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Abstract

In this paper we presented a study of some recurrence relations of Bessel function
and modified Bessel function using some differential operators in two complex
variables. This study is an application of Bessel functions which give their
solutions these functions a partial differential equations using these operators.
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1. INTRODUCTION

We previous results in this paper, and the formality we take advantage of, showing
how new results can be obtained by applying the same formalism. In particular we see
that these different Bessel function families are directly related to Gossa-like
transformations.

Several researchers studied Bessel functions in different forms and used many
applications in particular to solve many science and engineering problems as well as
to solve other equations, such as Schrodinger equation, thermal equation, wave
equation, Laplace equation and Helmholtz equation in cylindrical or spherical
coordinates in [1,2,3,4,5, 6].

The Bessel and Gaussian functions are different manifestations of the same function,
as was recently demonstrated using concepts borrowed from parachute theory [2, 6].
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The practical result of this determination is a significant simplification of the
formalities associated with the processing of Bessel functions, and thus it is reduced
to direct applications of the rules of basic calculus.

Bessel functions are orthogonal and appear in solving some partial differential
equations. The function shown in the solution depends on geometry, physics
(differential equation form), and boundary conditions.

Now, we demonstrate how new theoretical elements arise from pure algebraic
manipulations, as the possibility of trigonometric framing.

We also see that numerous Bessel function families are connected by simple
Gauussian-like transformations (see e.g.[7]).

The Bessel equation we give is as follows:
zW +zw ' +(z*—n*)w =0 (1.1)

for n eN, which the separation of the wave equation in cylindrical or polar
coordinates can be obtained, for example. Since this is a differential equation of
second order we can have two linearly independent solutions. Now we are going to
start developing a first solution. We are taking w (z) a power series approach to

solution. Writing would be useful
w(z)zz”z bz"
k=0
we get
ZW'(Z)znZ"z b.z* +Z"Z kb, z*
k=0 k=0
and
zw"(z)=n(n —1)2"2 b.z" +2nz”z kb, z* +Z”Z k(k-1)z*.
k=0 k=0 k=0

(1.2)

We would like to create a complex order solution n. We need to exchange the
factorial with the Gamma function here. Instead we receive [8]:

B,

2 . __i _ . (_l)k Z_ 2k +n
J”(Z)_r(1+n)° 1( s 4] ,; F(1+k)1“(1+n+k)(2] (13)
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where I'(n) is the gamma function and

) ) (_1)k i 2k +n
J,,,(Z)_; F(1+k)r(1—n+k)(2)

_ > (_1)k+n Z_ 2k +n o .
_; F(1+k)F(1+n+k)(2j =(-D"J,(z). (1.4)

The relations (1.3) and (1.4) are called the Bessel function of order n, from the first
kind [9].

It can be shown that the Wronskian of J,(z) and J_,(z) are given by (see, e.g.
[10]):

W T )= 2sinnr

(1.5)

nz

2
. o z° . : .
where n is not a negative integer, 0F1(_;1+”;_T] is the hypergeometric function

of single complex variable, since

e 2P D (Y
Oﬂ("“”"ﬂ% k!(1+n)k[2) ’
where
A+n), =A+n)2+n)...[(k -)+@A+n)] ; n>1
and (d+n),=1.

The series (1.3) converges for all z, as the ratio test shows. Hence J, (z) is defined

for all z. The series converges very rapidly because of the factorials in the
denominator

J, (z)= ,/i cos(z _ﬂ_ﬁ]_
Tz 2 4

This shows that the J, (z) and J_, (z) forms a fundamental set of solutions when n is

not equal to an integer.
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Now, we give some recurrence formula for J, (z) we consider arbitrary complex z to

have
o0 . k 2k +n
Lo )=ty -2 o)
dz dz = TQ+k)I'Q+n+k)\ 2
and
z Jr; (Z)+n Jn (Z) =z Jn—l(Z)'
Similarly
iz I (z)=—=z2"J,.(2)
dz
and

2 ) =nd, () =2 J,,().
Subtracting and adding the above recurrence formula yield

2n
J,a(@2)+J,.4(2) =7Jn (z)

or
Jya(2)+J,4(2)=2J,(2).

The integral formula for the Bessel function is given as follows (see, e.g. [11]):
)
2
r 1 I'\n +1
2 2

or equivalently, when ¢ =cosé we get:

z
(2) 7 . 1
I cos(z cos@)sin* 640, R(n)>—-=,|argz |<7.
1 1)Jo 2

However, the Bessel function of two complex variables z and w can be defined for

1
J (z)= .[_ll (1-¢7)" 2 cos ztdt, R(n)>—%,|argz |< 7

J,(z)=

non-negative integers, since C represents the field of complex variables and the
space C* of the two complex variables z and w, the successive monomial

1Lzw,z%zw,w?, ... is arranged in such a way that the enumeration number of the
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monomial z"w"; m,n>0;in[12,13] is:

—1+ml+n;——,
4 4

T2 ’W):r(1+m)r(1+n) 01

Lk z 2h+m W 2k +n
oy 5 3

TS M@+ m + MDA+ n k)

where m,n are not negative integers and
I'l+m+n+h+k)=Q+m+n), , T'Q+m+n)

and

_ I'a+n)

(@), T@)

Also, when m,n are not negative integers, then the Bessel function is

. o5 (5
J oy alzw)= z 2 2

o PkNTQA-—m+h)(1-n+k) )

It follows directly that

o o [3) [3)
J (zw)=(=D"™ Z

—m,—n (h,k)zo h !k !r(l_m +h)r(l_n +k) .

Then, we have the following theorem:

Theorem:

When m,n are both integers (positive or negative) we have:

o oalew)==D""J, ,(z,w).

699

(1.6)

Now, a function /,(z) that is one of the solutions to the modified differential

equation and is closely related to of the Bessel function of first kind J,(z). The

modified Bessel function of the first kind /,(z) can be defined by

[,(z)=i"J,(z).
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For a real number n the function can be computed using

( j (1.7)

Le=0=(5) S s

where I'(n) is the gamma function.

The function Iv (X) s called modified Bessel function of the first kind of order ¥ and
it is a solution of Bessel modified equation for all values n (e.g. [14]).

2- DIFFERENTIAL OPERATORS AND BESSEL FUNCTION

Here, we study the Bessel function of two complex variables by using the differential
operators.

At first suppose that the Bessel function of the first kind of index as follows (e.g. [15,
16]):

L D (Zj
J,(2)=), ——=—

= kT'Q+n+k)

and

(_1)h+k [Zj2h+m (Wj2k+n
J (zw)= z 2 2 (2.1)

" iie W@+ m+h)C(L+n+k)

In equation (2.1) multiply both numbers by z "w " and then differentiate with respect

to z and w by using the differential operator = = [ii+liJ we see that (see,

w 0z z

Z_ 2h+m W 2k +n 1 a ot 1 a z 2h+m ML 2k +n
2 2 w oz zow 2 2
z 2h+m-1 2k +n-1 1 Z 2h+m-1 w 2k +n-1
2h+m (— +=(2k +n) —J —
2 4 2 2

1 Z 2h+m-1 w 2k +n-1 1 z 2h+m-1 w 2k +n-1
:—[Zh +m +2k +n](—j (—j z_[(m +n)+2(h +k)][_j (_) '
4 2 2 4 2 2

e.g. [13]):

(1]
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Now, by using the operator = to the Bessel function we get

=, (W)= Lii+lijJ ew)

w 0z z Ow

1(—1)” (m+n+2h+2k)| = T
=4 2 2

s R+ m + )@+ n +k)
Also,

3
NP

TN C i (A

= (zw)=
o) (h,%:-o R (Lt m + )T+ k)

e
(m +n) Z

e MENTQA+m +h)T(Q+n+k)

z 2h+m-1 w 2k +n-1
_1\htk <
Lo e (2] )
72
(h.k)=

0 RMETA+m+h)T(Q+n+k)

(22

ol )

0 hETA+m+h)(Q+n+k)

1 o0
2%

(b k

4

. kD (Zj o (Wj
2 2
2

. w
E(h ~ o WV \T+m +h)T(+n+k)

e (TR
=1(m+n)(3j(3] e w)+; 3 2 2
z J\w o

o hENTQA+m +h)LQ+n+k)

701
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(2

DD (zj @j )

o (A+DEITQ2+m+h)TQ+n+k)

(k +1)(=1)"* (ZJMH [W ij
1 2 2

205 Wk +)TA+m +h)(2+n +k)

1
2

1)1 1 & =0 (22) - (ng N
=(m +n)(;j(;jjnm(z,w)—— Z

2 hENTQ2+m+h)TQ+n+k)

(_1)h+k (Z)2h+m—1 (Wjﬂ( +n+1
1 i 2 2
2

e PEITQA+m+h)T(2+n+k)

, ) . (_1)h+k (Z)2h+m+l (Wj2k+n—l
=(m +n)(_j(_ij’"(Z’w)__ Z 2 2
z w

205 WEIT[1+@+m)+h|TQA+n+k)

z 2h+m-1 w 2k +n+1
_1h+k “ w
=S Y (zj (zj

25 WU T@Urm +h)[L+@Q+n)+k]

Then we have

=J,,( ,w)=($J(m+n>Jm,n(z w)

.y (Zj (W ] K
1 2 2
)2

o W IT[1+@+m)+h]T(A+n+k)

. D (Zj " (w j
1 2 2
32

oo WK ITQA+m +h)[1+Q+n)+k |

=4, ,w>=($j<m en), ,w)—(v%ij+1,,, - ,w)—(ZEJJ,,,,HAZ ”).
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Consequently the Bessel function (2.1) is a solution for the partial differential

equation:

F—[ﬁjw +n)JJm,n<z ,w)+( jj e w>+( 1jJ( w)=0. (2

The following relations are obtained:

{E ( j(m+n)}Jmn(z W)= i
W )

_1
2

(=" [2(m+n)+2(h+k)](22j (ng 7

N

‘0 hME'TA+m+h)(Q+n+k)

(hk

(_1)h+k [(m+n)+(h+k)](22) = (Wj +n—

3 2
(hZ;o MKIT(+m + M C(A+n+k)

(m +h)(=1)"* (ZzJ [ng _

T205%  WKIT(+m+h)T(L+n+k)

z 2h+m-1 w 2k+n-1
+k _1 htk | < W
ey (3] (%)

(,,Z)lo hkITQA+m+h)T(L+n+k)

Z 2h+m-1 w 2k +n-1
_1 h+k | < W
_1 i D (2) (Zj
2

e RN (m+h)TA+n+k)

(_l)h o (Zj2h+m -1 (WJZI{ +n-1
i 2 2
)=

o WUKIT(+m +h)C(n+k)

L
2

L
"2

(h,k

(2 e[ e (23)
W -
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(-1)"** [2(m +n)+2(h +k)][22j o (ng o

2

z m W n
(5 (5] -
2 2 ’ (h =0 hMETQ+m+h)I(l+n+k)

T I
S L= 5 G

2 2 Do RETA+m+h)Q+n+k)

N

+

1
2

ik z 2h+m W 2k +n-1
gy (D Kh+kﬂ(2) (2)
5 (3.2

2 o R A+m+h)Q+n+k)

(zY'(wY _12”171wr’7l
ST 5 AT 5] b ) o

Then we see that

AN LR N
23] (5) mtm

A AN MM )
1 5 2 2 ! 5 2

2
_E(h,k)zo hMETQ+m+h)CQ+n+k) 2450 A%k TA+m+h)(1+n+k)

Lk z 2h+1 w 2k -1 Lk z 2h-1 w 2k +1
1 e D [2} (2] R @ [2)
:_E Z

= WUKT(2+m+h)C(+n+k) _E(h%:_o Rk T(L+m +h)(2+n+k)

e ( ) " )
_E(EJ (_J 2 2 [2

2 2 e MENCQR+m+h)LQ+n+k)

e 2h+m W 2k +n+1
_iﬁiJMl(mﬂ” 5 o (2) (zj

2 2) oo MTA+m+h)(2+n+k)

zZ - w - 1 zZ ot w -
2) (%) veem==3(5) (%] [vmnGmrmwinuem) @9
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But equation (2.4) can be written in the form, by carrying out the differentiation of the
product on left — side as follows:

E(%)m(zj J, .z w)——(m n)( j"" (%J”‘ a2z W)+(2jm (%TJ,:M(Z w)

1(zY" " "
:—Z(E) (%][ o, w)tw J, (2 w)] [ j [2} W)

or

(zw)+men1(zw)] (m+n) 1J (zw)=0. (2.6)

m,n

J, .z ,w)+%[

m-Ln

Similarly equation (2.5) given as follows

J (z w)——[ zJ, 0, Ew)+w J

o (z,w)]+(m +n)iJ (zw)=0. (2.7
zZw

m,n+1 m,n

Hence the Bessel function (2.1) is a solution for partial differential equations (2.6) and
(2.7).

Adding the two differential equations (2.6) and (2.7) we get:

2J, .(z ,w):—%[z J w)tw J,  Ew)-zJ,,,w)-wdJ, ,(zw )}

m-1n

1

i R 2N O L RO S S VRO EV A1

1.€.

2, )42 [ U )Ty G} s ) 0] ] 0,

Then the Bessel function (2.1) is a solution to the above partial differential equation.

If we subtract the equations (2.6) from the equation (2.7) we obtain:

2(m +n)iJm'n (zw) :%[z S G w)+w I, (2 w)]
zw

m-1n

+Z|: m+ln(Z W)+W Jm n+1(Z W)]



706 Mosaed M. Makky
from which we get:

2(m +n)iJm'n (zw)-
zZw

%[z Von @)+, G 4w {J, @ w)+J, G W)} ]=0.

The modified Bessel function 7, (z,w) of the two complex variables z and w

defined in the form:

I, . (zw) =i " (zw)

m,n

where

. 2h+m . 2k +n
reren(a] ()
I,,Gw)=i""J (w)= Y 2 2
| | v RKIT@+m +h)C(A+n+k)

2h+m 2k +n
B (_1)h+k i —(m +n)l- (m+n)+2(k +k) i ML
2 2

(7 5)=0 Wk TQ+m+h)(l+n+k)

et o) (3

v RVIT@+m +h)TQ+n+k)

and

(2.8)

For the modified Bessel function 7, , (z,w )of the two complex variables we obtain

directly the following properties:

1, .(zw) :%[z I,.,w)+wl,  .(zw )]—(m +n)$]m'n (zw),

m-1,n

1 1
1, .(zw) :—Z[z I, .,Gw)+wl,  .(zw ):|+(m +n)—I, (zw),
zZw

21, ,(z ,w>=§[z {1y, ) =10, ) +w {1, G w) =14 w)}]

thus we obtain:

20, e ) =4[ {T01a C0) =Lty o)} {1, aG )=, )} ] =0
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Then the modified Bessel function (2.8) is a solution to the above partial differential
equation.

Now, some special cases of Bessel function J,, , (z,w) and modified Bessel function

I, (z,w)are given as follows:

m,n

1- Acting by the differential operator =, :( j in equation (2.1) then we have

2h+m 2k +n 2h+m 2k +n 2h+m-1 2k +n-1
= (2 wi o _(ld )z w :1(2h+m) z W
2 2 w dz )\ 2 2 4 2 2

& | =

2 |-

and
E, Jmn(z,w)zﬁliijn(z,w)
’ w dz ’
1 z 2h+m-1 w 2k +n-1
= (=D +2h)| = —
o e )[2] (Zj
(HH)=0 hETA+m+h)(Q+n+k)
thus,

1 1 B (_1)h+k (ZZJ +m + [ng +n
E“z ‘]m,n (Z W ) = (_j (m )J (Z W ) o (_j Z
Zw W )

o hUkIT[1+@Q+m)+h|TA+n+k)

E:z Jm,n (Z ’W ) :( ~ j‘]m,n (Z ’W ) _[ij‘]m+l,n (Z ’W ) °
zw w
Therefore

{EZ —(ﬂﬂJm (z ,w)+(£)]m+1‘n (z.w)=0. (2.9)
zw w

Then the Bessel function (2.1) is a solution to the partial differential equation (2.9).

2- Similarly acting by the differential operator =5 = (l a’ij in equation (2.1) then
z dw

z 2h+m w 2k +n 1 z 2h+m-1 w 2k +n-1
W S Xk ) 2 W
2 4 2 2

we have

2h+m 2k +n
= | Z w
- (2j ( 2 j

Il
7 N\
N |
2|~
N—
7~ N\
N |
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therefore
_ n 1
:‘w Jm,n (Z ’W):( j"]m,n (Z 'W)_(_j']m,n+1(z 7W)
zw zZ

from which we obtain:

{Ew —(LHJW (z ,w)+(1ij,n+1(z w)=0. (2.10)
zw zZ

Then the Bessel function (2.1) is a solution to the partial differential equation (2.10).

The Bessel function contains properties that can be used to completely solve physical
problems. It presents some of the most important ones in this section.

CONCLUSION

In addition to other equations such as Schrodinger equation, heat equation, wave
equation, Laplace equation and Helmholtz equation, Bessel functions appear in
cylindrical or spherical coordinates to solve other scientific and engineering problems
[9]. For this paper, we have shown that a formalism of umbral nature can be exploited
to greatly simplify the technicalities underlying Bessel function theory and its
manipulations leading to combinations or the creation of new forms [17].
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