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Abstract 

In this paper we will define and study the main linear generalized operators on 
the space of new generalized functions 𝐴(𝐸) and their properties. We will show 
that any operator 𝐵: 𝐸 → 𝐸 can be generalized to some operator 𝐵̅: 𝐴(𝐸) →
𝐴(𝐸 ), where 𝐵 be linear bounded operator and 𝐴(𝐸) be the space of new 
generalized functions defined in [1]. Also we will show that the generalized 
operators  𝐵̅  possess the main important properties of the operator 𝐵. Also we 
will define the generalized composite of two linear bounded operators 𝐵 ∘ 𝐶̅̅ ̅̅ ̅̅ ̅ and 
study the composite of generalized differential operator 𝐷̅ with the generalized 
fourier operator 𝐹̅ as a special case. 

Keywords: Generalized functions, New Generalized functions, Locally Convex 
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1. Introduction 

In order to define the associative multiplication  𝑓(𝑔ℎ) = (𝑓𝑔)ℎ in the space of 
distributions 𝐸′ where 𝐸 be the set of tests functions 𝐷(ℝ) or 𝑆(ℝ) [5] and following 
the general method of construction algebras of new generalized functions [2] the 
algebra 𝐴(𝐸) was defined as a factor algebra [1] 

𝐴(𝐸) = 𝐺𝜃1
(𝐸) \ 𝐺𝜃2

(𝐸)  . 

Where the sets 𝐺𝜃1
(𝐸)  and 𝐺𝜃2

(𝐸) are define in the following way:  

Let  𝐺(𝐸 ) be the set of all sequences in 𝐸, where the set 𝐸 be separated and complete 



678 Ramadan Sabra 

locally convex algebra  [5], and the topology on 𝐸 is defined by a collection of semi 
norms 𝑃𝛼 where 𝛼 be an element of some real interval 𝐼. And  𝑃𝛼 satisfy the following 
conditions : 

∀ 𝛼 ∈ 𝐼   ∃𝛽 ∈ 𝐼  , ∃𝐶𝛼 > 0   𝑃𝛼(𝑢𝑣) ≤   𝑃𝛽(𝑢)𝑃𝛽(𝑣)  ∀ 𝑢, 𝑣 ∈ 𝐸 

Now define the following sets: 

𝐺𝜃1
(𝐸) = {(𝑥𝑘) ∈ 𝐺(𝐸): ∃𝑚 ∈ ℕ , ∀ 𝛼 ∈ 𝐼, ∃𝑑𝛼 > 0 , 𝑝𝛼(𝑥𝑘) <  𝑑𝛼𝑒𝑚𝑘   ∀ 𝑘  } 

𝐺𝜃2
(𝐸) = {(𝑦𝑘) ∈ 𝐺(𝐸): ∀𝑚 ∈ ℕ , ∀ 𝛼 ∈ 𝐼, ∃𝑑𝛼 > 0 , 𝑝𝛼(𝑦𝑘) 𝑑𝛼𝑒−𝑚𝑘   ∀ 𝑘  } 

Now we define the algebra  

 

𝐴(𝐸) = 𝐺𝜃1
(𝐸) \ 𝐺𝜃2

(𝐸) 

 

Very important special case when 𝐸 = 𝑆 (ℝ), where 𝑆 (ℝ ) be the space of the real 
functions of  rapid decay with topology given by the following family of semi norms : 

 

𝑝𝑛,𝑙(𝑥) =  sup
𝑘≤𝑛
𝑚≤𝑙

sup
𝑡∈ℝ

|𝑡𝑘𝑥(𝑚)(𝑡)| 

We get the algebra of new generalized functions  

𝐴(𝑆 (ℝ)) = 𝐺𝜃1
(𝑆 (ℝ)) \ 𝐺𝜃2

(𝑆 (ℝ)) 

The spaces  𝑆 (ℝ)  and 𝑆′ (ℝ)are embedded in the algebra 𝐴(𝑆 (ℝ))   .   

𝑆 (ℝ) ⊂   𝑆′ (ℝ) ⊂   𝐴(𝑆 (ℝ)). 
So we can define the associate multiplication of distributions as elements of the algebra 
𝐴(𝑆 (ℝ)) [1] . 

 

2. Generalized Operators on the Space of  New Generalized Functions 

𝑨(𝑺 (ℝ)) 

Now let 𝐵: 𝑺 (ℝ) → 𝑺 (ℝ)  be bounded linear operator, then [5] for each 𝑥(𝑡)  ∈ 𝑺 (ℝ)   
and for each  𝛼 ∈ 𝐼  , there is a constant  𝑑𝛼 > 0 and  𝛽 ∈ 𝐼, such that 
  

𝑝𝛼(𝐵(𝑥(𝑡)) ≤ 𝑑𝛼  𝑝𝛽(𝑥(𝑡))                                                                                        (1) 

 

Now to generalize the operator 𝐵 on the space 𝐴(𝑆 (ℝ)) we prove the following results: 
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Lemma 1 a) 𝐵(𝐺𝜃1
(𝑆 (ℝ) ) ⊂ 𝐺𝜃1

(𝑆 (ℝ)) ,  

b) 𝐵(𝐺𝜃2
(𝑆 (ℝ) ) ⊂ 𝐺𝜃2

(𝑆 (ℝ)) 

Proof. a) Let 𝑥 = 𝑥𝑘 ∈ 𝐺𝜃1
(𝑆 (ℝ) ), then ∃𝑚 ∈ ℕ , ∀ 𝛼 ∈ 𝐼, ∃𝑑𝛼 > 0 , 𝑝𝛼(𝑥𝑘) <

 𝑑𝛼𝑒𝑚𝑘   ∀ 𝑘  .  

Now consider 𝐵(𝑥) = 𝐵(𝑥𝑘).  Now since the operator 𝐵 is bounded, then by using the 
formula (1) we conclude  

𝑝𝛽(𝐵(𝑥)) =   𝑝𝛽(𝐵(𝑥𝑘)) ≤  𝑑𝛽  𝑝𝛼(𝑥𝑘)  <   𝑑𝛽  𝑑𝛼𝑒𝑚𝑘  ∀ 𝑘  .  

which means 𝐵(𝑥) = 𝐵(𝑥𝑘) ∈    𝐺𝜃1
(𝑆 (ℝ)).   

b) Let 𝑦 = 𝑦𝑘 ∈ 𝐺𝜃2
(𝑆 (ℝ) ), then ∀𝑚 ∈ ℕ , ∀ 𝛼 ∈ 𝐼, ∃𝑑𝛼 > 0 , 𝑝𝛼(𝑦𝑘) <  𝑑𝛼𝑒−𝑚𝑘  ∀ 𝑘  .  

In similar way  

𝑝𝛽(𝐵(𝑦)) =   𝑝𝛽(𝐵(𝑦𝑘)) ≤  𝑑𝛽  𝑝𝛼(𝑦𝑘)  <   𝑑𝛽  𝑑𝛼𝑒−𝑚𝑘  ∀ 𝑘   

which means 𝐵(𝑦) = 𝐵(𝑦𝑘) ∈    𝐺𝜃2
(𝑆 (ℝ)). 

 

Now since 𝐺𝜃2
(𝑆 (ℝ))  is ideal,then if   𝑓 ∈ 𝐴(𝑆 (ℝ)) ,then if   𝑓 = (𝑓𝑘) +  𝐺𝜃2

(𝑆 (ℝ)).  

Thus we can define the generalized operator  𝐵̅: 𝐴(𝑆 (ℝ)) → 𝐴(𝑆 (ℝ))  , where 
𝐵̅ (𝑓) = 𝐵( 𝑓𝑘) +  𝐺𝜃2

(𝑆 (ℝ)). 

The following theorem shows that the operator  𝐵̅  is correct  defined: 
 

Theorem: The operator 𝐵 does not depend on the representative    

Proof: Let 𝑓 ∈ 𝑨(𝑺 (ℝ)) and let 𝑥𝑘  , 𝑦𝑘  be two representative of 𝑓, then  
(𝑥𝑘) −  (𝑦𝑘)  ∈   𝐺𝜃2

(𝑆 (ℝ)) . Which means then   ∀𝑚 ∈ ℕ , ∀ 𝛼 ∈ 𝐼, ∃𝑑𝛼 >

0 , 𝑝𝛼(   𝑥𝑘 − 𝑦𝑘) <  𝑑𝛼𝑒−𝑚𝑘  ∀ 𝑘  .  

Now by using linearity of the operator 𝐵, and by formula (1) 

𝐵(𝑥𝑘) −  𝐵(𝑦𝑘) = 𝐵 ( 𝑥𝑘 −   𝑦𝑘) 

𝑝𝛽(𝐵(𝑦)) =   𝑝𝛽(𝐵(𝑥𝑘 −   𝑦𝑘)) ≤  𝑑𝛽  𝑝𝛼(𝑥𝑘 −   𝑦𝑘)  <   𝑑𝛽  𝑑𝛼𝑒−𝑚𝑘  ∀ 𝑘 

Which means that 𝐵(𝑥𝑘 −   𝑦𝑘) be an element of the ideal  𝐺𝜃2
(𝑆 (ℝ)) . 

Now let 𝐶: 𝑆 (ℝ) → 𝑆 (ℝ) be bounded linear operator. 

Now Since 𝐵: 𝑆 (ℝ) → 𝑆 (ℝ)  be bounded linear operator, then we define (𝐵 ∘ 𝐶)(𝑥) =
 𝐵(𝐶(𝑥)), and (𝐶 ∘ 𝐵)(𝑥) =  𝐶(𝐵(𝑥)). It is easy to check that 𝐵 ∘ 𝐶, and  𝐶 ∘ 𝐵 are 
linear continuous operators.  

So by lemma1 we conclude that  
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(𝐵 ∘ 𝐶)((𝐺𝜃1
(𝑆 (ℝ) )) ⊂ 𝐺𝜃1

(𝑆 (ℝ))  , 

And 

(𝐵 ∘ 𝐶)((𝐺𝜃2
(𝑆 (ℝ) )) ⊂ 𝐺𝜃2

(𝑆 (ℝ))  . 

Thus we define the generalized operator: 

𝐵 ∘ 𝐶̅̅ ̅̅ ̅̅ ̅: 𝐴(𝑆 (ℝ)) → 𝐴(𝑆 (ℝ)) , where  

 𝐵 ∘ 𝐶 ̅̅ ̅̅ ̅̅ ̅̅  (𝑓) = 𝐵 ∘ 𝐶̅̅ ̅̅ ̅̅ ̅( 𝑓𝑘) +  𝐺𝜃2
(𝑆 (ℝ)). 

As we know the operator of differentiation 𝐷: 𝑆 (ℝ) → 𝑆 (ℝ) is linear and continuous. 
Also the Fourier transform 𝐹: 𝑆 (ℝ) → 𝑆 (ℝ) is linear and continuous.  
So we can define the following generalized operators  

𝐷̅: 𝐴(𝑆 (ℝ)) → 𝐴(𝑆 (ℝ)) 

and  

𝐹̅: 𝐴(𝑆 (ℝ)) → 𝐴(𝑆 (ℝ))  

 

Also we define the composite of these operators  

𝐷 ∘ 𝐹̅̅ ̅̅ ̅̅ ̅: 𝐴(𝑆 (ℝ)) → 𝐴(𝑆 (ℝ)) 

and 

 

𝐹 ∘ 𝐷̅̅ ̅̅ ̅̅ ̅: 𝐴(𝑆 (ℝ)) → 𝐴(𝑆 (ℝ)) 
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