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Abstract

To identify one pair of generalized contractive maps using a Banach algebra in
complete cone metric spaces, we investigate, elucidate, and prove some standard
fixed point results. Our results extend and supplement those found in the literature.
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1. INTRODUCTION

Huang and Zhang [3] recently implemented cone metric spaces(CMSs). This
framework leads to a fixed point(FP) theorem by using an ordered Banach space instead
of actual numbers. They also gave an additional requirement for this theorem to be true.
Additionally, by using the normalcy of the cone, the author has demonstrated other
findings for contractive mappings. We are going to talk about the convergence features
of sequences. Furthermore, We give some (FP) theorems for two mappings that are
contractive.

This study’s goal is to demonstrate novel common fixed point(CFP) solutions for pairs
of maps over Banach algebra(BA) that meet contractive criteria in full (CMSs). Some
(FP) theorems in the literature are generalized by the results ([10],[6],[11]).

Initially, we will examine the definitions and characteristics of (CMSs) and (BA).
Additionally, the subsequent lemmas and observations will prove to be useful in the
later sections. The following properties apply when defining an operation.
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Definition 1.1. (See[1][11]) Consider A is always a real (BA), which means that A
is a Banach space whereby a multiplication operation has defined, and applied the
subsequent characteristics for every (, £, v € A and o element of R.

(1) ¢(&v) = (¢&)v;

(2) ¢&+¢qu=C(§+v)and (u+E&v=((+Ev;
(3) (aQ)€ = a(C€) = ¢(ak);

(4) [Ic&ll < TICI-IEN-

In the framework of a (BA), we postulate the presence of a unit (or multiplicative
identity) denoted as e, satisfying the condition that e( = (e = ( for every element
¢ € A. An element  belonging to A is deemed invertible if there exists an element
& € A that serves as its inverse, fulfilling the equation (¢ = £( = e. The inverse of ( is
represented as ('

Proposition 1.2. (See[1],[11]) Let A denote a (BA) equipped within a unit element e,
and let { be an element of A. If the spectral radius p(C) of the element ( < 1, that is,

. 1, il
p(CQ) = lim [|Ga[[= = inf [|C"[[= <1

Consequently, the expression (e — () is invertible, and its inverse is given by (e—() ™! =

Do €
A subset P of A is referred to as a cone if

(1) P is closed, non-empty, and {6, e} C P, where 6 is A’s zero vector;
2) PP=P>CP;
(3) For any non-negative real numbers  and « exists such that P + P C P,

@ (=P)n(P) = {0}.

For a specified cone P subset of A, a partial ordering < can be established in relation
to P such that ( < £ holds iff £ — ( € P. The symbol ( < £ is used to indicate that
& — ¢ € P°, where P° represents the interior of the cone P.

The cone P is referred to as usually if there is a constant C > 0 so that for any o, § € A,
the condition o < 3 leads to the conclusion that ||| < K||]|.
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The smallest positive value of K that satisfies the aforementioned inequality is referred
to as the normal constant (refer to [3]). It is important to note that for any normal cone
P, the condition K > 1 holds (see [4]). In the subsequent discussion, we will assume
that P represents a cone within a real (BA).A, where P° # ¢ (indicating that the cone
P 1s solid) and that < denotes the partial ordering associated with P.

Definition 1.3. (See[2][3][5]) Let U represent a non-empty set. Assume that a function
d. : U x U — A fulfills the following conditions:

(1) Forall (,§£ € X, 0 =< d.(¢,§) and d.(¢,&) = 0 only in the event that ( = &;

(2) de(¢,€) = de(§,€), V(. € € U;
(3) de(C, &) 2 de(C,v) + de(v,§) foreach ¢, §,v € X.

A cone metric on the set U is denoted by d, and the pair (U,d.) is referred to as a
(CMSs) over the (BA) A (abbreviated as CMSBA). It is important to observe that for
every pair of elements (, & € U, the value d.((, &) belongs to the set P.

Definition 1.4. (See[3]) Let (U, d.) represent a (CMSs), where ( € U and {(, } denotes
a sequence within U. Consequently:

(1) The sequence {(,} is said to converge to ( if, for every ¢ € A with 0 < c, there
exists an integer ng € N so that ¢ > d.((,, () holds for every ny < n. That is
expressed as lim,, .. ¢, = Cor ¢, — Casn — oQ.

(2) The sequence {(,} is classified as a Cauchy sequence if, for every ¢ € A where
¢ > 0, there exists an integer ng € N so that d.((,, () < ¢ holds true for all
ng < n,m.

(3) A complete (CMSs) is defined as (U, d.) if every Cauchy sequence contained in
U converges..

Example 1.5. (See[2]) Let A denote the Banach space comprising all continuous real-
valued functions C(K) defined on a topological space K, with multiplication performed
pointwise. Consequently, A qualifies as a BA, where the function f(() = 1 serves as
the identity element of A.

Define the set P = {f € A : 0 < f({)forevery( € K}. It follows that P C A
constitutes a normal cone with a normal constant L = 1. Let U = C(K), equipped
with the metric d. : U x U — A defined by the expression

de(f,9) = 1F(¢) —9(Q)]
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foreach ¢ € K. Thus, (U, d.) forms a (CMSs) over the (BA) A.

Lemma 1.6. (See[3]) Let (U, d.) represent a (CMSs), and let P denote a normal cone
characterized by a usual constant C. Consider the sequence (,, within the space U.
Then.

(1) The sequence (, is said to converge to ( iff the distance d.((,, C) approaches 0 as
n approaches infinity.

(2) A sequence (, is classified as a Cauchy sequence iff the distance d.((,,Cn)

approaches zero as both m and n tend to infinity.

Definition 1.7. (See[3]) Let (U, d.) represent a (CMSs). If every Cauchy sequence
within U converges, then U is referred to as a complete (CMSs).

Lemma 1.8. (See[3])Let (U, d.) represent a (CMSs), and let P denote a normal cone
characterized by a normal constant K. Consider the sequences (, and (,, within the
space U.

(1) If the sequence (, approaches the value ¢ and simultaneously converges to the
value &, it follows that ¢ must equal &. This indicates that the limit of the sequence
C s unique, and it is evident that the limit of the sequence &, is also unique.

(2) The sequences (, and &, converge to ( and &, respectively as n approaches

infinity, then the distance d.((,, (,,) converges to d.((, &) as n approaches infinity.

Lemma 1.9. (See[9]) Consider A represent a (BA), and let k be a vector within A. If
the spectral radius r(k) meets the criterion 0 < r(k) < 1, it can be concluded that

r(le—k)™") < (1—r(k)™"

Lemma 1.10. (See[7]) Consider A represent a (BA), and let { and & denote vectors

within A. If the vectors ( and & commute, the statement is valid:

(1) r(Q)r(§) = r(¢);
(2) 7(Q) +7(E)r(C+ &) = r(C+&)s
(3) (¢ =&) = |r(¢) = r(&)I-

Lemma 1.11. (See/8] [7]) If A represents a real (BA) equipped with a cone P, and let

{C.} denote a sequence within A. Assume that ||(,|| approaches 0 as n tends to infinity
for any ¢ > 0. It follows that ¢ > (, for all N* < n, where N is a natural number.
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Lemma 1.12. (See[8] [7]) If E is a real Banach space equipped with a solid cone
P, and if the norm ||(,|| approaches 0 as n tends to infinity, then for any 0 that is
significantly less than c, there exists a natural number N such that for all n greater
than N, it follows that (, is also significantly less than c.

Lemma 1.13. (See[7]) Consider A represent a (BA) and let k be an element of A. If it
holds that p(k) < 1, then it follows that

lim ||%"|| = 0.
n—oo

2. MAIN RESULTS

In this section, we will illustrate the (FP) and (CFP) for a set of contractive mappings
by employing the normality of the cone in the framework of (BA).

Theorem 2.1. Consider (U, d..) represent a complete (CMSs) equipped with a (BA) A,
and let P denote a nonnormal cone characterized by a usual constant IC. Consider
that the mappings are f and g : U — U fulfill the contractive condition expressed as
follows:

de(fC, 9€) = pde(C,€)

for every (,& € U, where p has a constant within the interval [0,1). Under these
conditions, the mappings f and g possess a unique (CFP) in U. Furthermore, for any
element ( € U, the iterative sequences { f*"*1(} and {g*"2(} will converge to this
(CFP).

Proof. Select element (, from the set /. Define (; as f((o), (3 as f((1), which can also
be expressed as f3((p), and in a general sense, (s, 1 can be represented as f((a,), Or

£ (o)

In a similar manner, we can express (, as g((;), which is equivalent to g*((p), and ¢, as
g((3), or g*((p). Thus, in general, 2,2 can be defined as g(Cany1), or g2 2((p).

dc(CZn-l—la <2n) = dc(chna gC2n—1) j ,Udc(CQna CZn—l)
2 pPde(Cont, Gon2) = oo 2 pde(GrL Go)-
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For values of n greater than m, we obtain.

dc(CZm C2m) j dc(CQm C2n71) + dc(C2n717 §2n72) +-————- +dc<C2m+17 CQm)
S (T P T = = = = ) d (G, Go)
= O 1) de(Gr, Go)
n=0
2m
< —d.(61. )
e—

=< (e — p) o (Gr, Go)
According to Lemma 1.13, it follows that.

de(Con, Com) || = H’C/ﬁm(6 - M)_ldC(gh Co)l|
= Kl 1l (e = ) lde (S o)l = 0(m — o0)

This indicates that.

dc(<2n7 C2m) j M2m(e - ;U/)ildc(Ch CO) — 0<n7m — OO)

According to Lemma 1.12, for every 6 that is significantly less than ¢, there exists a
value N; such that the inequality

dc(CQna CQm) <L c

holds true for all n greater than /V;.

Therefore, the sequence {(>,} qualifies as a Cauchy sequence. Given that f(U) is a
complete subspace of U, it exists an element (* € U/ so that (5, — (* as n approaches
infinity. Additionally, we have.

dc(f<*7 C*) j dc(fC?na fC*) + dc(fCQna C*)
= pde(Cony €F) + de(Cont1, C7)

As a result,

e (fC EOIF = Kl pllflde(Can, I+ lde(Canir, €)= 0 (n = o0)
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Therefore, it follows that ||d.(f¢*,¢(*)|] = 0. This indicates that f¢* = (*.
Consequently, (* is identified as a fixed point of the function f. Furthermore, if £*
represents another (FP) of f, then we have

de(C7,€%) = do(fC7, fE7) = pde(CF,€7)

This can be expressed as

(6 - “)dc(c*vf*) j 0

By multiplying both sides of the inequality by

(e—p) "= (Z M) = 0.

Consequently, we have ||d.((*,£*)|| = 0, which indicates that (* = &£, resulting in a
contradiction. Therefore, the (FP) of the function f is unique.

In a similar manner, it can be demonstrated that g(* = (*. As a result, we find that
f&=¢ =gC.
Thus, ¢* serves as the (CFP) for the mappings f and g. This concludes the proof. [

Corollary 2.2. Consider a complete (CMSs) (U,d.) equipped with a (BA) A and a
non-normal cone P that possesses a usual constant K. Assume that the maps f and g

from U to itself fulfill the following 1. requirement for certain positive integer n.:

de(f7"H1C, 9728 < pde(¢,€)

in favor of every (,§ € U, where i € [0,1) is a constant. Under these circumstances,
f and g exhibit a unique (CFP) within the space U.

Proof. In the aforementioned theorem, it is asserted that the function f?"*! possesses
a unique (FP) denoted as ¢*. Furthermore, it is demonstrated that f2"T1(f(*) =
f(f*1¢*) = f¢*, indicating that fC* is also a (FP) of f?**1. This results in the
inference that f(* = (*, thereby establishing that (* is a (FP) of f. Given that the (FP)
of f is also a (FP) of f2"*!, it can be inferred that the (FP) of f is indeed unique.

In a comparable trend, it can be demonstrated that g(* = (*. Consequently, we have
fC* = (" = g¢*. Thus, (* serves as a (CFP) for both f and g. O]
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Theorem 2.3. Let (U, d..) denote a complete (CMSs) equipped with a (BA) A. Consider
‘P as a nonnormal cone characterized by a normal constant IC. If the functions [ and
g : U — U fulfill the condition of contraction given by

de(f¢, 98) = plde(fC,¢) + de(g€, €)]

in favor of every elements (,y € U, where 1 is a constant in the interval |0, %), it

follows that f and g possess a unique (CFP) within U. Furthermore, for any ( € U, the
iterative sequences { "1} and {g*" 2} will converge to this (CFP).

Proof. Select (, € U. Establish the sequence as follows: ¢; = f(, (3 = fG = f3Co,
and continuing in this manner, we have (o1 = (o = f21(0.

In a same manner, we can express the even-indexed terms: (, = ¢g(; = ¢*Co,

vy = gC3 = g*p, and thus, (op 42 = glon+1 = ¢*"2(r. We possess

dc(CQn—&-la CQn) = dC(fCQna 9C2n—1)
j //J[dc<f<2n7 <2n) + dc(QCanlu C2n71>]
= #[dc(CQn—&-b CQn) + dc(C2na C2n—1)]

Therefore

dc(§2n+1> C2n) j #(6 - ,U)_ldc(Cém C2n—1)
- 6dc(€2n7 CQn—l)

Where § = u(e — )=t Forn >m

de(Cons Com) = de(Cons Con—1) + de(Con—1,Con—2) + — — — — — — +d(Com+1, Com)
< (521171 4 521172 - +62m)dc<C17C0>
< (D 6*)0""de(Gr, Go)
n=0
62m
j c_ 5dc<Cl7C0)

= 0" (e = 0) " de(C1, o)
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Consequently, according to lemma 1.13, we obtain.

|’dc<C2n7 CQm)H j H]C(SZm(e - 6)71dc(C17 CO)”
= K[6* |-l (e = &) Ml lde(Gr, o)l = 0(m — o0)

This indicates that
do(Cony Com) = 6% (e — 0) " 'do(C1, Co) — 0as n,m — oo.

Therefore, according to Lemma 1.12, for every ¢ > 0, there is an integer /Ny so that.

c > dc(C2n7 C?m)

holds for every Ny < n.

Therefore, the sequence {(,,} constitutes a Cauchy sequence. Since f(I/) constitutes
a complete subspace of U, it follows that there exists an element (* € U such that
Con — C* as n approaches infinity. Additionally, it follows that.

de(fC*C") 2 de(fCan, FC7) + de(fC2n, C7)
j 5[dc(c2na C2n) + dc(fC*a C*)] + dc(fC2n+17 C*)

d.(fC*,¢7) = (e = 8) 7 [0de(Cons Con) + de( fConrn, V)]
(¢, CIF = Kle = 6) T {1011 Ide(Cantrs Can) | + lde(Cansa, €I = 0 (0 — 00)

Therefore, it follows that 0 = ||d.(f(¢*),*)||. This indicates that f({*) = (*.
Consequently, ¢* is identified as a (FP) of the function f. Furthermore, if £* represents
an additional (FP) of f, then.

de(C", &) = de(fC7, fE7)
= 0[de(f¢7,¢) 4 de(g€™, €7))]
=0

Consequently, we have ||d.(f((*), *)|| = 0, this results in the conclusion that (* = £*,
resulting in a contradiction. Hence, the (FP) of the function f is unique.

In a comparable manner, we can demonstrate that g(* = (*. Therefore, it can be
concluded that. f(* = (* = g(*.

Thus, ¢* serves as the (CFP) for the maps f and g. This concludes the result. ]
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Theorem 2.4. Consider (U, d,.) represent a complete (CMSs) equipped with a (BA) A.
Consider P as a non-normal cone characterized by a normal constant K. Assume that
the maps f and g : U — U fulfill the condition of contraction given by

d(f¢, 9€) = plde(fC,€) + de(gé, C)]

in favor of every elements (,§ € U, where 1 is a constant within the interval |0, %)

Under these circumstances, it can be concluded that  and g possess a unique (CFP)
in U. Furthermore, for all { € U, the iterative sequences { f*"'(} and {g*"*2(} will

converge to this (CFP).

Proof. Select (y € U. Establish the sequence as follows: (; = f(o, (3 = fC = 3,

and in general, (5,11 = fCon = [T,

In a similar manner, we can express the even-indexed terms: ( = ¢( = ¢°*C,
4 = gG3 = g*Co, leading to the general form Cyn 12 = gCont1 = 97" (.

Thus, we have established the sequences.

dc(<2n+1> CQn) = dc(fC2na gC2n—1)
= plde( flons Con-1) + de(9Can—1, Con)]
= plde(Cont1s Con) + de(Con, Cona1)]

Therfore

de(Cant1, Gan) = (e = 1) " de(Cans Gon—1)
= 5dc(c2na CQn—l)

Where 6 = p(e — p)~t. Forn > m

dc(§2n> C2m) j dc(C2na CQn—l) + dc(CQn—la C2n—2) +-————- +dc(c2m+la C2m)
ST 0T = — = = +0")de (G, o)
< (Y 0%)8""de(C1 o)
o

= mdc(ChCo)
=< 6" (e —6)7d(¢i, Go)
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Consequently, according to lemma 1.13, we obtain

|’dc<C2n7 CQm)H j H]C(SZm(e - 6)71dc(C17 CO)”
= K[6* |-l (e = &) Ml lde(Gr, o)l = 0(m — o0)

This indicates that
dc(c2na CQm) j 52m(6 - 5)_1d0(617 CO) — O(?’L, m— OO)
According to the lemma 1.12 for each ¢ >> 6 there is a number /V; so that.

dc(CQna CZm) <Lc

holds for everyone N; < n.

Hence {(3,} forms a Cauchy sequence. As f(U/) a complete subspace of U exists
(* € U so that (5, — (* as n — oo. Furthermore, one has

dc(fC*, C*) j dc(fCénv fC*) + dc(fCZm C*)
j M[dc(fg*v CQn) + dc(fCQm C*>] + dc(fCQn—‘rh C*)

de(fC*,¢7) 2 pulde(fC7, C7) 4 delGon, €F) + de(f Cont1, CF)] + de(f Cantr, €7)

do(f¢¢) = (e = 1) p{de(Gons €°) + de( fConrns €)} 4 de(fConta, €]
de(£C*, N = K(e—p) i llde(Cons O HIIde(Consirs CIT I de(Conrn, KT = 0.
Hence ||d.(f¢*,¢*)|| = 6. This indicates f¢* = (*. So (* is a (FP) of f.

So, if y* represents an alternative (FP) of f then

de(C,€7) = de(fC7, fE7)
= pulde(fC7,87) + de(98™, ¢7)]
= 2pd.(¢", ¢")

Consequently, it follows that ||d.(¢*,£*)|| = 6, leading to the conclusion that (* = £*,
which presents a contradiction. Thus, the (FP) of f is established as unique.

Similarly, we can establish that g(* = (*. Therefore, f(* = (* = g(*.
Therefore, (* is the (CFP) of the maps f and g. This completes the proof. ]
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3. CONCLUSION

In this research, we have established definite (CFP) theorems within the framework
of complete (CMSs) using (BA). We have also discussed the implications of our main
findings. The results presented in this article build upon and broaden multiple aspects
findings from existing literature.
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