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Abstract

This paper presents a method to solve fully intuitionistic fuzzy linear system of
equations (FIFLS). Our proposed method is a new method to solve such systems of
equations. In this new method n × n FIFLS is converted to two n × n crisp systems,
which is the only method and is quite efficient.
Keywords: Positive Triangular Intuitionistic Fuzzy Number, Parametric form of
Triangular Intuitionistic Fuzzy Number, Fully Intuitionistic Fuzzy Linear Systems
(FIFLS).

1. INTRODUCTION

In real-life situations many problems in mathematics, physics, engineering and other
science subject ultimately turn into a problem of solving system of linear equations. In
this type of experiment, parameters are obtained through some estimation, modelling, or
observation. Since all these type of problems involve some uncertainty at some point or the
other, the most scientific way to choose the parameters as fuzzy rather than crisp. Fuzzy
parameters can handle uncertainty and vagueness. In fuzzy set theory sum of membership
and non-membership is always equal to one. But in actual real situation, there may exist
some hesitation degree. In intuitionistic fuzzy set, this hesitation degree also considered
which makes intuitionistic fuzzy set theory more useful. So, considering intuitionistic fuzzy
set (number) seems to fit more suitably to describe uncertainty, therefore it is more useful
to take intuitionistic fuzzy set (number) rather than fuzzy set (number).
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The concept of fuzzy set has been first introduced by Zadeh [21]. Since then, there
have several generalizations of fuzzy set; intuitionistic fuzzy set (IFS) is one of them.
IFS was first introduced by Atanassov [3, 4]. Intuitionistic fuzzy linear systems (IFLS)
are the linear systems whose parameters are all or partially represented by intuitionistic
fuzzy numbers (IFN). Fully intuitionistic fuzzy linear sytems (FIFLS) are the linear
systems whose parameters are all represented by intuitionistic fuzzy numbers (IFN)
Friedman et al. [15] first proposed a general model for solving n × n fuzzy linear
systems (FLS) with the coefficient matrix consisting of crisp numbers and right hand
side column vector consisting of arbitrary fuzzy numbers. By using parametric form of
fuzzy number they converted n× n FLS into 2n× 2n crisp systems. Behera et al. [11]
gave a new model for solving FLS. They converted n × n fuzzy system into n × n

crisp system by using double parametric form. Fuzzy system of linear equations has
been studied by several authors [1, 2, 7–9, 13, 16–18, 20]. Banerjee et al. [6] developed
an approach to solve intuitionistic fuzzy linear systems (IFLS). They converted n × n

system of IFLS into two 2n× 2n crisp linear systems. Atti et al. [5] also developed an
approach to solve IFLS. They converted n× n system of equation into four n× n crisp
linear systems. Thee solvability of system of intuitionistic fuzzy linear equations was
studied by Pradhan et al. [19]. Bharati. et. al give a method to solve fully intuitionistic
fuzzy linear programming problem based on sign distance.

In this paper, we have developed an approach to solve FIFLS following Behera et
al. [11], which originally was developed for FLS. The paper is organised as follows:
In the next section we review some definitions, in section (3) we discuss in detail the
proposed method of solution and in section (4) numerical examples have been included
which are solved using the new method. In the section (5) we have given conclusion.

2. PRELIMINARIES

Definition 2.1. Intuitionistic Fuzzy Sets: Let X be a finite set of elements. An IFS Ã

in X is defined as

Ã = {⟨x, µÃ(x), νÃ(x)⟩ | x ∈ X},

where the functions µÃ : X 7→ [0, 1] and νÃ : X 7→ [0, 1] respectively represent the
degrees of membership and non-membership of the element x ∈ X to the set Ã such
that µÃ(x) ∈ [0, 1], νÃ(x) ∈ [0, 1], 0 ≤ µÃ(x) + νÃ(x) ≤ 1.

Definition 2.2. (α, β)-cuts: A subset (α, β)-cut of X , generated by IFS Ã, where
α ∈ [0, 1], β ∈ [0, 1] are fixed numbers such that α + β ≤ 1 defined as

Ãα,β = {x ∈ X : µÃ(x) ≥ α, νÃ(x) ≤ β}
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Ãα,β is a crisp set of elements which belong to Ã at least to the degree of α and which
does not belong to Ã at most to the degree of β.

Definition 2.3. Intuitionistic Fuzzy Number (IFN): An IFS Ã on real line is called
IFN if it satisfies the following conditions

1. there exists xo ∈ R such that µÃ(x0) = 1 and νÃ(x0) = 0

2. the membership function µÃ is convex
i.e, µÃ(λx1 + (1− λ)x2) ≥ min{µÃ(x1), µÃ(x2); ∀x1, x2 ∈ R, λ ∈ [0, 1]}

3. the non-membership function νÃ is concave
i.e, νÃ(λx1 + (1− λ)x2) ≤ max{νÃ(x1), νÃ(x2)}; ∀x1, x2 ∈ R, λ ∈ [0, 1]}.

Definition 2.4. Triangular Intuitionistic Fuzzy Number (TIFN): A triangular
intuitionistic fuzzy number Ã is denoted by Ã = ⟨(l1, l2, l3), (l′1, l2, l′3)⟩. An IFN Ã

is called TIFN if its membership and non-membership functions follow the following
rules:

µÃ(x) =


0, x ≤ l1

x−l1
l2−l1

, l1 ≤ x ≤ l2
l3−x
l3−l2

, l2 ≤ x ≤ l3

0, x ≥ l3

and

νÃ(x) =


1, x ≤ l′1

l2−x
l2−l′1

, l′1 ≤ x ≤ l2
x−l2
l′3−l2

, l2 ≤ x ≤ l′3

1, x ≥ l′3

where l′1 ≤ l1 ≤ l2 ≤ l3 ≤ l′3.
(α, β)-cut of Ã = ⟨(l1, l2, l3), (l′1, l2, l′3)⟩ may be represented as
Ãα,β = ⟨[A(α), A(α)], [A′(β), A′(β)]⟩, where A(α) = l1 + α(l2 − l1), A(α) =

l3 − α(l3 − l2), A′(β) = l2 − β(l2 − l′1) and A
′
(β) = l2 + β(l′3 − l2).
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Figure 1: TIFN⟨(l1, l2, l3), (l′1, l2, l′3)⟩

Definition 2.5. Non-Negative TIFN: A triangular intuitionistic fuzzy Number Ã =

⟨(l1, l2, l3), (l′1, l2, l′3)⟩ is said to be non-negative if l′1 ≥ 0.

3. FULLY INTUITIONISTIC FUZZY SYSTEM OF LINEAR EQUATIONS:

The n× n Fully Intuitionistic fuzzy system of linear equation may be written as

ã11x̃1 + ã12x̃2 + ...+ ã1nx̃n = b̃1
ã21x̃2 + ã22x̃2 + ...+ ã2nx̃n = b̃2

...
ãn1x̃n + ãn2x̃2 + ...+ ãnnx̃n = b̃n.

In matrix notation the above system may be written as
ÃX̃ = B̃, where the coefficient matrix Ã = (ãkj), 1 ≤ k ≤ n, 1 ≤ j ≤ n is an
intutionistic fuzzy matrix of order n× n ,
B̃ = (b̃k), 1 ≤ k ≤ n is a column vector of fuzzy number and X̃ = (x̃j) is the vector
of fuzzy unknown.
Here we have assumed that Ã ≥ 0, B̃ ≥ 0 and X̃ ≥ 0.

3.1. Solution Method Of Fully Intuitionistic Fuzzy System Of Linear Equations:

The system of equations ÃX̃ = B̃ can be represented as

n∑
j=1

ãkjx̃j = b̃k, for k = 1, 2, ..., n. (3.1)

Using parametric form of intuitionistic fuzzy number, we may write
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ãkj = ⟨[akj(α), akj(α)], [a′kj(β), a′kj(β)]⟩,
x̃j = ⟨[xj(α), xj(α)], [x

′
j(β), x

′
j(β)]⟩,

and
b̃k = ⟨[bk(α), bk(α)], [b′k(β), b′k(β)]⟩.

Substituting the above expression in equation (3.1), we get
n∑

j=1

⟨[akj(α), akj(α)], [a′kj(β), a′kj(β)]⟩⟨[xj(α), xj(α)], [x
′
j(β), x

′
j(β)]⟩

= ⟨[bk(α), bk(α)], [b′k(β), b′k(β)]⟩
(3.2)

for k = 1, 2, ..., n.

From equation(3.2), one may get two n × n system of equations based on α -cut and
β-cut respectively

n∑
j=1

⟨[akj(α), akj(α)]⟩⟨[xj(α), xj(α)]⟩ = ⟨[bk(α), bk(α)]⟩, for k = 1, 2, ..., n. (3.3)

and
n∑

j=1

⟨[a′kj(β), a′kj(β)]⟩⟨[x
′
j(β), x

′
j(β)]⟩ = ⟨[b′k(β), bk(β)]⟩, for k = 1, 2, ..., n. (3.4)

Let us define

ãkj(α, γ) = γ(akj(α)− akj(α)) + akj(α), for j, k = 1, 2, ..., n (3.5)

x̃j(α, γ) = γ(xj(α)− xj(α)) + xj(α), for j = 1, 2, ..., n (3.6)

b̃k(α, γ) = γ(bk(α)− bk(α)) + bk(α), for k = 1, 2, ..., n (3.7)

ãkj(β, δ) = δ(a′kj(β)− a′kj(β)) + a′kj(β), for j, k = 1, 2, ..., n (3.8)

x̃j(β, δ) = δ(x′
j(β)− x′

j(β)) + x′
j(β), for j = 1, 2, ..., n (3.9)

b̃k(β, δ) = δ(bk(β)− bk(β)) + bk(β), for k = 1, 2, ..., n. (3.10)

substituting the above expressions in eq.(3.3) and eq.(3.4) we get

n∑
j=1

ãkj(α, γ)x̃j(α, γ) = b̃k(α, γ), for k = 1, 2, ..., n (3.11)

and
n∑

j=1

ãkj(β, δ)x̃j(β, δ) = b̃k(β, δ), for k = 1, 2, ..., n. (3.12)
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The above equation (3.11) is now solved to obtain x̃j(α, γ). After getting x̃j(α, γ) one
can put γ = 0 to get xj(α) (= x̃j(α, 0)) and γ = 1 to get xj(α) (= x̃j(α, 1)).

Similarly, solving equation (3.12) one can get x̃j(β, δ). After getting x̃j(β, δ) one can
put δ = 0 to get x′

j(β) (= x̃j(β, 0)) and δ = 1 to get x′
j(β) (= x̃j(β, 1)).

Existence Of Solution : From the non negative fully intuitionistic fuzzy system of
linear equations (3.1) one may represent the non negative intuitionistic fuzzy system as
two non negative n× n fuzzy system of equations as
Ã(α, γ)X̃(α, γ) = B̃(α, γ) and
Ã(β, δ)X̃(β, δ) = B̃(β, δ)

Theorem 3.1 (Following Behera et al 2015). Let Ã(α, γ) ≥ 0, B̃(α, γ) ≥ 0 and
Ã(α, γ) corresponds to a permutation matrix. Then the non negative fully intuitionstic
fuzzy system of linear equations has a non negative consistent fuzzy solution.

Proof: The hypothesis of De Marr (1972) implies that [Ã(α, γ)]−1 exists as non
negative matrix. So we haveX̃(α, γ) = [Ã(α, γ)]−1B̃(α, γ) ≥ 0. Hence one may
conclude that X̃(α, γ) is a non-negative solution of the system of equation (3.11).

Theorem 3.2 (Following Behera et al 2015). Let Ã(β, δ) ≥ 0, B̃(β, δ) ≥ 0 and Ã(β, δ)

corresponds to a permutation matrix. Then the non negative fully intuitionstic fuzzy
system of linear equations has a non negative consistent fuzzy solution .
Proof: The hypothesis of De Marr (1972) implies that [Ã(β, δ)]−1 exists as non-negative
matrix. So we have X̃(β, δ) = [Ã(β, δ)]−1B̃(β, δ) ≥ 0. Hence one may conclude that
X̃(β, δ) is a non negative solution of the system of equation (3.12).

Definition 3.1. If X̃ = (x̃1, x̃2, ..., x̃n)
T is a solution set of (12) and for each j,

1 ≤ j ≤ n, the inequalities xj(α) ≤ xj(α), x′
j(β) ≤ x′

j(β) hold, then the solution

X̃ is called a strong solution of the system (3.1).

Definition 3.2. If X̃ = (x̃1, x̃2, ..., x̃n)
T is a solution set of (12) and for some j,

1 ≤ j ≤ n, the inequalities xj(α) > xj(α) or x′
j(β) > x′

j(β) hold, then the solution X̃

is called a weak solution of the system (3.1).

4. NUMERICAL EXAMPLE

Example 4.1. Let us consider 2×2 fully intuitionistic fuzzy system of linear equations
( [12])
⟨(1, 2, 3), (0.5, 2, 4)⟩x̃1 + ⟨(2, 3, 4), (1, 3, 5)⟩x̃2 = ⟨(3, 9, 25), (1, 9, 60)⟩
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⟨(1, 2, 3), (0.5, 2, 4)⟩x̃1 + ⟨(1, 2, 3), (0.5, 2, 4)⟩x̃2 = ⟨(3, 8, 24), (1, 8, 55)⟩.

Then, following the reduction technique mentioned in section (3.1), we get the 1st 2×2

system as
(γ(2− 2α) + 1+α)x̃1(α, γ) + (γ(2− 2α) + 2+α)x̃2(α, γ) = γ(22− 22α) + 3+ 6α,
(γ(2− 2α) + 1+α)x̃1(α, γ) + (γ(2− 2α) + 1+α)x̃2(α, γ) = γ(21− 21α) + 3+ 5α.

Writing in matrix-vector form we have,(
(γ(2− 2α) + 1 + α) (γ(2− 2α) + 2 + α)

(γ(2− 2α) + 1 + α) (γ(2− 2α) + 1 + α)

) (
x1(α, γ)

x2(α, γ)

)
=

(
γ(22− 22α) + 3 + 6α

γ(22− 22α) + 3 + 5α

)

⇒

(
x1(α, γ)

x2(α, γ)

)
=

(
(γ(2− 2α) + 1 + α) (γ(2− 2α) + 2 + α)

(γ(2− 2α) + 1 + α) (γ(2− 2α) + 1 + α)

)−1

(
γ(22− 22α) + 3 + 6α

γ(22− 22α) + 3 + 5α

)

⇒

(
x1(α, γ)

x2(α, γ)

)
=


2α2γ2 − 3α2γ + α2 − 4αγ2 + 23αγ − 4α+ 2γ2 − 20γ − 3

2αγ − α− 2γ − 1

−αγ + α+ γ

.

Now we get the solution as

x̃1(α, γ) =
2α2γ2 − 3α2γ + α2 − 4αγ2 + 23αγ − 4α + 2γ2 − 20γ − 3

2αγ − α− 2γ − 1
and

x̃2(α, γ) = −αγ + α + γ

Putting γ = 0 in x̃1(α, γ) and x̃2(α, γ) we get respectively,

x̃1(α, 0) = x1(α) =
α2 − 4α− 3

−1− α
and x̃2(α, 0) = x2(α) = α.

Putting γ = 1 in x̃1(α, γ) and x̃2(α, γ) we get respectively,

x̃1(α, 1) = x1(α) =
15α− 21

α− 3
, and x̃2(α, 1) = x2(α) = 1.
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Then, following the reduction technique mentioned in section (3.1), we get the 2nd 2×2

system as
(3.5δβ + 2− 1.5β)x̃1(β, δ) + (4δβ + 3− 2β)x̃2(β, δ) = 59δβ + 9− 8β,

(3.5δβ + 2− 1.5β)x̃2(β, δ) + (3.5δβ + 2− 1.5β)x̃2(β, δ) = 54δβ + 8− 7β.

Writing in matrix-vector form we have(
(3.5δβ + 2− 1.5β) (4δβ + 3− 2β)

(3.5δβ + 2− 1.5β) (3.5δβ + 2− 1.5β)

) (
x1(β, δ)

x2(β, δ)

)
=

(
59δβ + 9− 8β

54δβ + 8− 7β

)

⇒

(
x1(β, δ)

x2(β, δ)

)
=

(
3.5δβ + 2− 1.5β) (4δβ + 3− 2β)

(3.5δβ + 2− 1.5β) (3.5δβ + 2− 1.5β)

)−1 (
59δβ + 9− 8β

54δβ + 8− 7β

)

⇒

(
x1(β, δ)

x2(β, δ)

)
=


38β2δ2 − 78β2δ + 8β2 + 178βδ − 30β + 24

(βδ − β + 2)(7βδ − 3β + 4)

10βδ − 2β + 2

βδ − β + 2

.

Now we get the solution as

x̃1(β, δ) =
38β2δ2 − 78β2δ + 8β2 + 178βδ − 30β + 24

(βδ − β + 2)(7βδ − 3β + 4)
, and

x̃2(β, δ) =
10βδ − 2β + 2

βδ − β + 2
.

Putting δ = 0 in x̃1(β, δ) and x̃2(β, δ) we get respectively

x̃1(β, 0) = x′
1(β) =

8β2 − 30β + 24

(2− β)(4− 3β)
, and x̃2(β, 0) = x′

2(β) =
2− 2β

2− β
.

Putting δ = 1 in x̃1(β, δ) and x̃2(β, δ) we get respectively

x̃1(β, 1) = x′
1(β) =

−8β2 + 37β + 6

2β + 2
, and x̃2(β, 1) = x′

2(β) = 4β + 1.

Here we see that,
x̃1α,β = ⟨[x1(α), x1(α)], [x

′
1(β), x

′
1(β)]⟩,

and
x̃2α,β = ⟨[x2(α), x2(α)], [x

′
2(β), x

′
2(β)]⟩,
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are both triangular shaped Intuitionistic Fuzzy Numbers.
Here we get, x̃1 ≈ ⟨(3, 3, 7), (2, 3, 8.75)⟩and x̃2 ≈ ⟨(0, 1, 1), (0, 1, 5)⟩.

Figure 2: fig(a):x̃1 fig(b): x̃2

5. CONCLUSION

This (α,γ),(β,δ) parametric form for solving Fullly Intuitionistic Fuzzy Linear systems
is easy and straight forward. The new method gives a lead to handle Fullly Intuitionistic
Fuzzy Linear systems, though this method has restriction to applicability, which says
that Ã ≥ 0, B̃ ≥ 0 and X̃ ≥ 0 must be satisfied. We compared the result of this
method with a known fully fuzzy linear programming problem [12] which shows both
the results are the same. Future work may focus on removing the restrictions of this
method.
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