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Abstract

When Pascal’s triangle is displayed in the first quadrant of the coordinate plane
with Pascal numbers lying on the nonnegative integer lattice points, the diagonals
of the array with nonnegative rational slopes give rise to infinite sequences of
binomial coefficients. Does each sequence satisfy a linear recurrence relation with
constant coefficients? We provide a complete answer to this question.
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1. INTRODUCTION

Pascal’s triangle is a rich source for interesting integer sequences. For example, the
Fibonacci sequence is obtained by summing up the numbers on the so-called “shallow”
diagonals. But what are shallow diagonals? Only a picture can tell. For convenience,
Pascal’s triangle can be displayed on the grid Z+ × Z+ with a row of 1’s and a column
of 1’s on the coordinate axes respectively. The value at the nonnegative integer lattice
point (x, y) is the Pascal number

(
x+y
y

)
. This is shown in Table 1. Using this display,

we can say that the Fibonacci sequence is the sequence of sums of Pascal numbers on
successive diagonals with a slope −1/2, starting at the origin (0, 0).
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· · · · · · · · · ·

1 · · · · · · · · ·

1 8 · · · · · · · ·

1 7 28 · · · · · · ·

1 6 21 56 · · · · · ·

1 5 15 35 70 · · · · ·

1 4 10 20 35 56 · · · ·

1 3 6 10 15 21 28 · · ·

1 2 3 4 5 6 7 8 · ·

1 1 1 1 1 1 1 1 1 ·

Table 1: Pascal’s triangle in coordinate plane display

The Fibonacci sequence, defined recursively by Fn = Fn−1+Fn−2, is nothing unusual.
Green [6] discovered an infinite number of linear recurrence relations using sums of
Pascal numbers on diagonals with a negative rational slope. Each of these recurrence
relations takes the form

Tn = Tn−a + Tn−b

where −a/b gives the common slope of the diagonals.

One may speculate, based on this result, that recursiveness is an inherent property
of Pascal numbers. However, sums of Pascal numbers are usually no longer Pascal
numbers. The question is, are Pascal numbers themselves recursive in nature?

To obtain infinite sequences of Pascal numbers, we consider diagonals with nonnegative
rational slopes. Every such diagonal covers infinitely many Pascal numbers, so no
summation is necessary or advisable. For example, the horizontal line starting at the
point (0, 2) gives the so-called triangular numbers

(
n+2
2

)
: 1, 3, 6, 10, 15, 21, . . ., while

the diagonal starting at (0, 0) with slope 1 gives the central binomial coefficients
(
2n
n

)
:

1, 2, 6, 20, 70, 252, . . .. Are these sequences recursive?

We formulate a more general question by considering Pascal numbers on evenly spaced
lattice points along diagonals with nonnegative rational slopes. The infinite sequences
obtained this way are named Pascal sequences. We will show that all Pascal sequences
along a horizontal line (or symmetrically, a vertical line) satisfy a linear recurrence
relation while all Pascal sequences along a line with a positive rational slope do not.
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This dichotomy is in itself an interesting fact. Are Pascal sequences recursive? The
answer depends on your point of view, in the literal sense.

2. LINEAR RECURRENCE RELATIONS

We first introduce a few results on recurrence relations that will be useful in later
sections. A linear recurrence relation of order k with constant coefficients has the form

an = t1an−1 + t2an−2 + · · ·+ tkan−k + tk+1, n ≥ k

where (an)n≥0 is a sequence of real numbers and t1, t2, . . . , tk, tk+1 are real numbers
not depending on n. It is said to be homogeneous if tk+1 = 0 and non-homogeneous
if tk+1 ̸= 0. A constant sequence, an = a for all n ≥ 0, can be viewed as a linear
recurrence relation of order 0, and it is homogeneous if a = 0 and non-homogeneous if
a ̸= 0.

In the following we use the terminology linear relation for a linear recurrence relation
with constant coefficients. A sequence (an)n≥0 is said to be recursive if it admits a
linear relation. A recursive sequence may admit only homogeneous linear relations or
both homogeneous and non-homogeneous linear relations.

Lemma 2.1. Any order k non-homogeneous linear relation can be written as an order
k + 1 homogeneous linear relation. If a sequence satisfies a non-homogeneous linear
relation of lowest order k, then the lowest order of homogeneous linear relations for
the sequence is k + 1.

Proof. Let
an = t1an−1 + t2an−2 + · · ·+ tkan−k + tk+1 (1)

be a non-homogeneous linear relation of order k. We have

an+1 = t1an + t2an−1 + · · ·+ tkan−k+1 + tk+1.

Subtract the two equations and solve for an+1 to get a homogeneous linear relation of
order k + 1.

Let k in relation (1) be the lowest order possible for the sequence (an). If (an) satisfies
a homogeneous linear relation

an = s1an−1 + s2an−2 + · · ·+ sjan−j (2)

with order j ≤ k, then by combining equations (1) and (2) we get a non-homogeneous
linear relation of order lower than k, a contradiction.
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Example 2.2. In the game The Tower of Hanoi, the minimum number of moves required
for n disks, hn, is given by the order 1 non-homogeneous linear relation hn = 2hn−1+1

with initial value h0 = 0. It can be rewritten as the order 2 homogeneous linear relation
hn = 3hn−1 − 2hn−2 with initial values h0 = 0, h1 = 1. The solution turns out to be
the sequence of Mersenne numbers, given by hn = 2n − 1.

Example 2.3. The reverse of the first part of Lemma 2.1 is not true. An order
k homogeneous linear relation usually cannot be replaced by an order k − 1

non-homogeneous linear relation. For example, the Lucas numbers

2, 1, 3, 4, 7, 11, 18, 29, 47, 76, 123, . . .

are defined by the same linear relation of order 2 as the Fibonacci numbers but have
different initial values:

Ln = Ln−1 + Ln−2, L0 = 2, L1 = 1.

This sequence, as well as the Fibonacci sequence, cannot be generated by a
non-homogeneous linear relation of order 1, or of any order for that matter.

Lemma 2.4. For any recursive sequence, the homogeneous linear relation of the lowest
order is unique. Likewise, the non-homogeneous linear relation of the lowest order is
unique.

The proof is easy and is omitted.

Given any linear recursive sequence (an), the unique lowest order homogeneous (or
non-homogeneous) linear relation is called the minimal homogeneous (or respectively,
non-homogeneous) linear relation of (an).

It is known that the recursiveness of a sequence is equivalent to the degeneracy of the
corresponding Hankel matrices. Given a sequence (an)n≥0, the so-called Hankel matrix
of order k is defined as

Ak = [ai+j]
k−1
i,j=0 =


a0 a1 a2 · · · ak−1

a1 a2 a3 · · · ak
a2 a3 a4 · · · ak+1

...
...

...
...

...
ak−1 ak ak+1 · · · a2k−2


for k ≥ 1. The sequence of determinants (|Ak|)k≥1 of these matrices is the so-called
Hankel transform of the sequence (an) [7].
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Lemma 2.5. A sequence (an) admits a minimal homogeneous linear relation of order
k if and only if |Ak| ≠ 0 and |An| = 0 for n ≥ k + 1.

The proof for the above lemma is an easy modification of the proofs of Lemma 6.73,
Theorem 6.74, and Theorem 6.75 in Lidl and Niederreiter [8]. These results are
formulated over a finite field, but are valid over any field. The necessity of the condition
also follows from Theorem 7 and its Corollary in Chapter XV of Gantmacher [5].

Lemma 2.6. If a sequence (an) has all rational terms and is generated by the minimal
homogeneous linear relation

an = t1an−1 + t2an−2 + · · ·+ tkan−k,

then all the coefficients t1, t2, . . . , tk are rational numbers.

Proof. Define column vectors

t =


tk
tk−1

...
t1

 , b =


ak
ak+1

...
a2k−1

 .

Then Akt = b, where Ak is the kth Hankel matrix of (an). By Lemma 2.5, Ak is
invertible. Thus t = A−1

k b. Since both A−1
k and b have rational entries, t must have

rational entries.

3. HORIZONTAL LINES

Now we consider lattice points on a horizontal line starting at (x, y) and having
increments (p, 0), p > 0. The Pascal sequence is given by

(
pn+x+y

y

)
for n ≥ 0. If

x = 0 and p = 1, we get the entire sequence of Pascal numbers on the horizontal line
starting at (0, y). For example, if (x, y) = (1, 2) and p = 3, we get the sequence(
3n+3

2

)
: 3, 15, 36, 66, 105, . . .. This is a subsequence of the triangular numbers,

obtained by picking every third number, starting at the second term of the sequence.

Theorem 3.1. The sequence
((

pn+x+y
y

))
n≥0

is recursive.

Note that (
pn+ x+ y

y

)
=

(pn+ x+ y)(pn+ x+ y − 1) · · · (pn+ x+ 1)

y!

is a polynomial of degree y in n. The theorem then follows from the lemma below.
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Lemma 3.2. If a sequence (an) is generated by a degree k polynomial function in n with
leading coefficient ck ̸= 0, then it admits a minimal non-homogeneous linear relation
of order k, given by

an =
k∑

i=1

(−1)i−1

(
k

i

)
an−i + k!ck (3)

and a minimal homogeneous linear relation of order k + 1, given by

an =
k+1∑
i=1

(−1)i−1

(
k + 1

i

)
an−i (4)

Proof. Let an = P (n) for all n ≥ 0 where P (x) is a polynomial of degree k with
leading coefficient ck ̸= 0. The existence of linear relations follows from the method of
finite differences. The order k forward finite difference ∆k[P ](x) gives

k∑
i=0

(−1)i
(
k

i

)
P (x+ k − i) = k!ck

By letting x = n− k we obtain equation (3). The order k + 1 forward finite difference
∆k+1[P ](x) gives

k+1∑
i=0

(−1)i
(
k + 1

i

)
P (x+ k + 1− i) = 0

By letting x = n− k − 1 we obtain equation (4).

To show that equation (4) is the minimal homogeneous linear relation for (an), consider
its Hankel matrix of order k + 1

Ak+1 = [P (i+ j)]ki,j=0 =


P (0) P (1) · · · P (k)

P (1) P (2) · · · P (k + 1)
...

...
...

...
P (k) P (k + 1) · · · P (2k)

 .

We perform row operations of the type Ri+1 −Ri repeatedly between two consecutive
rows with the same order of finite differences, starting at the last row and moving
backward. Since these operations preserve the value of a determinant, we see that

|Ak+1| = |∆i[P ](j)|ki,j=0.

Then we do column operations of the type Cj+1 − Cj repeatedly in the same way as
above. This gives

|Ak+1| = |∆i+j[P ](0)|ki,j=0.
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Since ∆k[P ](x) = k!ck and ∆n[P ](x) = 0 for n ≥ k+1, |Ak+1| is reduced to an upper
anti-triangular determinant with k!ck on the skew-diagonal. So

|Ak+1| = (−1)k(k+1)/2(k!ck)
k+1 ̸= 0.

By Lemma 2.5, equation (4) is the minimal homogeneous linear relation for (an). Then
it follows from Lemma 2.1 that equation (3) is the minimal non-homogeneous linear
relation for (an).

Example 3.3. Consider the subsequence an =
(
3n+3

2

)
of triangular numbers mentioned

above. an = (3n+3)(3n+2)
2

has degree 2 and leading coefficient c2 = 9/2. Therefore it is
given by the 2nd order minimal non-homogeneous linear relation

an = 2an−1 − an−2 + 9

and the 3rd order minimal homogeneous linear relation

an = 3an−1 − 3an−2 + an−3.

4. LINES WITH A POSITIVE SLOPE

In contrast to horizontal and vertical lines, Pascal sequences on lines with a positive
rational slope generally do not give rise to linear recurrence relations.

By Lemma 2.5, one can ascertain the non-recursiveness of a sequence (an) by showing
that its Hankel matrix Ak is non-degenerate for arbitrarily large k values. Let us see a
few examples. The central binomial coefficients an =

(
2n
n

)
are non-recursive because

the Hankel transform |Ak| = 2k−1, a fact that follows from Aigner [1, Proposition 8] (or
Amdeberhan and Zeilberger [2, equation (3)] by setting x = 0, a = 1 and simplifying).

The sequence of binomial coefficients bn =
(
3n
n

)
, lying on the line starting at (0, 0) and

having slope 1/2, has OEIS number A005809 [10] and Hankel transform |Bk| = 3k−1ak
where ak =

∏k−1
i=0

(3i+1)(6i)!(2i)!
(4i)!(4i+1)!

(A051255 in the OEIS). Thus (bn)n≥0 is not recursive.
Note that the formula |Bn| = 3nan in the OEIS is off by 1 in its index.

The Catalan numbers given by the recurrence relation

cn =
4n− 2

n+ 1
cn−1, c0 = 1

is not recursive (in our definition) because the Hankel transform |Ck| = 1 for every
k ≥ 1. See for example, [4] and [9, Corollary 2].

However, the Hankel transforms of sequences are mostly unknown, and in cases
when they are found, advanced methods are frequently required. The same goes with
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the method of generating functions. A closed form of the generating function of a
sequence is usually unavailable. In the following, we prove a general result on the
non-recursiveness of Pascal sequences using elementary number theory.

Consider the Pascal numbers on lattice points that start at (x, y) ≥ (0, 0) and have
increments (p, q) > (0, 0). They are given by(

(p+ q)n+ x+ y

qn+ y

)
=

((p+ q)n+ x+ y)!

(pn+ x)!(qn+ y)!
for n ≥ 0.

These numbers form a subsequence of the Pascal numbers on the line going through
(x, y) and having a positive rational slope q/p.

Theorem 4.1. The sequence
((

(p+q)n+x+y
qn+y

))
n≥0

is not recursive.

Proof. Assume on the contrary that

an =
((p+ q)n+ x+ y)!

(pn+ x)!(qn+ y)!

can be generated by the minimal linear relation

an = t1an−1 + t2an−2 + · · ·+ tkan−k. (5)

In view of Lemma 2.6, let T be the common denominator of the fractions ti, 1 ≤ i ≤ k.
Multiply both sides of equation (5) by

T
(p(n− 1) + x)! · (q(n− 1) + y)!

((p+ q)(n− k) + x+ y)!
.

Then every term on the right hand side of the equation becomes an integer while the left
hand side of the equation is given by TF

GH
where

F = ((p+ q)n+ x+ y)((p+ q)n+ x+ y − 1) · · · ((p+ q)(n− k) + x+ y + 1),

G = (pn+ x)(pn+ x− 1) · · · (p(n− 1) + x+ 1),

and
H = (qn+ y)(qn+ y − 1) · · · (q(n− 1) + y + 1).

First let p > q (the case for p < q is similar). Compare the factors of F with that of
G. Here by “factors” we mean the consecutive integers in the product given above, not
the set of all possible divisors of the number. For n large enough, say n ≥ N0 for some
N0, each factor of F is larger than each factor of G, which in turn is larger than T . In
addition, each factor of F is less than two times each factor of G. This means that no
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factor of F is an integer multiple of any factor of G. Note that the factors of G, when
all values of n ≥ k are plugged in, form a disjoint cover of all natural numbers from
p(k − 1) + x + 1 to +∞. Choose n ≥ N0 so that one of the factors of G is a prime
number. Then TF

GH
is not an integer, a contradiction.

Next consider the case p = q. Let x > y (the case for x < y is similar). We have

F = (2pn+ x+ y)(2pn+ x+ y − 1) · · · (2p(n− k) + x+ y + 1),

G = (pn+ x)(pn+ x− 1) · · · (p(n− 1) + x+ 1),

and
H = (pn+ y)(pn+ y − 1) · · · (p(n− 1) + y + 1).

For n large enough, all factors of F are smaller than, but almost equal to, two times
pn + x, the largest factor of G. More specifically, for any f between 2pn + x + y and
2p(n − k) + x + y + 1, we have 2 > f

pn+x
> 2 − ϵ for any small ϵ > 0 when n ≥ N0

for some N0. This means f cannot be an integer multiple of pn + x. If p and x are
relatively prime, then by Dirichlet’s prime number theorem [3, Theorem 1.1.5], there
are infinitely many n values that make pn+ x a prime. Choose n ≥ N0 so that pn+ x

is a prime and pn + x > T . Then TF
GH

is not an integer. If gcd(p, x) = d > 1, we can
write pn+ x = d(p1n+ x1) where p1 and x1 are relatively prime. Then for large n, all
factors of F are smaller than, but almost equal to, 2d times p1n+ x1. When p1n+ x1 is
a prime and n is large enough, TF

GH
cannot be an integer.

Finally, if p = q and x = y, then

F = (2pn+ 2x)(2pn+ 2x− 1) · · · (2p(n− k) + 2x+ 1),

G = H = (pn+ x)(pn+ x− 1) · · · (p(n− 1) + x+ 1).

Again all the factors of G, when all values of n ≥ k are plugged in, form a disjoint
cover of all natural numbers from p(k − 1) + x + 1 to +∞. Choose n large enough
so that one of the factors of G is a prime and p(n − 1) + x + 1 > max{T, 2pk}. F is
a product of 2pk consecutive integers so it cannot have more than one multiple of this
prime factor of G (and H), implying that TF

GH
is not an integer.
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