Also
we extend this result for a pair of self mappings in a complete metric space and proved
existence and uniqueness of common fixed point. These results unify and generalize the
recent works of Raji M. et al. in [9] and [11], H.Qawaqgneh et al. in [7] and other related
results. Additionally, we provide illustrative examples to demonstrate the improved
results obtained with our approach.



Fixed point Theorems for Generalized Geraghty («, 1), ¢) weak contractions 685

Throughout this article, the following standard notations and terminologies are used.

Let ¥ be the family of nondecreasing continuous functions ¢ : [0, 00) — [0, 1) such
that " 9" (t) < oo for each ¢t > 0 where 1" is the n'" iterate of ¢». Then we write
Y e .

Let ® be the family of continuous functions ¢ : [0, 00) — [0, 00) such that ¢(t) < ¥(t)
for each ¢ > 0 then ¢(0) = 0. Then we write ¢ € ®.

Let 5 : [0,00) — [0,1) be functions such that {r,} is a sequence in [0, c0) with
lim B(r,) =1= nh_)rgo r, = 0. Then we write § € B

n—oo

The following are the basic definitions needed in the main results.

Definition 1.1. [2] A self-mapping 7' : X — X where (X, d) is any metric space, is
called a Geraghty contraction if d(T'z, Ty) < B(d(z,y))d(x,y) forall z,y € X.

Definition 1.2. [3] Let X be a nonempty set, 7 : X — X anda : X x X — R*, we
say that 7" is an a-admissible mapping if Vz,y € X, a(x,y) > 1 = o(Tz,Ty) > 1.

Definition 1.3. Let S,7 : X — X be two self mappings and o : X x X — RT,
we say that (S, T) is a-admissible if Vz,y € X, a(x,y) > 1 = a(Sz,Ty) > 1 and
a(Tx,Sy) > 1.

Definition 1.4. [5] A self-mapping 7" : X — X where (X, d) is any metric space, is
called a a-Geraghty generalized contraction if there exists a mapping o : X x X — R
and 8 € B such that for all z,y € X, a(x,y)d(Tz, Ty) < B(M(z,y))M (x,y) where
M(z,y) = max{d(z,y), d(z,Tx),d(y,Ty)}

Definition 1.5. [3] Let (X, d) be a metric space and 7' : X — X be a given mapping.
We say that 7" is an o« —1)—contractive mapping if there exist a (c)-comparison functions
¢ € ¥ and a function @ : X x X — R such that o(z,y)d(Tz, Ty) < 1(d(z,y)) for
allz,y € X.

Clearly, any contractive mapping, that is, a mapping satisfying Banach contraction, is a
« — 1) contractive mapping with a(x,y) = 1 forall z,y € X and ¥ (t) = kt, k € (0,1).

Karapinar and Samet [11] introduced the following concept of generalized o —
1)—contractive type mappings:

Definition 1.6. [11] Let (X,d) be a metric space and 77 : X — X be a
given mapping. We say that 7" is a generalised o — ) contractive type mapping
if there exist two functions a : X x X — [0,00) and ¢» € ¥ such that

for all z,y € X we have a(z,y)d(Tz,Ty) < ¢(M(z,y)) where M(z,y) =

) d(z,Tx)+d(y,Ty) d(z,Ty)+d(y,Tx)
) 2 ) 2

max {d(:c,y
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Further, Karapinar and Samet [11] established fixed point theorems for this new class
of contractive mappings. Also, they obtained fixed point theorems on metric spaces
endowed with a partial order and fixed point theorems for cyclic contractive mappings.

The concept of generalized oo — v contractive type mappings was defined as follows by
Raji M. et al.[9].

Definition 1.7. [9] Let (X, d) be a metric space and T : X — X be a given mapping. T
is a generalised a—1) contractive type mapping if there exist two functions o : X x X —
[0,00) and ¥ € ¥ such that for all z,y € X we have a(x,y)d(Tx, Ty) < »(M(z,y))
where
M () = ma { o). (o, o)y 7). 50000,
d(z, y)

d(xz, Tz)d(y, Ty) d(x, Tz)d(z, Ty) + d(y, Tx)d(y, Ty)

d(z,y) +d(zx,Ty) + d(y, Tz)’ d(x,Ty) + d(y, Tz) }

H. Qawaqneh et al.[7] presented the notion of generalised Geraghty (o, 1), ¢)-Quasi
contraction in partially ordered metric space and proved some distinct common fixed
point results in partially ordered metric space.

Definition 1.8. [7] Let (X, o) be a partially ordered metric-like space and S, 7" : X —
X be two mappings. Then we consider that the pair (S,7) is generalised Geraghty
(e, 7, ¢) quasi contraction self mapping if there exist a : X x X — [0,00), f € B,
€ Wand ¢ : [0,00) — [0,00) are continuous functions with ¢(t) < () forall £ > 0

such that a(z, Y)Y (o (Sz, Ty)) < AB(Y(May))d(Msy),
holds for all elements z,y € X and 0 < A < 1 where

M, , =max{o(z,y),o(z,Sz),0(y, Ty),o(Sx,y),o(x,Ty)}

2. MAIN RESULT

In this section, we present the notion of generalised Geraghty («,1,¢)-weak
contractive condition for self maps.

Definition 2.1. Let (XX, d) be a metric space and 7' : X — X be a self mapping. Then
T is called a generalised Geraghty («, 1, ¢)-weak contractive mapping if there exist
a: X xX —10,00),5€DB,¢ € Pand ) € ¥ such that

a(z,y)(d(Tz, Ty)) < AB(W(M(z,y)))o(M(x,y))
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forall z,y € X and 0 < A < 1 where

d(z, Tz)d(y, Ty)
d(y, Tz) + d(z, Ty)’
d(y, Tx)d(xz, Ty) d(x, Tz)d(y, Ty) + d(y, Tz)d(z, Ty) }
d(z,y) +d(z,Tz) + d(y, Ty)  d(z,y) +d(x,Ty) + d(y, Tx)
(1)

M (z,y) = max {d(:r, y),d(z, Tz),d(y, Ty),

Using this new contractive condition the following results are proved and are illustrated
with examples.

Theorem 2.2. Let (X, d) be a complete metric space. Suppose that T : X — X is a
generalised Geraghty (o, 1, ¢)-weak contractive mapping and satisfying the following

conditions:

1. T'is a—admissible
2. There exists vy € X such that a(xg, Tzg) > 1

3. Tis continuous
Then T' has a fixed point.

Proof. Define {z,} € X by 2,41 = Tz, foralln € N

If z,,1 = x, forsome n € N, then z,, is a fixed point and hence the theorem is proved.
If x,,,1 # x, for all n € N, then consider

a(xg, Txo) = azo, x1) > 1 = a(Tx, Txo) = (w1, 22) > 1

By induction on n, we get a(z,,, x,41) > 1 for all n > 0. Consider

V(d(@nt1, @) = V(A(T2n, TTn-1)) < (T, Tp-1)Y(d(T 20, Tp-1)
S ABW(M (2, 2n1))) (M (2, 1))
Where
M(z,,xn1) =
max {d(xn, Tn1),d(xp, Txy), d(xy_1, T, 1),

d(xy, Txy)d(xy—1, TTp_1) d(xp_1, Txp)d(zp, TTp_1)
d(n—1,Try) + d(xp, Txp1) d(Tp,xn-1) + d(Tn, Txy) + d(@p—1, TxH-1)’
d(xp, Txy)d(x,—1, Txn 1) + d(xy_1, Txy)d(zn, Ta, 1)
d(xp, 1) + d(Tp, Tap—1) + d(xy—1, Txy) }

which implies M (z,,, z,,_1) = max{d(x,, Ty_1),d(Tp, Tpni1)}
If M(z,,x,_1) = d(zp, T, 1) then
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V(d(Tpi1,00) < ABW(d(wn, 20i1)))O(d(Tn; Tny1)) < d(d(Tn, Tny1)) <
U(d(@n, Tni1)),
a contradiction.
Hence M (z,, 1) = d(Zy, Tp_1).
Then
Y(d(xpi1, Tn) < Y(A(Tn, Tn-1)) = d(Tpi1, Tn) < d(Th, Tpo1) (2)

Thus {d(x,, z,+1)} is a decreasing sequence and hence convergent.
Let lim d(z,,2,4+1) = 7. Next we show that » = 0. Suppose r > 0, then letting

n—oo
n — oo in (2) we get () < ¢(r), a contradiction. Hence r = 0.

Thus d(z,, ©,,,) — 0 as n, m — oo. Therefore {x,,} is a Cauchy sequence.

Since X is complete, there exists v € X such that lim z, = u.
n—oo

Since T is Continuous, Tu = T'( lim x,) = lim Tz, = hm Tyl = U.

Hence u is a fixed point of 7T'. ]

To prove the uniqueness of the fixed point, include the following hypothesis to the above
theorem:

Ve,y € Fiz(T), there exists z € X such that o(z,z) > 1 and ay,z) > 1 (3)

Theorem 2.3. Let (X, d) be a complete metric space. Suppose thatT : X — X isa
generalised Geraghty (a1, ¢)-weak contractive mapping and satisfying the following
conditions:

1. T is a—admissible

2. There exists vo € X such that a(xg, T'zg) > 1

3. T is continuous

4. Vx,y € Fix(T), there exists z € X such that a(x,z) > 1 and a(y,z) > 1

Then T has a unique fixed point.

Proof. By Theorem 2.2, u is a fixed point of 7". Suppose v is another fixed point of 7',
then there exists z € X such that a(u, z) > 1 and o(v, z) > 1

Since T" is a—admissible, we get a(u, 7"z) > 1 and a(v, T"z) > 1 Vn.

Define the sequence {z,} in X by z,,1 = Tz, forall n > 0 and zy = =z
Then Vn, we have (d(u, zp,41)) = V(d(Tu,Tz,)) < alu,z,)(d(Tu, Tz, ) <
AB(YV(M (u, z,)))p(M (u, z,,)) where M (u, z,,) = max{d(u, z,,), d(u, z,+1)}

If M(u,z,) = d(u, z,41) then

P(d(u; zn41)) < AB(P(A(u, 2041)))D(d(w, 2011)) < P(d(u, 2n11)) < P(d(U, Zn1a)),
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which is a contradiction. Hence M (u, z,) = d(u, z,) .This implies ¢ (d(u, z,41)) <

¥ (d(u, z,)). Hence the sequence {d(u, z,)} is decreasing and hence convergent. Let

lim d(u, z,) = r. It can be easily show that = 0. Thatis lim d(u, z,) = 0. Similarly
n—oo

n—oo

lim d(v, z,) = r which implies u = v, hence the fixed point is unique. O
n—oo

Example 1: Let X = {0, 1, 2} endowed with the metric
d(0,1) = 1,d(0,2) = 2,d(1,2) = 3,d(z,z) =0  Vz € X.

Then (X, d) is a complete metric space.

Define the mapping 7' : X — X by T'(0) = 1,7'(1) = 1,7(2) = 0, then T is
continuous.

Let A = 5,0(t) = t,¢(t) = 2t and B(t) = % Define o : X x X — [0,00) as
follows:

(z,7) 1 ifx € {0,1,2}
alx =
Y 0 in all other cases .

Note that a(x,y) > 1 = «(Tx,Ty) > 1,Vx,y € X. Hence T is a—admissible.
If (x,y) = (0,1) then

a(0,1)9(d(T0,T1)) < AB(¥(M(0,1)))p(M (0, 1))

where M (0,1) = max{1,1,0,0,0,0} =1

Similarly, Generalised Geraghty («, 1, ¢)-weak contractive condition is satisfied for all
x,y € X. Thus all the conditions of Theorem 2.3 are satisfied and 1 is the unique fixed
point of 7T'.

Definition 2.1 can be extended to a pair of self mappings as follows and the
corresponding results are obtained.

Definition 2.4. Let (X,d) be a metric space and S,7 : X — X be two self

mappings. Then the pair (S,7) is called a generalised Geraghty (a, ), ¢)-weak

contractive mapping if there exist & : X x X — [0,00), 5 € B, ¢ € dPand ) € ¥

such that

a(z, y)v(d(Sz, Ty)) < AB(W(M(z,y)))o(M(z,y)),
forall z,y € X and 0 < X < 1 where
d(x, Sx)d(y, Ty)

d(Sz,y) + d(x, Ty)’

d(Sz,y)d(z, Ty) d(xz,Sx)d(y, Ty) + d(Sz,y)d(x, Ty)

d(z,y) +d(z,Sz) +d(y, Ty)  d(z,y) +d(Sx,y) + d(y, Ty) }
4)

M (z,y) = max {d(x, y),d(x,Sz),d(y, Ty),d(Sx,y),d(z, Ty),
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Theorem 2.5. Let (X, d) be a complete metric space. Suppose that S,T : X — X isa
generalised Geraghty (o, 1, ¢)-weak contractive mapping and satisfying the following
conditions:

1. (S,T) are a«—admissible
2. There exists vy € X such that a(zg, Sxg) > 1

3. Sand T are continuous
Then S and T have a common fixed point.

Proof. Define {x,} € X by x9,11 = Sxa, and x9, 19 = T'w9,41 foralln > 0

If x9, = 29,41 for some n € N, then x5, is a common fixed point of S and 7" and hence
the theorem is proved.

If 29, # 2,1 for all n € N, then consider

a(zg, Sxg) = alxg,x1) > 1 = a(Sxe, Tx1) = axy,72) > 1 and

a(Txzy, Sx1) = a1, 29) > 1

By induction on n, we get oz, Z,,41) > 1 foralln > 0.

In particular o(z,,, 2,11) > 1,Vn > 0. Consider

¢(d($2n+1, 332n+2) = ¢(d(5$2n, T332n+)) < a($2n, $2n+1)¢(d(5$2mTﬂﬂ2n+1)
< AB(W(M (20, T2n+1))) (M (T2n, Tnt1))

Where
M(x2n7 $2n+1) =
max {d(xzn, $2n+1), d($2n, S$2n), d($2n+1, T$2n+1)7 d(5332n, $2n+1), d(fﬂzm T$2n+1)7

d(IZn; 5$2n)d(9€2n+1, Tx?n—i—l) d(szm IZn—i—l)d(xan T$2n+1)
d(Sxon, Tony1) + d(zan, Txopy1) d(Tan, Tans1) + d(Ton, Sxoey) + d(Ton, TTani1)

d(zan, Stan)d(Tant1, TTont1) + d(STon, Tant1)d(Tan, TTon11) }
d(xzm 3U2n+1) + d(Sl’zn, $2n+1) + d(x2n+17 T$2n+1)

which implies M(ﬂfzn, 962n+1) = max{d(xgn, 372n+1), d($2n+1, 962n+2), d(ﬂfzn, $2n+2}
If M (22, Tont1) = d(Tont1, Tontz) then

¢(d($2n+1> 332n+2) SAB(iﬂ(d(iﬁan, $2n+2))¢(d(1’2n+1, 5172n+2)
< ¢(d($2n+1, $2n+2) < ¢(d($2n+1,$2n+2),
which is a contradiction. Hence

M($2n+17 $2n+2) = maX{d($2n, -T2n+1); d(%m $2n+2)}
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Put v = max{\, :2;}. Then

Y(d(Ton41, Tony2) < VB (d(T2n, Tont1)))P(d(T2n, Tont1) Yne Ny (5)

Clearly v < 1, thus {d(z2,, 2,+1)} is a decreasing sequence and hence convergent.
Let lim d(xgp, To,41) = 7. Next we show that » = 0. Suppose r > 0, then letting
n —>ngoooin (5) we get ¢(r) < (r), a contradiction. Hence r = 0.

Thus d(x,,, z,,) — 0 as n,m — oo Therefore {x,} is a Cauchy sequence.

Since X is complete, there exists © € X such that lim z,, = u.

n—oo
Since S and 7" are Continuous, we get
lim d(zp41,Tu) = d(Su, Tu) and lim d(Su, xp41) = d(Su, Tu) and

n—oo

hm d(xps1, Tu) = d(u, Tu) and hm d(Su Tpi1) = d(Su, u)
This implies Su = Tu = u. Hence u 15 a common fixed point of S and 7. [

Asin Theorem 2.3, include the hypothesis (3) to the Theorem 2.5 to obtain the following
result.

Theorem 2.6. Let (X, d) be a complete metric space. Suppose that S,T : X — X isa
generalised Geraghty (o, 1, ¢)-weak contractive mapping and satisfying the following
conditions:

1. (S,T) is a—admissible
2. There exists xo € X such that a(xq, Sxg) > 1
3. Sand T are continuous

4. Vx,y € Fix(T), there exists z € X such that a(x,z) > 1 and a(y,z) > 1
Then S and T have a unique common fixed point.

Proof. As in Theorem 2.3, one can easily prove this result following by the lines of
proof of Theorem 2.2. and Theorem 2.3. [

Example 2: Let X = {0, 1, 2} endowed with the metric
d(0,1) = 1,d(0,2) = 2,d(1,2) = 3,d(z,2) =0  Vz € X.

Then (X, d) is a complete metric space.
Define the mapping S, 7 : X — X by T(0) =1,7(1) = 1,7(2) = 2 and
S(0) =2,5(1) =1,5(2) = 1, then S and T are continuous.
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Let A= 1, 4(t) = t,¢(t) = 2t and B(t) = S. Define a : X x X — [0, 00) as

follows:

(04 1 ifze{0,1,2)
alz.y) =
Y 0 in all other cases .

Note that «(z,y) > 1 = a(Sz,Ty) > 1 and o(Tz,Sy) > 1,Vx,y € X.. Hence
(S,T) is a—admissible.

It (2,) = (0,1) then a(0, 1)(d(S0,T1)) < AB((M(0, 1)))6(M (0, 1))

where M (0,1) = max{1,2,0,3,1,0,1,3} = 3

Similarly, (4) is satisfied for all z,y € X. Thus all the conditions of Theorem 2.6 are
satisfied and 1 is the unique common fixed point of S and 7.

Remark: Theorem 3.2 and 3.5 of M.Raji et al.[9] and Theorem 11,13,15,18 of
G. Durmaz et.al [21] are the direct consequence of our results Theorem 2.2 and 2.3.
Also Theorem 2.1 and 2.4 in [10] are also the consequences of these results. Similarly
Theorem 4 of [7] is the consequence of Theorems 2.5 and 2.6. Infact, by taking suitable
values for «, 8,1, ¢, A and M (x,y) in our results we get many corollaries which are
the generalization and extension of results of Geraghty [2], Karapinar and Samet [11],
Samet et al.[3] and other several known related results in the literature.
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